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The formation of van der Waals crystals, the formation of polymers, the properties of solubility, and 
several biological phenomena have raised the question what detailed role the van der Waals forces play in 
these cases. Given a mixture of several types of molecules or macromolecules contained in a liquid medium, 
the question at issue is whether van der Waals forces, more precisely and generally, forces due to the inter- 
action of fluctuating charge distributions in one molecule with those in an adjacent molecule, will cause 
preferential association of identical molecules or macromolecules from among that mixture. The fluctuating 
charge distributions in question may be due to quantum-mechanical fluctuations of charge distribution of 
electronic oscillators, as considered by London, Eisenschitz, and Wang, and they may also be due to fluctua- 
tions of distributions of mobile protons as investigated by Kirkwood and Shumaker. 


INTRODUCTION 


UT of the variety of intermolecular interactions 
the present paper will be concerned mainly with 
the interactions between molecules due to the circum- 
stance that the molecules’ representative oscillators 
always imply charge fluctuations. London, Eisenschitz, 
and Wang! first recognized this phenomenon; they had 
in mind the quantum-mechanical zero point fluctuations 
of electronic oscillators. Extending the types of charge 
fluctuations under consideration, Kirkwood and Shu- 
maker? studied the corresponding effect due to fluctua- 
tions of mobile proton distributions over the surface 
of molecules when they are immersed in an aqueous 
medium. [As these fluctuations are comparatively slow, 
they contribute to what will be called the classical part 
5,;=0, Wo= —2R“ao, Eq. (23), of the interaction. ] 
The property of these forces (which makes for asso- 
ciation of identical molecules rather than nonidentical 
molecules) has first been given attention by the Dutch 


* National Science Foundation predoctoral fellow 1954-1956. 

t Present address: Research and Advanced Development Divi- 
sion, Avco Manufacturing Corporation, Lawrence, Massachusetts. 

t National Science Foundation postdoctoral fellow 1956-1957. 

1F. London, Discussions Faraday Soc. (1936), pp. 8-26; 
Z. physik. Chem. B11, 222 (1930); J. Phys. Chem. 46, 305 (1942). 
R. Eisenschitz and F. London, Z. Physik 60, 491 (1930); 63, 245 
(1930). S. C. Wang, Physik. Z. 28, 663 (1927). 

2 J. G. Kirkwood and J. B. Shumaker, Proc. Natl. Acad. Sci. 
U. S. 38, 855 and 863 (1952); Timasheff, Dintzis, Kirkwood, and 
Coleman, Proc. Natl. Acad. Sci. U. S. 41, 710 (1955); J. Am. 
Chem. Soc. 79, 782 (1957). 





School, notably by H. C. Hamaker twenty years ago; 
and it has been subjected to a theoretical analysis in the 
present papers. 

The implication of the property of association of 
identical molecules is basic for the problem of crystal- 
lization and polymerization. It is also basic for the 
problem of solubility, in particular for an understand- 
ing of the fact that structural similarity between solvent 
and solute molecules makes for good solubility (with the 
exception of solutes whose molecules have interactions 
among each other of a kind which they cannot have 
with a solvent molecule). And it is basic for the problem 
of specificity. 

The notion of specificity designates a property of 
intermolecular interactions frequently encountered in 
biochemistry. It implies that a particular type of macro- 
molecules can have a highly selective discriminatory 
interaction with just one other type of macromolecule 
which quite frequently is identical or nearly identical 
with the first one. 

At this point we would like to give an idea about pre- 
vious approaches’ to the problem of specificity, different 
from our approach. Pauling‘ has looked into the prob- 
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lem of biological specificity from the point of view of 
complementarity, following the lock-and-key concept 
of biological specificity. In particular, Pauling has 
shown that structures whose surfaces are closely com- 
plementary, i.e., which fit like a cast to its mold, prefer 
association simply because of the absence of empty 
interstices. This simply means that the general London- 
van der Waals attraction (between any kinds of atoms) 
prefer structures which have as few interstices as 
possible. Taking the complementarity principle in a 
somewhat different formulation, Crick and Watson,' to 
whom we owe the knowledge of the structure of the 
genetically all-important desoxyribose nucleic acid 
(DNA), have attempted to sketch a scheme of replica 
formation of DNA which implies that it is ripped into 
halves during each replication process. 

Muller,® on the other hand, made another approach 
to the understanding of biological specificity by pointing 
to the instances in which association of similar or 
identical macromolecules is in evidence, and he pointed 
to a possibility of understanding the replication of 
genetic material, based on this principle of association 
of like molecules. This approach would permit the 
parent genes to stay intact, and not to be ripped apart 
during replication, and it would make their stability 
and the accuracy of their replication understandable. 
Under this view one may assume that molecules out of 
which genetic material can be assembled are available 
among other molecules in the surrounding medium. 

The specificity of the van der Waals force, if strong 
enough, may cause the retention of medium molecules 
which happen to be identical with the constituent 
molecules of the parent genetic material, respectively, 
when these daughter molecules happen to come near 
their corresponding parent molecules. This will con- 
siderably facilitate the assembly of a replica. 

The important physical phenomena which are at 
play in the processes to which attention has been drawn 
here, are the following : Brownian motion, which shuffles 
all molecules around so that like molecules in a mixture 
get introduced to each other; van der Waals attraction, 
which will be shown to have the property of being 
specific; and static electric repulsion between identical 
pairs—which can be regulated by changes of concentra- 
tion of small ions in the medium’; these gegen-ions 
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compensate the static electric charges without having 
much effect on fluctuating charges. 

Only the London-van der Waals and Kirkwood at- 
tractions will be investigated here ; the interacting mole- 
cules are assumed to be as somewhat globular, compact, 
and of a well-defined structure. The fluctuating charge 
distributions, electronic or protonic, are represented by 
oscillators / which, in the electronic case, show a well- 
defined distribution of their (static) polarizabilities a, 
over the frequencies @; and over the oscillator orienta- 
tions; the unit vector u, indicates the orientation of the 
ith oscillator which is assumed to be one-dimensional. 


MOLECULE PAIRS AND MOLECULE 
CONFIGURATIONS 


The energy levels Z, of a pair of molecules depend 
on the separation R of their centers; the molecule pair 
occupies these levels according to a Boltzmann distri- 
bution. The interaction is characterized by the partition 
function Z or the Helmholtz free energy for a system of 
localizable particles, A= —kT InZ, and the attractive 
force is 


F=>,.(0E,/0R) exp(—E,/kT)/Z=(8A/dR)r. (1) 


For simplicity all that is needed is AA=—k7(InZpr 
—InZ,,), denoted by AA; 1: when a molecule pair I-II is 
considered. 

For molecules immersed in a medium, “buoyancy” 
effects (not against gravity) have to be included. This 
could be illustrated with the following scheme. Consider 
two identical macromolecules imbedded in an otherwise 
homogeneous isotropic medium of smaller molecules, 
and compare these two configurations 


Ti uw il wu ge ie ae Re 
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Buoyancy is taken care of by grouping part of the 
medium molecules into aggregates II, each occupying 
the same volume as does a macromolecule I. In general 
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SPECIFICITY OF CHARGE 


this rearrangement corresponds to a free energy change 
(2) 


For completeness one may assume the following, and 
thereby cover the case of several different types of 
macromolecules.* Assume (a) equality of the volume of 
these different, somewhat globular, molecules, and con- 
sider solely the nearest neighbor interactions, all at 
the same separation R (for two identical macromolecules 
I immersed in a homogeneous isotropic medium, as 
discussed above, this assumption is evidently satisfied 
automatically); (b) isotropy and additivity of the 
interactions; (c) entropy of mixing to be neglected ; (d) 
numbers of nearest neighbors, statistically speaking, to 
be the same for every kind of macromolecule. Let m;; be 
the number of molecules j which are nearest neighbors 
to molecules i. So N;=>0j m;;=total number of all 
nearest neighbors to molecules of type i; because of 
(d), O=8N,=>;6n,;, for all i. The rearrangement 
free energy is 


>; > 5 6n;;AA ij; 
=400 5005 6mij;AA 5-425 AAD; bi; 
=45; D5 6mij(4Aij—AAw) 
=4D 5 Di 6nj(AA j,— AA j;). 


Because of 6n;;=6n;; and AA,;= AA ;;, this becomes 


—1>; 5 6n;;(AA wtAA jj 2A ij) 


AyAy = 441 14+ 4A 1 — 2441 11. 


(3) 


CLASSICAL AND QUANTUM OSCILLATORS 


The London force may be pictured in terms of 
molecules each having a single isotropic oscillator of 
frequency @ (in contrast to w which will later be used 
to indicate a normal mode frequency of a molecule 
pair). 

The classical limit case of low frequencies im- 
plies an interaction of a pair of oscillators, AAr 1 


= —3R-*kTayart. Thus 


AiA1 = —3R°RT (a1 — a1)? <0. (4) 


This rearrangement free energy 4,41 1 depends on only 
one parameter, the polarizability difference. 

An inequality in two variables a and @ has been dis- 
covered by de Boer’ and Hamaker." In the case of two 
isotropic oscillators whose @>kT/h, the interaction 
free energy is 


AA; n= — 3 R“aahayar1/ (G1 +a) 


(London'; a=static oscillator polarizabilities). There- 





8 J. M. Yos, Ph.D. thesis, University of Nebraska, 1956 (un- 
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1H. C, Hamaker, Physica 4, 1058 (1937). We are deeply 
indebted to H. T. Epstein for having drawn our attention to 
these papers, and to T. Y. Wu for a comment on this inequality. 
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fore 


(a1 — a1)? +1411 (ay— a1)” 


AA u=—?R 6h <0. (5) 





ater 


The expression (# times an average of the frequencies) 
in the quantum-limit London formula essentially re- 
places kT in the classical formula. 

To proceed to a more general case, let each molecule 
be represented by a set of oscillators: essentially no 
change occurs in the classical limit formulas, and one 
obtains an inequality involving again only one inde- 
pendent expression, the difference of the total polariz- 
ability of molecule I and that of molecule II, squared. 
A similar statement holds for the quantum limit 
formulas if all the oscillators have the same frequencies 
[ (20) makes this evident ]. On the other hand (5) and 
its generalization for many oscillators gets special 
importance if the oscillators cover a wide range of 
frequencies and have different polarizabilities and 
orientations. 

In the quantum limit case the many-oscillator gen- 
eralization (14) of the inequalities (5) contains a set of 
negative definite terms, i.e., a set of inequalities. One 
should point to the far-reaching implications which 
these inequalities have, and one should show how many 
effectively independent inequalities there are in a given 
situation, and one should demonstrate that specificity 
may be understood on this basis—after a definition of 
degree of specificity has been introduced. 

Specific interaction refers to a type of high dis- 
crimination between different molecule-partners even 
though there is only a moderate spread in interaction 
free energies at stake. In the present theory this phe- 
nomenon is simply a consequence of the considerable 
number of effectively independent parameters upon 
which A4A; 11 depends. 

The oscillator scheme is very convenient but not 
necessary; part II of these communications readily 
permits inclusion of anharmonicities, permanent elec- 
trical moments, and quadrupole interactions by treating 
the general quantum mechanical problem. 

In order to cover the actual case, which certainly 
involves classical limit as well as quantum limit situa- 
tions and much in between, and in order to define a 
measure of that discriminatory rearrangement, i.e., of 
the degree of specificity, it is necessary to calculate the 
partition function Z for molecule pairs. These calcula- 
tions were done before the authors knew of the work 
of the Dutch school. 


OSCILLATOR PAIR INTERACTIONS 
IN THE GENERAL CASE. 

The molecules I and II may have N; and Ny oscil- 
lators, respectively. The normal mode frequencies 
wi/2m of the pair I-II depend on the intermolecular 
distance R. The partition function and Helmholtz free 
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energy of the pair are 
NIFNII 
Z= [I [2sinh(hw,/2kT)}°, (6) 
l=1 
A=—hkT |nZ 
=kT O [3 InV/+D In(1+V//s)+In2], (7) 
l s=1 


where V;'=h*w;?/4k*T? are the eigenvalues of a poten- 
tial energy matrix V whose diagonalized form will be 
denoted by V’. Equation (7) permits expansion in 
powers of the intermolecular interaction, an expansion 
which is convergent for all positive V;’. The matrix V 
can be written in the form 


Ur O 0: .@ 
v-( )+( )=vetu 
0 Un ur? O 


=V.(I+V.1U), (8) 


where T means transposition. V,, and U usually do not 
commute. The summation over / in (7) can be written 
as the trace of the function k7{ } of the diagonal 
matrix V’. This trace is invariant under the transforma- 
tion which beings V into diagonal form. Thus 


A=AT tr{} In(V..(I+V.U)] 
+3 In{(+V2/s'x) 
s=] 


XUE+ I+ V/s?) 7U/ste2 J +I n2}. (9) 


From the Baker-Haussdorff theorem, or by direct cal- 
culation (tr InX¥=In det X), two noncommuting ma- 
trices X, Y are seen to satisfy tr In(XVY)=tr InX 
+tr InY. Therefore, with the abbreviation 
(s?7I+V.)"USU,, 


(10) 





(829? I +01) OU (se +-Un) "Ut 
trU J= uf 


0 (s?9? J +-VUy1) UW? (82x? + Vy) 7"U 


Here s is an integer, positive, negative, or zero. Dropping 
higher powers of U,,?, the rearrangement free energy (2) 
becomes (as the W,7,, are symmetric). 


+ 3 


—AsArun=3kT © DY [(Wa—Wan)w F. 


s=—O yp, v=] 


(14) 


This trace is positive definite if (W.1—W.11) has real 
eigenvalues for every s and any pair I-II, that is, if 
W.1 and Wi; are Hermitean matrices. That provides a 
sufficient condition for the specificity theorem: 
AsAy u<0, (15) 

to hold in the limit of large R. 
As (s*x*J+ Uj) is a symmetric matrix, W.1 and W.1 
are, by (12), symmetric matrices. The Hermiticity 
condition for W,1, W.1 therefore implies that all ele- 
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one gets 
AA=A—A,=38hT tr x In(7+U,) 
+00 
=$kTtr > {-4U2—---}. (11) 
The oscillators are distributed all over the volume 


occupied by each molecule. If they are shifted into the 
centers of the molecules, quadrupole, etc., terms arise. 
The assumption of an interaction matrix (8) is equiva- 
lent to neglecting quadrupole and higher multipole 
terms in the expansion in terms of R. The results of this 
paper are simple because they are based on dipole 
interactions; “large” separations R would, in view of 
this, be a desirable assumption. Besides, for “large R” 
one has the added advantage of being entitled to break 
off the expansion (11) with the term U,’, which means 
neglect of R-" terms. The assumption of “large R”’ is 
evidently a compromise for the sake of achievement of 
easily interpretable simple results; the actually interest- 
ing situation is one of close approach where sizable 
interactions occur. 


REARRANGEMENT INEQUALITIES 


At this point a new assumption must be introduced, 
viz., that the intermolecular interaction U in Eq. (8) 
can be written as a product of two matrices, one de- 
pending on molecule I only, tne other on IT: U=UrUn". 
Dipole interactions evidently satisfy this assumption; 
U1 is an Ny by three matrix (17). Intrcducing the ab- 
breviated notations for the three by three matrices 


W ot =U" (5°97 +01), (12) 


one can write 


0 
)=2 tr(W Wait). (13) 


ments of W,; and W,1 are real. Since (s?x?J+'U;)™ has 
only real matrix elements, and as U=UyUr" is real, 
Wz and ‘Wr will be real if the elements of U; and Un 
are either all purely imaginary or all real. There are 
therefore two different sufficient conditions for the 
inequality (15). 

Let molecules I and II be referred to the same axes 
(x,y,z), where the z axis connects the centers of the 
molecules. (8) becomes in detail 


Un j= (h?/4k°T*) emi temjAR 
x [Ups jet UjyM jy — 2p et je. (16) 


The ¢;’s are charges, the m,’s are masses, and the u,’s are 
orientation vectors of the oscillators. The oscillator 
orientations can be referred to axes fixed in the mole- 
cule, e.g., the axes of the permanent moments. 

Refer the two molecules to right-handed coordinate 
systems (x1,¥1,21) and (x11,y11,211), respectively, whose 
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z axes are parallel and x and y antiparallel, then the interaction matrix U;U7 has the value (16) if 


Ur= (h/2kT)R“ 


Ui is made up in a corresponding fashion. With this 
convention, U;U;7 represents the interaction matrix of 
a molecule I located at the origin I with a molecule II 
at origin II whose dipole distribution referred to 
(x11,911,211) is exactly the same as the dipole distribu- 
tion of I with respect to (x1,y1,21). II is rotated 180° 
around the z axis with respect to I, otherwise identical ; 
this is the energetically most advantageous orientation. 
With that definition of pairs of identical molecules I-I 
and II-II, the matrices W,; and W,. are Hermitian, 
a statement which implies (15). 

Suppose the two molecules are referred to two mirror 
image coordinate systems whose z axes are antiparallel, 
and x and y axes parallel. The interaction matrix 
UU? =U is of the form (16) if Uz is given by —i times 
(17), and similarly for Uy. In that case, UsU1? denotes 
the interaction of one molecule with another which is 
the mirror image of the first one with respect to a plane 
parallel to the xy plane; this is the orientation of lowest 
free energy for these molecules. The inequality (15) 
holds again. In this mirror case, the interaction may no 
longer be specific, however, if the representative oscil- 
lators are anharmonic, or for other reasons have perma- 
nent dipole moments. 

The static polarizatilities and the dynamic yee 
ability tensor are defined by 


a(w) = > a;u)u;, [1 — (w 1)" ). 


uu, is the dyadic product of orientation vectors. The 
@; are normal-mode frequencies of the isolated mole- 
cules; that is, the eigenvalues of U; are h*®@;/4k*T?. 
Equations (12), (17), and (18) give 


a= €°/me;’, (18) 


N] 
(W atee=—ROLY. ,/[1+ (2ekT/ha,)*s* ]} 2m. (19) 

l=] 
‘W,1 is essentially the dynamic polarizability analyti- 
cally continued into the purely imaginary argument 
w=is2xekT/h. Experimental data about dispersion and 
absorption gives a;, @, and u; because the partial frac- 
tion expansion (18) is unique. W,; then follows from 
these quantities. The Appendix shows how the classical- 
and the quantum-limit London formulas are derived 
from (11), (13), and (19). 

(15) actually represents six inequalities for every |s|, 
one for each component y, v of the symmetric sum 
— A4A1 17 in (14). Equation (14) means that A441 1 =0 
if and only if the molecules I, II have the same set of 
(W,),» values; i.e., according to (19), if they have the 
same dynamic polarizability ellipsoid as function of 
frequency. This defines “identical” molecules in regard 
to charge fluctuation forces. 


’ 


termi iz, 


’ 


’ 


ivV2e~mi 12 (17) 


c ’ 
tems wy, 
P , 


’ 





For the attainment of specificity, strong oscillator 
polarizabilities distributed over a wide frequency region, 
including the quantum region, are necessary. The 
question might be brought up why one could not deal 
with the present problem by the use of the ground state 
alone rather than dealing with the entire partition 
function. The answer is that only the present complete 
calculation will properly delimit the importance of low- 
frequency oscillators, and of only a small range of dis- 
tribution of frequencies of the oscillators, for attainment 
of specificity. 

The use of the full partition function turns out to 
be mathematically more elegant and convenient than 
ground-state calculations; it shows the rearrangement 
free energy to be of the form of the square of a Euclidean 
distance (14) in a W, space [the s originally provided 
for the series expansion (7) ]. The rearrangement free 
energy (14) is a sum over s, and not a sum over the 
normal modes /. This is evident from 


NI 


—AyAr n=? ST 2. 4R {xr — 
l=I 1+(2ekT hs)? 2 


ai 


NI+NII 2 


lm NH 1+( ekT hao)? 3 


the result for one-dimensional! oscillators oriented in the 
z direction. 


SPECIFICITY 


Specificity refers to the sharp discrimination which a 
certain type of macromolecule (I) exerts in its preferen- 
tial association with a particular macromolecule, e.g., 
its like. The point is that this discrimination rejects an 
enormous number of different types of macromolecules 
II even though the energies A,A1 11 are quite moderate. 
When one talks about specificity, one is thinking of a 
property of a manifold of macromolecule types IT, in 
particular about the following question: for how many 
types II out of this manifold is the quantity 


—AsAr 1 =$kTD, (War —-W at)” (21) 


(forgetting about the anisotropy subscripts u, v) greater 
than the thermal energy kT? Choosing as molecule I an 
average molecule out of the manifold, the question is: 
what is the measure of the subset of molecule types for 
which the signal, 


—A,A = SkT re (W.—(W s)w)?> kT, (22) 


0 Henry Quastler, /nformation Theory in Biology (University 


of Illinois Press, Urbana, 1953), p. 41. 
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-10 O 10 20 30 40 50 60 70 80 90s 

Fic. 1. Representation of the rearrangement free energy 
[Eqs. (2) and (14), (21)] showing the discrimination between two 
hypothetical molecule types I and II, one of which has its prin- 
cipal polarizabilities in the far ultraviolet, the other in the near 
ultraviolet. 


ie., is greater than the noise? That measure, if it is 
close to unity (unity is chosen as the measure of the 
total set of molecule types), indicates specific dis- 
crimination. 

The quantity —A,A is made up of positive definite 
terms. They are not independent for all s. If one con- 
siders W, as function of s for two simplified very 
different kinds of molecules, one of which has strong 
polarizabilities only in a narrow region in the far ultra- 
violet (s;~75), the other only in the near ultraviolet 
(s;~ 25), their W,, 

—W,=2R%D 1 a,/(1+5°/s,’), (23) 
(where |s;|=%@,/2rkT) would have distributions like 
the two which are represented in Fig. 1. If the molecuies 
of the manifold were characterizable by two parameters, 
their polarizability in the far ultraviolet and their 
polarizability in the near ultraviolet, they could be 
represented by the two-parametric manifold of dots on 
the left-hand side of Fig. 2. —A,A [Eq. (22) ] is given 
by the square of the Euclidean distance of the repre- 
sentative dot from the origin of the coordinates. The 
circle quadrant indicates the noise limit. 

If, on the contrary, another manifold had its polariz- 
abilities only in a fixed narrow frequency region, a 
one-parametric manifold would ensue (right side of 
Fig. 2). In the case that, for comparison’s sake, the two 
kinds of manifolds had the same values (—A,A ), 
[Eq. (22) ], one would immediately realize that for the 
two-dimensional manifold the measure of the dis- 
criminated subset is much closer to unity than for the 
one-dimensional manifold. 





Sp 
Fic. 2. Comparison of a two-parametric manifold of molecule 
types with an effectively one-parametric manifold. 
Abscissas = { (W o— (W o)ay)?+2(W1— (Wi)? +- + « 
+2(Was— (Ws)? }; 
ordinates = {2(0W36- (W 36)ay2?+2(W 37 - (Wz)? + eae }:. 
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Qualifying details may be omitted here, but it may 
be appropriate to remark that anisotropy terms in- 
crease the number of effective parameters, and that the 
Kirkwood-Shumaker fluctuations bring about an im- 
portant contribution towards the term Wo (from low- 
frequency oscillators s;~0), thus adding another im- 
portant parameter on which the W, distribution 
depends. 

The order of magnitude of the interaction energies 
should be estimated.’ If one uses atomic polarizabilities 
(ground state contributions only) and adds their effect 
according to Eq. (19), one arrives at a low estimate. 
That estimate is roughly obtained if one takes 50% of 
the electrons in the valence shells and assigns to each 
of those electrons static polarizabilities a; according 
to (18) where e,= charge of the electron and ha, = ioniza- 
tion energy. [Or one takes all electrons in the valence 
shells and includes an oscillator strength f=0.5 into 
the formula (18) for the polarizability a, of such an 
electron. | The dependence of the strength of interaction 
upon the average electronic oscillator frequencies @ can 
already be inferred from the London formula (28): as 
La=> fe/ms*, one gets AA « (Sa)*o « (Y f)?/&* where 
> f is limited by the number of electrons in the valence 
shells per molecule (Thomas-Reiche-Kuhn). Actually 
the polarizabilities for macromolecules are higher than 
the low estimates obtained with atomic far ultraviolet 
@ values: they are specially strong if high electron 
mobilities arise. The presence of thermally excited states 
often involves strong electron mobility. The low-limit 
estimates give about the following contributions for 
pair interactions AA; 1: if the pair of interacting 
molecules is at their closest approach, the electronic 
contribution of mostly far ultraviolet polarizabilities 
(London-Eisenschitz-Wang) amounts to a AA; at 
least of the order of kT and the mobile proton contribu- 
tion (Kirkwood-Shumaker) amounts also at least to 
something of the order of kT. Both these estimates 
refer to the case of fairly small groups like aminoacid 
side chains. For pairs of larger spherical molecules, 
again at closest approach, their total polarizabilities 
squared might cautiously be taken as proportional to 
the square of the molecular volume. R~* just compen- 
sates that, so one may again get kT or a few kT for the 
interaction. 

The order of magnitude of the interaction is strong 
enough to bring about a high degree of specificity, in 
particular in a situation like the following: 

Consider protein a helixes (Pauling, Corey, and 
Branson"), with a variety of L-aminoacid side chains. 
Two identical ones of those helixes may lie in parallel, 
side by side, so that corresponding side chains of the 








1b H. A. Kramers and R. de L. Kronig, Z. Physik 48, 174 
(1928); E. M. Lifshitz, Zhur. Eksptl. i Teoret. Fiz. 29, 94 (1955) ; 
Doklady Akad. Nauk S.S.S.R. 97, 643 (1954); 100, 879 (1955); 
Derjaguin, Abrikosova, and Lifshitz, Quart. Revs. (London) 10, 
259 (1956). 

1 Pauling, Corey, and Branson, Proc. Natl. Acad. Sci. U. S. 37, 
205 (1951). 
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two helixes interlock in such a fashion that correspond- 
ing, pairwise identical side chains come to lie next to 
each other. One gets a particularly strong specificity 
due to the interaction of pairs of side chains which, 
by the way, have the energetically favorable orientation 
with respect to each other. The rearrangement free 
energy 4,A is made up from a sum of expressions (14), 
due to the side group pair interactions; all interaction 
terms have the same signature and thus one has to do 
with a many-parametric specificity. 

Imagine, on the other hand, a right-handed protein 
helix being confronted with a left-handed protein helix, 
both built from the same sequence of amino acids," 
all amino acids being of the laevo type. The helixes 
can roll over each other, exert specific interaction, and 
provide for an extremely rapid recognition. The motion 
is a rotational Brownian motion, hindered by some 
occasional big side chains. It is to be anticipated that 
such a mechanism might also be an ideal tool for the 
synthesis of protein helixes along the lines indicated in 
the introduction. 

An a helix can, in a very oversimplified manner, illus- 
trate the replica formation. Suppose the surrounding 
medium supplies all kinds of activated amino acids, and 
Brownian motion shuffles them around. They will 
preferentially be retained next to the corresponding 
amino acids of the parent helix, in a mantle region sur- 
rounding that helix. The formation of the replica helix 
may occur after a change of pH, permitting the amino 
acids from the mantle region to be unrolled with simul- 
taneous peptide bond formation between them. Another 
possible mechanism would be a similar assembly process 
of activated amino acids around a nucleoprotein helix, 
or of nucleotides around a nucleic acid helix. Or else, 
extended chains might be all that is involved.” 





k1=@)’m, indicates the force constants; the polarizabili- 
ties (18) are a;= €;2/x;. That means that 2 tr(Wor'Wor) 
is independent of # and the masses for given force 
constants. The part s=0 of the series (11), i-e., for 
Ni1=Nu=1, 


AAr n= —4$kT tr(W or'W on) = — 2kT Rayan 
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The charge fluctuation effects which have been dis- 
cussed in this paper differ from static electrostatic 
interactions of polarized side chains insofar as the 
static charge distributions are readily compensated by 
small gegen-ions from the medium. That compensation 
depends very much upon the ionic concentration of the 
medium. Decreases of that ionic concentration permit 
the repulsive forces between identical pairs of groups or 
molecules to become predominant over the attraction 
due to charge fluctuation forces. Because of their 
rapidity, the charge fluctuation forces are not much 
influenced by gegen-ions from the medium. 

One may return briefly to the question of the relation- 
ship of the approach to specificity outlined in this paper 
to the approach on the basis of complementarity. In 
the present approach a particular model of interlocking 
pairwise identical side chains has been envisaged. 
There are plenty of empty spaces between these inter-. 
locking molecules which are randomly filled with smaller 
molecules from the medium. The space-filling principle 
is thus satisfied in a statistical fashion, but the cumula- 
tion of positive definite terms in —A,A is responsible 
for the specific association of identical macromolecules. 
In the complementarity approach the space filling is 
somehow attempted to be made complete. 


APPENDIX: LONDON FORMULAS 


The pair interaction formulas are special cases of the 
present matrix calculation results (11), (13), ie., 





+00 
AA; 1=- kT > tr(W W112), (24) 
and of (19), ie., 
NI NI 
(Wor)e or 2R ) Ui.'a)= oa 2k“ } i m7 €?/ki, (25) 
Ime] l=1 
NI 
(Wat)ee=—2R DY (hey /2kT)*y.2ay/[s*x? + (hier,/2kT)*]. (26) 
l=] 
AA n= —$kT tr(WaWon) 
hewsr ssi xe 
xf 1+ (6/s)* PEt (o/su)t Pas 
(27) = —$RT (Wor) 22(Worr) 224 51511/ (Str+511) 
=—R“qanhaon/(@1+4n), (28) 


gives the classical part of the interaction free energy and 
is the one-dimensional equivalent of the formula given 
before (4). The corresponding quantum limit case is 
obtained by replacing the sum over s by an integral. 
$y and Sy; are defined below (23). 





LL. Pauling and R. B. Corey, Istituto Lombardo di Scienze e 
Lettre 89, 20 (1955). 
13H, Jehle, Proc. Natl. Acad. Sci. U. S. 44 (1958). 


ie., the one-dimensional London formula. 
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With intermolecular interactions due to fluctuating charge distributions (van der Waals-London-Kirk- 
wood), a system of molecules has some interesting properties as regards its rearrangement free energies. 
They have been investigated in the preceding paper. It was found desirable to look into the corresponding 
results on the basis of a general quantum mechanical model for the molecules. 


NEED FOR A MORE GENERAL QUANTUM 
MECHANICAL CALCULATION 


HE foregoing calculations! have all been based on 

the representation of a molecule by an oscillator 

model. In the following, a general quantum mechanical 
model is used to consider the problem anew. 

The harmonic dipole oscillator model had the ad- 
vantage of ease of calculation and it was readily possible 
to evaluate the effects in terms of polarizabilities, orien- 
tations, and frequencies of the oscillators. The general 
quantum mechanical calculations are needed because 
the foregoing oscillator calculations are based on some 
rather drastic assumptions. The following reasons show 
the desirability of these general calculations. 

(1) The assumed level scheme and the transition 
matrix elements for a set of harmonic oscillators are 
quite different from those of an actual molecule. In 
the quantum limit of high oscillator frequencies, this 
difference may not be of much importance. In the 
general case when many levels are in thermal reach (this 
general case is the object of the present investigation) 
and when we have to deal with a complicated set of 
strong and weak transition matrix elements, it is wise, 
however, to find out what the calculation based on an 
arbitrary level—and transition—scheme has to tell. 

(2) The foregoing oscillator calculations started with 
the consideration of the intermolecular interaction 
between a pair of molecules and assumed that this 
interaction can be expressed as part of a potential 
energy matrix of a pair of dipole oscillator sets. 
The calculations took advantage of the simplicity of 
matrix calculations based on that potential energy 
matrix which implies the interaction to be bilinear in 





* National Science Foundation predoctoral fellow 1954-1956. 
Present address: Research and Advanced Development Division, 
Avco Manufacturing Corporation, Lawrence, Massachusetts. 

1 Jehle, Yos, and Bade, Phys. Rev. 110, 793 (1958), preceding 
paper. 


the oscillator amplitudes of the two molecules. An ac- 
tual molecule, even if representable by a set of oscil- 
lators, has these oscillators distributed all over the 
molecule. Such a distribution is equivalent to a set of 
oscillators, located at the center of the molecule, but 
there appear quadrupole, octupole, etc. terms because 
of the displacements of the dipole oscillators. (Evi- 
dently, a general time-dependent charge distribution in 
a molecule can always be expanded into charge, and 
dipole moments, quadrupole moments, etc.).? Inter- 
molecular interaction which takes these quadrupole 
terms, etc., into account, can no longer be handled by 
the simple matrix methods which had been used so far. 
(3) The question also might arise whether higher 
order perturbation theory may be needed, in cases 
where the linear polarizability theory is inadequate. 


HAMILTONIAN FOR A MOLECULE PAIR 


The Hamiltonian for a pair of interacting molecules 
is of the form 


H=Ki(q1) +H (qu) +U1 1 (91,91), (1) 


where 3C(g) is a shorthand notation for a Hamiltonian 
K(g,ih dq) and Ki(q1), Hu (gu) are the Hamiltonians 
of the two isolated molecules. The symbols gi and gu 
represent the whole set of independent variables for the 
molecules I and II, respectively. H, Hi(qi), and 
Hu(gu) have the usual properties of Hamiltonians; 
namely, they are Hermitean and have complete sets of 
eigenfunctions over their respective function spaces. 
Since the theory will be applied to cases in which the 
operators 3C1(g1), Hu (gu), and Uz 11(g1,g11) are “real” 
(i.e., produce real functions whenever they operate on 
real functions) and in which Ur: m(q1,g1) is a “pure” 


2For an elegant method, see J. Frenkel, Elektrodynamik 
(Verlag Julius Springer, Berlin, 1926), Vol. 1, pp. 98 ff, or Z. 
Physik 21, 1 (1924). 











SPECIFICITY OF CHARGE 
function (i.e., contains no derivatives), it will be as- 
sumed from the beginning that these conditions are 
satisfied ; the main part of the work does not depend on 
this assumption. 

The functional forms of 3(;, 1, and U; 1 depend on 
the properties of the molecules I and II (including their 
orientations and the distance between them). We shall 
assume that each molecule can be described by a set 
of constants {a} which characterize that molecule, for 
example, the charges and masses of its oscillators, their 
coupling constants, polarizabilities, orientations, etc; 
and that the operators 5}, Hr, and Uy 1 can be given 
by expressions of the form 


Hy =H (44,91), 
HKu=K(ay,91), 
Ur n= U(41,411,91,911)- 


(2) 


The a; and the ay; represent the constants characteriz- 
ing molecules I and II, respectively, including their 
relative orientation and the distance R between them. 
The Hamiltonians and interactions for different mole- 
cules are obtained by giving these constants different 
values, as indicated in Eqs. (2) for molecules I and ITI. 
The form of the functions K and U is determined by 
the molecular model being used and is the same for all 
molecules. For example, if we are studying molecules 
coupled by their electric dipole oscillator moments, U 
will be given by the quadratic form 


De, § Waygurgsar, 


with the matrix Ux; of Eq. (16) of part I. [Cases in 
which the different molecules have different numbers 
of independent variables can be put into the form (2) 
by setting the coefficients of the extra q’s equal to zero. ] 


INTERACTION 


The properties expressed by Eqs. (2) are significant 
for the present work because they allow the interaction 
U to be separated into two parts, each part depending 
on only one of the molecules. To do this, take any set 
of real functions U,(a@,g) which is complete and inde- 
pendent over the combined set {a,g} of the constants 
and variables of one molecule. Then the interaction 
U(a1,11,91,911) can be expanded uniquely in terms of 
the product functions U,(a1,g1)U,(ai1,911), giving the 
result 


U (a1,411,91,911) vars po ; VreU, (01,91) U,(a11,911), (3) 


where the coefficients v,, are real numbers independent 
of both g and a. We shall consider only the case in 
which the coefficient matrix v,, is symmetrical. If one 
now chooses a new set of basis functions U,-’(a,q) re- 
lated to the first set by the transformation equations 


U,(a,q) = , Trey’ (a,q), 


where 7,, is an orthogonal transformation which 
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diagonalizes the symmetric coefficient matrix y;., i.e., 
F , 
y ; Tr’ VreT e's V's! =r’ re’, 
then the expansion (3) will take on the “diagonal” form 
U (a1,411,91,911) om ) Ve Uy’ (41,91) Ur’ (a1,g11). 


With a further normalizing ‘transformation,’ and 
dropping of primes on the subscripts, the interaction 


(4) 


is characterized by coefficients vy, which adopt the 
values +1, —1, or 0 according as the corresponding 
eigenvalue v,’ is positive, negative, or zero. Evidently 
these signs cannot be changed by transforming with real 
matrices, so that the number of +1’s, —1’s, and 0’s 
in the final result is uniquely determined. This Eq. (4) 
corresponds in the oscillator calculations to the matrix 
equation 


U (a1,411,91,911) = Dor ¥rU, (1,91) U,(a11,911) 


3 
LX quUsgu=XL CO ger(U)e ICO Mu), ,¢ 41], 
kj r=] k 7 


where the superscript 7 denotes the transposed matrix. 
There is a certain amount of ambiguity in the above 
arguments due to the fact that the functional form of 
(2) is not uniquely determined by the physical system 
but can be changed by using a transformed set of 
constants or variables. As we have seen between Eqs. 
(16) and (17) of part I, the coefficients », can be 
altered by using different x, y, z coordinate systems. 
Once the coordinate systems are chosen, the above 
analysis applies, and the vy, are uniquely determined. 


SPECIFICITY THEOREM 


One is now in a position to state the specificity 
theorem: if the Hamiltonian for a molecule pair is of 
the sort discussed along with Eqs. (1) and (2), and if 
the interaction between two molecules is given by an 
expression of the form (4) with all the coefficients », 
equal to —1 (or 0), then the rearrangement free energy 
AsAr 1 between any two molecules I and II will be 
negative or zero. This would mean that, as far as this 
kind of interaction is concerned, the interaction would 
tend to bring like molecules together at the expense 
of separating unlike ones. In the case in which there are 
only dipole oscillators, located at the centers of the 
molecules, all the coefficients », can be made —1 or 0; 
in the case of quadrupole, octupole, etc. oscillator 
moments being admixed, the v, cannot always be 
made —1 or 0. 


QUADRUPLET HAMILTONIAN 


The specificity theorem is proved by calculations of 
the rearrangement free energy A441 11 for a quadruplet 
system [Eq. (2), part I]. 

The Hamiltonian for an arrangement in which the 
two molecules of type I interact with each other and 
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the two of type II also interact with each other, is 
given by 


HA-=5 (a1,91') +5 (a1,g1”’) 
+> v,U,(a1,g1’)U,(a1,91”’) 
+5 (a11,911') +5 (an1,911”") 


+2, v-U,(ar,gi’)Ur(an,9gn”), (Sa) 


where gi’, gr”, gu’, and gu” represent the independent 
variables of the molecules I’, I’, II’, II’ respectively, 
and a; and ay represent the constants characterizing 
the molecules of types I and II, respectively. (In the 
present context, molecules are of the same type if they 
have the same values for the constants a. Molecules 
I’ and I” are both of type I and similarly II’ and II” 
are of type II.) 

The second arrangement of the system is one in 
which each type I molecule interacts with a type II 
molecule. This arrangement will have the Hamiltonian 


A*=K(a1,91') +5 (an1,9n") 
+>, v,U,(a1,91')U,(an,9n”) 
+5 (ar1,911’) +5 (a1,91"") 
+>, v-U,(ar1,g11’)U,(a1,g1”). 


In order to simplify these expressions, the symbol q’ is 
introduced to represent the combined set of variables 
gr’ and gn’, and similarly g’’ to represent gi” and gu”, 
and the following notations are introduced : 


(Sb) 


K(g)= K(a1,91) + K(an,gn), 
U,*(g)=U,(a1,9g1) +U,(an,g1), 
U,-(g) =U, (a1,91) —U,(an1,911). 


(6a) 


[The dependence of the left-hand side of (6a) on the 
a’s is not indicated explicitly; when this notation is 
used, the values of the a; and ay are supposed to be 
fixed. |] Furthermore, the notations 


Ho=K(q')+H(q"), (6b) 
U-=3L, vfUrt(g/)U-*(9") FU (9')U-(9"")} 
- 4D » We Vr r°(q’/)U,7(q"), (6c) 
UAL, v(t (7) U*(7")— U7) (9")} 
a $2, } ne ov,” (q’)U,?(q”’) 
are introduced, which transform Eqs. (5) into 
H-=H,+U-, 
a , (7) 
H*=H,+U*. 


(c=+,— can also be understood to mean +1, —1.) The 
orders of perturbation are also seen from the powers of 
v, in the following discussion. 

If the eigenfunctions of 3(g) are represented by 
X,(qg) and the corresponding eigenvalues by &,, then 
the products 


Vomn= Xm(q’)Xn (q’’) 
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form a complete set of eigenfunctions for Ho=3¢(q’) 
+H(q’’). The eigenvalue for Womn iS Eomn= Sm+6n. 
Since K(qg) is supposed to be real, the X,(g) can be 
chosen so that they are all real. The matrix elements 
of U* are 


Uninonyite f YOminy* UF Yom jn; 
7 


q'¢ 


=} yu a OV;Urmim j7Urnin;*, 


rT o=t,— 


(6d) 
and similarly, without the factor ¢ for Umnjmjnj~, where 


atrminst= f Xmi*(q)U,"(g)Xm;(q). (6e) 


q 


These matrix elements are all real. 


PARTITION FUNCTION 


In order to calculate A4A1 11, the partition functions 
for the arrangements = and + are evaluated, and 


AyAy n= hT (InZ*—1nZ=). (8) 


This could, of course, be done by straightforward 
evaluation of the perturbed eigenvalues and use of 
Eq. (11). The more elegant method commonly used 
is as follows: 

Using in this and next section a shorthand notation, 
let Wn, En, Won, and Eo, be any complete normalized 
set of eigenfunctions and corresponding eigenvalues for 


H and Ho, respectively, where 
H=Hot+U. (7a) 


Since H and H» are both Hermitean operators over the 
same function space, the eigenfunctions y, and Yo, are 
related by a unitary transformation. With the definition 


exp(—H/kTW=™. (i!)-\(-H/RT)Y, (9) 


exp(—H/kTW.=exp(— E,/kT Wn (10) 


follows for all eigenfunctions y, and their eigenvalues 
E,. The partition function 


Zu exp(—Ep/T) =I f Yat exp(—H/kT Wn (11) 


is the trace of the operator exp(—H/kT) and so is 
invariant under a unitary transformation. Hence 


(12) 


2=E f von" exp(—H/kT) Pon. 
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PERTURBATION THEORY 
The evaluation of the rearrangement free energy and the proof of the specificity theorem follows quite easily by 
means of a method which is mathematically equivalent to one used for time-dependent perturbation theory in 


field theory.* 
Let us define the operator 


S=S(r)=exp(rH) exp(—7H). (13) 
Then 


dS/dr= —exp(rH)U exp(—rHo)S(r), 
S(r)=1 -f dr, exp(11H0)U exp(— 11H) S(11) 
0 


a rr 7.1 “ 
=1+) (-» f an f dr2:- f dr, [J {exp(7:Ho)U exp(—riHo)}. (14) 
0 0 0 


x=] l=} 


If one sets 
r= 1/kT, (15) 


then 
exp(— H/kT)=exp(—7Ho)S(r). 


Equation (12) gives 


Z= > f Von® exp( ” TH) S( T)Won 
het 


. r Cont 
=> f Von* exp( _ THo)Wonrt >. (—}* f dry: . f dt, {= ff vos exp( “8 TH) 
nwo cml 0 0 4 4 
xII Lexp(7,H)U exp(—riHe) Wo 
l=] 


=24+E (yf 


Is: f Won® exp(—1Ho) exp(r:Ho) 


XT] CU exp(—71-1Ho) exp(7:Ho) JU exp(—1.Ho)Won 


l=2 


=Ze+3- (-» f Ze ae 2s?" If Yon* exp(— rH) exp(rilf¥om| 


+ 
c=l Tyee MH My My Ne 


x{I1 Yon: i*l l exp( —_ oe 110) exp(ritdvon|| f von,*U exp(— rldWn|| 


l—=2 


=2th om ie 


col 


yy as {dnni exp( = t Eon) exp(71/0n) 


™™, « 


x1 Unwin exp(— 71 ~-1/20n)) exp(17,Eon,) ]U nen exp(—- T.Eon)}, 
l=2 


where 
Uno f Won,* Upon;. (6d’) 
qd 
With the notation mp=n, and ro=7,, the above can be written in the cyclic form 
Z=Lohd. (-) f > exp(— 7Eon1) II U ny_any Expl (71— T1-1) Enz ]. (16a) 
cml Tyree Mey l=] 


This formula allows the evaluation of the free energy of a system in the general case. x indicates the order of the 
perturbation. 


-§ This method of proof was suggested by Saul T. Epstein. It originated with Dyson, Feynman, and Serber. 
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PROOF OF THE SPECIFICITY THEOREM 


For the quadruplet system, the eigenstates are described by two indices instead of one, so that (16a) becomes 


l= 


Z=Zo+>D (- f > z. {exp(— rEomn;) II Um_ini—_imini exp (t1— 71-1) Eomyn; J}. (16b) 
«c=l Tyree T ge Myr My Ny - Ny 


Z~ and Z* are obtained from (16b) by using the matrix elements of U= and U*, respectively ; (6d) is the longhand 
version of (6d’) and (7) is the longhand version of (7a), Womn that of Yon, and Eomn that of Eon. 

Equation (8) with the use of the formulas (16b) for Z~ and Z* permits the evaluation of the rearrangement 
free energy in the general case. The specificity theorem can now be derived. Instead of constructing an inequality 
for A4A1 11 it is simpler to derive an inequality for Z*—Z-. 


Z#=Zot>d i 2 {exp(— 7Eomin) 

«c=1 Tyree Tg Myr My Nive Ny 
xII [—3 _ >. O r{Urymy_ ym? Uriny_inzi”! exp((7:— 71-1) Eomnz) |} 
l=] Tl of=+,— 

=Z)+>. _ a {exp(— 70min) 

c=1 Tyree Tg Myre My Niro My 
X (3)* ae , (II (o.) OI (—vr) OI Urymy_ymy? "“Urjny_in”! exp((11— 71-1) Eomin:) ]} (17) 
Tete Oo, bal l=] l=] 


Z=- has the same form, except for the factor [])~1* (07) which is replaced by unity. Substituting Homjny= &m;+ nj, 
one obtains 


Z+—2-=> roe Cdl ))- 111] (—n)] 


«=1 Tyee te Ty Tye 


x >» exp(—7&m;) TI Urpmp_ymy”! exp((71— 7: 1) $m) }. (18) 
m+ + +My le] 


If all vy, are negative, then (18) is negative or zero because the first square bracket factor is negative or zero which 
proves the specificity theorem in all orders x. Actually of course the first and second orders (interaction energy 
proportional to R~“* and R~, respectively) are of primary interest, these are (using mo= mz) 


Lr—Z"= = > 4[oi— 1 ]( —vn) [> exp(— 7 Em) Urimymy” P 


71 Tl @1 mi 


- *) > MW ayo2—1 |yryvrel. >. exp(— 7&m1)Urimamy"Uromyme” exp((t1— 72) (6m — Em2)) F. ( 18a) 
r17T2 T1IT2 T1e2 mime 
The first term evidently corresponds to the interaction of permanent dipole moments, the second is the polariz- 
ability interaction. 

Since, in part I, the case of mirror molecule pairs was discussed, a brief remark may be in order here too. The 
case of purely harmonic dipole oscillators without permanent moments implies matrix elements U,;;’ which are 
different from zero only when i— j7=+1. This makes the odd-order terms in the perturbation vanish. In the ab- 
sence of quadrupole interactions, etc., all v, can be positive if mirror molecules are considered in the sense of the 
previous discussion ; and the specificity theorem again follows from (18a). 

The present calculations make it possible (both in the case of identical molecules and in the not so important 
case of mirror molecules) to find out the magnitude of the interaction in the actually prevailing situation when the 
molecules may be quite different from harmonic oscillator systems and when the intermolecular distance R is 
quite close. Therefore higher order perturbation theory may be needed as well as a consideration of quadrupole 
moments, etc., due to the fact that the dipole oscillators are distributed all over the macromolecules. The signatures 
of the various v, can be most easily evaluated from J. Frenkel; the partition functions are evaluated with the 
formulas (17), (18), and (18a). 
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In an effort to observe Delbriick scattering (the scattering of 
photons by a static electric field), the absolute differential cross 
sections for the elastic scattering of 1.33-Mev gamma rays by 
lead, tin, and uranium and of 2.62-Mev gamma rays by lead and 
tin have been measured for angles between 15 and 105 degrees. 
The observed scattering is the coherent sum of Delbriick, Rayleigh 
(bound electron), and nuclear Thomson scattering. The amplitude 
for the latter process is well known; recent calculations of Rayleigh 
scattering, which are in good agreement with data obtained 
previously in this laboratory for gamma-ray energies below 1 Mev, 
provide exact values of the amplitudes at 1.33 Mev and approxi- 


I, INTRODUCTION 


A’ interesting effect predicted by quantum electro- 
dynamics is the scattering of light by light. 
Classical theory makes no such prediction since it 
assumes the principle of superposition which gives rise 
to the linearity of Maxwell’s equations and expressly 
prohibits nonlinear effects' such as the scattering of 
light by light. 

The scattering of light by light was originally 
discussed qualitatively by Halpern,’ and shortly there- 
after calculated in the limits of very low® and very high* 
photon energy. The cross section in the low-energy limit 
decreases rapidly with energy, is extremely small in the 
optical region, and accounts for the principle of super- 
position of classical optics not being violated experi- 
mentally. Following the recent reformulation of 
quantum electrodynamics, a complete calculation of the 
cross section was made,° the results of which reduce to 
those of the earlier calculations in the corresponding 
limits. 

There is another scattering process which is formaily 
closely related to the scattering of light by light and 
which has a similar history. This effect, the scattering 
of light by a static electric field, was first discussed 
qualitatively by Delbriick,* and calculations for forward 
scattering corresponding to those for the scattering of 
light by light were made in the low’ and high* energy 


* This research was supported in part by the U. S. Air Force, 
Office of Scientific Research, Air Research and Development 
Command. 

t Part of a thesis submitted by A. M. Bernstein to the University 
of Pennsylvania in partial fulfillment of the requirements for the 
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4A. Achieser, Physik. Z. Sowjetunion 11, 263 (1937). 

5 R. Karplus and M. Neuman, Phys. Rev. 80, 380 (1950) and 
83, 776 (1951). 

6M. Delbriick, Z. Physik 84, 144 (1933). 

7N. Kemmer, Helv. Phys. Acta 10, 112 (1937); N. Kemmer 
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mate values at 2.62 Mev. At 1.33 Mev, the difference between 
the observed scattering and that due to the Rayleigh and Thomson 
processes is not sufficiently large compared with experimental 
error to permit a definite identification of Delbriick scattering to 
be made. At 2.62 Mev, for lead, the experimental cross sections 
at intermediate angles (30 to 75 degrees) are substantially larger 
than those calculated by extrapolation of the exact calculations, 
even when reasonable allowance for error in the extrapolation is 
made. The most probable explanation for this difference is an 
appreciable contribution from Delbriick scattering. 


limits. More recently, a calculation of Delbriick scatter- 
ing has been performed for forward scattering’ using 
techniques similar to those of the photon-photon scatter- 
ing calculation of Karplus and Neuman. Unfortunately, 
the integrals do not give known functions at arbitrary 
angles of scattering. 

There has been an approach to Delbriick scattering 
through dispersion relations and the optical theorem 
which relate the Delbriick scattering cross section to 
the associated absorptive process, pair production. 
This method has been used by Rohrlich and Gluckstern® 
and by Toll'®; the result is in agreement with the 
perturbation calculation of the former authors. These 
calculations were made using the Born approximation 
pair-production cross section, but Rohrlich" has shown 
that the effect of Coulomb corrections on Delbriick 
scattering at zero degrees is small. Using the method 
of impact parameters and the dispersion relations, 
Bethe and Rohrlich computed the cross section for 
high energies and very smal] angles." Their results 
agree with those of Achieser and Pomerantschuk. 

As yet no calculations have been made for arbitrary 
angles of scattering. Toll has made estimates for small 
angles at energies of a few Mev, but his results are 
approximate and do not go to angles larger than about 
20 degrees.” Dispersion relations for nonzero angles of 
scattering are a current subject of investigation in 
electrodynamics” and recent advances toward a calcu- 
lation of Delbriick scattering along these lines have 
been reported. 

In the Feynman scheme, phenomena such as the 
scattering of light by light or by a static electric field, 
which take place through intermediate states involving 

§ A. Achieser and I. Pomerantschuk, Physik. Z. Sowjetunion 11, 
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electron-positron pairs, are represented by closed elec- 
tron loop diagrams. In lowest order, there are four 
nonvanishing closed loop diagrams leading to observable 
events. These are the diagrams for the scattering of 
light by light, the scattering of light by a static electric 
field, photon splitting by a static electric field,’® and 
vacuum polarization. The diagram for vacuum polariza- 
tion, unlike the other three, does not correspond to a 
specific observable event. The effect of vacuum polariza- 
tion is to change the effective charge distribution of 
charged particles at distances of the order of the electron 
Compton wavelength and is observable as a small 
deviation from Coulomb’s law at these distances. Hence 
vacuum polarization may be expected to play a role in 
many physical phenomena. 

Vacuum polarization contributes —27 of the total 
1057 Mc/sec to the Lamb shift. There are predicted 
effects of vacuum polarization on the energy levels of 
u-mesonic atoms'® and on low-energy proton-proton 
scattering,” but these have not been verified experi- 
mentally. The evidence from the Lamb shift is thus 
the best available. In consideration of the excellent 
agreement between theory and experiment, it seems 
that vacuum polarization is well established. However, 
a direct verification of a closed loop diagram is still to 
be desired. Photon-photon scattering is too small to 
observe with present techniques. The cross section for 
photon splitting is also quite small (~10-* cm’), and 
this effect has not been observed. The cross section for 
Delbriick scattering is a factor of a*Z‘ (2400 for lead) 
greater than that of photon-photon scattering and 
appears to be the most amenable to direct experimental 
observation. 


II. TOTAL ELASTIC SCATTERING 


One approach to an experimental determination of 
Delbriick scattering is through measurement of the 
cross section for elastic scattering of gamma rays of 1 
to 3 Mev by medium- and high-Z atoms. In this energy 
region the predicted cross sections, though small, are 
within the limits imposed by the present techniques of 
measurement. There are, however, three processes in 
addition to Delbriick scattering that also give rise to 
elastic scattering by atoms in the gamma-ray region. 
These are scattering from the nuclear charge as a whole 
(nuclear Thomson scattering), scattering from the 
bound electrons (Rayleigh scattering), and nuclear 
resonance scattering. The scattering from these pro- 
cesses is coherent since it originates from the same 
charge distribution and has the same energy. Interfer- 
ence among the processes may lead to appreciable 
modifications of the angular distribution of any one of 
them and indicates the necessity of measuring absolute 
differential cross sections and of knowing with consider- 
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able accuracy the scattering amplitudes for the other 
processes if an identification of Delbriick scattering is 
to be made. 

In the energy region of a few Mev the photon wave- 
length is long compared to nuclear dimensions and the 
scattering from the nuclear charge is given by the classi- 
cal Thomson formula, o(6) = (Z*e?/Mc*)?(1+-cos’6)/2, 
where M and Z are the nuclear mass and charge. This 
formula is also obtained as the low-energy limit of 
nuclear Compton scattering and is believed to be exact 
for the gamma-ray energies under consideration. 

Rayleigh scattering is well known in the x-ray region 
where it accounts for Bragg scattering and is used 
extensively to measure wavelength and to study crystal 
structure.'® In this energy region the differential cross 
section is accurately given by the cross section for 
Thomson scattering from an electron multiplied by the 
square of a form factor to take into account the atomic 
charge distribution. The form factor, F(q), is given by 


f cy () |*0y, 


where g=2(hw/c) sin(@/2) is the momentum change of 
the x-ray. F(q) introduces a strong preference for for- 
ward scattering in the angular distribution. The form- 
factor approximation was originally derived using the 
methods of classical optics. It was obtained later by 
semiclassical methods and again by nonrelativistic 
quantum theory.'* The first treatment for hw compar- 
able to mc*® was given by Franz,” who used the Dirac 
theory of the electron and second-order perturbation 
theory. Franz made several nonrelativistic approxima- 
tions, the most important of which was gmc. Since he 
was primarily interested in the total cross section, he 
evaluated the form factor for the Fermi-Thomas model 
of the atom. The form-factor approximation was also 
derived using the methods of Feynman by Bethe,” 
who calculated the first Born approximation and showed 
that for the same nonrelativistic assumptions as Franz 
the form-factor result was again obtained. Bethe 
evaluated the form factor using Dirac K-shell wave 
functions. Brown and Woodward” have calculated the 
second Born approximation and shown that for g2 mc, 
this term is of the same magnitude as the leading term. 

Brown and Woodward point out two objectionable 
features in this method of calculation. First, it is an 
expansion in Za in which only two terms have been 
evaluated. Second, it involves the same nonrelativistic 
approximations made previously. To overcome the 
above difficulties, Brown, Peierls, and Woodward have 
developed a method of summing over intermediate 


‘8A, H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1943). 
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21 G. E. Brown and J. B. Woodward, Proc. Phys. Soc. (London) 
A65, 977 (1952). 
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using relativistic Coulomb wave functions, and without 
making any nonrelativistic approximations.” They 
have done this for only the K-shell because it con- 
tributes about 80% of the Rayleigh cross section for 
g>aZmc. Their differential cross section is expressed 
as a sum of Legendre polynomials, the coefficients of 
which are calculated by machine. The rapid falling off 
with angle of the cross section comes about from the 
near cancellation of these polynomials. The series can 
be terminated when the coefficient of the last poly- 
nomial becomes sufficiently small. In principle, this 
method should give exact results for the K-shell. It has 
been carried out by Brown and his collaborators for 
mercury at gamma-ray energies of 0.16,” 0.32,% and*® 
0.66 and 1.33 Mev. 

Nuclear resonance scattering in the gamma-ray 
region is not easily produced because nuclear level 
widths are generally quite small compared to the recoil 
energy of the emitting nucleus. It is possible to observe 
this effect if the photon energy is increased sufficiently 
by Doppler broadening arising, say, from a previous 
emission of another particle.** If it should appear, it 
would be distinguished by its large cross section and 
relatively isotropic angular distribution as compared 
to Rayleigh and Delbriick scattering. We defer a more 
detailed discussion until Sec. V. 


Ill. APPARATUS AND PROCEDURE 


In order to extend the earlier work in this laboratory’ 
which utilized collimated photon beams from sources 
of 1 to 3 curies in strength, a scattering apparatus was 
built that was capable of yielding high count rates with 
smaller sources than had been used previously. This 
was required because sources in the 1 to 3 curie range 
are not readily available in the 2~3 Mev region and, in 
addition, the elastic scattering cross section is expected 
to decrease with increasing energy in this energy region. 
The apparatus is shown in Fig. 1. Gamma rays from a 
source of 100 to 200 mC are prevented from reaching 
the detector directly by a heavy metal cone which 
attenuates them by a factor between 10° and 10°. The 
scatterers are close approximations to surfaces of 
constant scattering angle. The cone, scatterers, and 
detector have a common axis, which for experimental 
convenience is taken as the plumb line. The angle of 
scattering is changed by changing the source-detector 
distance along the axis and the radius of the scatterer. 

The detection system consisted of a Nal scintillator 
and photomultiplier, the pulses from which were 
amplified and analyzed with either a single or multi- 
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Fic. 1. Sketch of the experi- 
mental arrangement. 
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channel pulse-height analyzer. To reduce pileup from 
incoherent scattering, the scintillator was shielded with 
lead of thickness equal to a half-thickness for the 
source gamma rays. 

It has been shown’ that at small angles, to first 
approximation, Compton scattering may be eliminated 
by using scatterers of high and low Z, which have the 
same number of electrons, and by then taking the 
difference in their count rates. Scatterers of lead, tin, 
and aluminum were chosen for experimental conveni- 
ence. (For simplicity, the following discussion is limited 
to lead; most remarks are equally applicable to tin.) 
The difference count rate is expected to exhibit a line 
of the same spectral shape as the unscattered gamma 
ray plus a continuous spectrum due to Compton 
scattering from the K-shell in lead** and bremsstrahlung 
from electrons produced in the scatterer. An example 
of this is given in Fig. 2 for the scattering from lead at 
30° at 1.33 Mev. There is evidence for a peak in the 
lead curve at the position of the elastic peak. The 
aluminum curve is smooth, since the elastic scattering 
from aluminum is too small to observe. The difference 
spectrum is compared to the unscattered spectrum 
with no changes along the energy axis. It is seen that 
for the forward half of the peak the two spectra agree, 
while for the backward half the scattered spectrum is 
larger than the unscattered spectrum. In general, a 
line cannot be superimposed upon a continuous spec- 
trum without distortion of the line shape. Hence, 
within the statistical accuracy of the difference spec- 
trum, the amount of incoherent scattering in the 
forward half of the peak is small. If the unscattered 
spectrum is subtracted from the scattered spectrum, a 
quantitative estimate of the incoherent scattering can 
be obtained. This indicates that if the elastic-scattering 
count rate is taken from the high-energy side of the 
peak, there will be a contribution of less than 10% 


8 J. Randles, Proc. Phys. Soc. (London) A70, 337 (1957), 
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Fic. 2. Illustration of the method of eliminating 
incoherent scattering. 


from incoherent scattering, which is true of all cases in 
which statistically significant spectra were obtained. 

Another example, 75° at 2.62 Mev, is given in Fig. 3. 
For this angle, the aluminum count rate is equal to the 
background rate within the statistical error. The peak 
in the aluminum curve is due to photons coming 
through the cone and shows clearly that the elastically 
scattered peak from lead is not shifted by the scattering 
process. It is seen that the difference spectrum has the 
required shape, which again gives an upper limit of 
10% incoherent scattering in the forward half peak. 

These spectra have been repeated often enough to 
ensure that the method will work whenever the lead 
minus aluminum difference is large enough to be 
measured with adequate statistical certainty in a 
reasonable time. In general, if (Pb—Al)/Pb is greater 
than 0.10, detailed spectra can be obtained. 

The stability of the detection system was checked 
before and after each set of scattering data which 
comprised a lead and aluminum run. The stability 
check consisted of placing a weak source of the same 
radiation as that used in the scattering runs in a 
“standard position” and measuring the spectrum. If 
the peak shifted by more than half a channel during a 
run (approximately one-tenth of the half-width of the 
peak), that set of data was discarded. This procedure 
was important for the success of the experiment, 
particularly at smaller angles where the elastic line rode 
on a steep Compton slope. 

From the difference spectra, one must obtain the 
number of elastically scattered gamma rays per unit 
time. This was done by two methods. The first of these 
is to take the count rate directly from the total area 
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under an unscattered spectral shape fitted to the 
difference spectrum as in Fig. 3. This method should 
eliminate any effects of incoherent scattering but is 
limited to cases in which good difference spectra have 
been obtained. The second method is to take the 
differences of the lead and aluminum readings for a 
given number of channels on the high-energy side of the 
elastic peak; this also should largely eliminate inco- 
herent radiation which is small in this region. The total 
elastic scattering can be computed from the ratio of 
this fractional area to the total area of the unscattered 
line. For cases in which good spectra have been ob- 
tained, the two methods always agree within the 
statistical error. Much of the data obtained with the 
single-channel analyzer, where prohibitive labor would 
have been required to obtain a spectrum at each angle, 
was analyzed by the second method. 

For angles smaller than 60°, where the aluminum 
count rate is higher than background because of the 
contribution from Compton scattering, one must cor- 
rect the observed count rate for the differential absorp- 
tion of lead and aluminum. Although the lead and 
aluminum targets have the same number of electrons, 
and hence almost the same Compton scattering, the 
photoelectric and pair-production effects are not the 
same for each scatterer. This correction can be easily 
made, and results in increasing the lead minus aluminum 
difference. These corrections are less than 15% except 
for lead at 2.62 Mev at 30° and 1.33 Mev at 45° where 
the ratios of corrected count rate to uncorrected count 
rate are 1.6 and 2.0, respectively. The correction is so 
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scattering. The peak in the aluminum scattering is due to photons 
passing through the cone. 
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large for these cases because the ratio (Pb—Al)/Pb is 
approximately 0.1, while the absorption correction is 
about 5% of the aluminum count rate. 

The calculated values of the absorption correction 
were checked experimentally by measuring the ratio of 
the lead and aluminum count rates at the Compton- 
scattered peak. The measured ratios were in good 
agreement with the calculated ratios. We estimate 
that uncertainties in the absorption corrections intro- 
duce a corresponding uncertainty in the measured 
elastic-scattering cross sections of not more than 5% 
at any angle. 

There are a very large number of Compton-scattered 
photons producing pulses in the detector which may 
pile up in the detection system to give a pulse whose 
size is comparable with that for elastic scattering. This 
pileup can be largely eliminated by placing a lead 
shield over the detector. Further, since Compton 
scattering is approximately the same in both the lead 
and aluminum scatterers, then to first approximation, 
the remaining pileup will be the same for both scatterers. 
At large angles the aluminum and background count 
rates were always equal within the statistical errors, 
indicating the absence of pileup. 

The differential cross section is given by 


C(O) = (S/4r)Q,.0 (O)(T (nQ) act, 


where C(@) is the count rate for elastic scattering, 
corrected for differential target «absorption where 
necessary; S is the source strength; 2. is the solid 
angle subtended by the scatterer; o(@) is the differential 
cross section in cm?/sterad; / is the target thickness in 
atoms/cm’; T is a correction for absorption of the 
elastically scattered radiation in the target; and 
(nQ)aet is the product of detection efficiency and solid 
angle of the detector. 

The target thickness is found from its weight and 
area. The absorption correction, 7, may be calculated 
directly; for the target thicknesses used here, 7 had 
values between 0.70 and 0.95. Q,, may also be calculated 
with good accuracy since the source dimensions are 
quite small compared to the source-scatterer separation. 
S and (nQ)aet are measured, and will now be discussed. 

In elastic-scattering experiments with collimated 
beams of gamma rays, the product of source strength 
and detection efficiency may be obtained directly from 
the photopeak count rate produced in the detector by 
the source placed at a large distance from, and on the 
axis of, the detector. This product enters the cross- 
section expression at all angles since at any scattering 
angle the gamma rays enter the detector approximately 
normal to its face. In the cone scattering arrangement, 
gamma rays enter the detector obliquely and through 
its sides. The effective path length of the gamma rays 
in the detector, and therefore the detection efficiency, 
is a function of scattering angle. Consequently, the 
efficiency of detection and solid angle subtended by 
the detector must be measured at each angle. This 
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measurement is facilitated by the use of a weak source, 
So, of the same radiation as the strong source, S, used 
in the scattering. It is possible to obtain the absolute 
value of the differential scattering cross section without 
knowing individually the values of So, S, or the efficiency 
of detection. 

The strength of two sources can be compared, 
independently of the efficiency of detection, by com- 
paring the associated count rates with the sources 
placed in the same position. In practice, as S was much 
larger than So, it was more convenient to compare their 
count rates when S was placed at a much larger distance 
from the detector than Spo. If the source-detector 
distance is large compared to the detector dimensions, 
the inverse square law will hold, and the source 
strengths can be compared accurately. Further, for a 
given angle of scattering, S) may be placed in the 
position of the scatterer with the detector in the proper 
position for that angle, and the count rate obtained is 
then equal to (m)aer(So/4r). Thus, if one knows S in 
terms of So, the product S(72)aee may be determined at 
every angle, and is independent of So. From these 
experimentally determined and calculated quantities, 
the relationship between count rate and absolute cross 
section was obtained at each angle with a probable 
error estimated to be 10%. This error was combined 
with the statistical error in the elastic-scattering count 
rate to give the total error in the final cross sections. 


IV. RESULTS 


The cross sections for the scattering of 1.33-Mev 
gamma rays from lead, shown in Fig. 4, are the averages 
of two sets of data obtained a year apart; the two sets 
were in agreement within experimental error at all 
angles except 45° where the difference was slightly 
outside the error. There is good agreement with the 


results of Mann,”’ Wilson,” and Storruste and Messelt.*_ 


These results are about a factor of two higher than those 
of Eberhard and Goldzahl* at smaller angles. The 
results of Davey® (not shown) are much larger than 
all of the above measurements. 

The cross sections for tin at 1.33 Mev were also 
measured at the same time that the measurements on 
lead were made. Relative to the later values, the 
earlier measurements were about a factor of three 
higher at 60° and about 50% higher at other angles, 
except 15° where the two results agreed within the 
errors. The reason for this discrepancy is not known, 
but probably arose from some small systematic change 
in the tin count rates, since the aluminum rates were 
the same in both measurements. The ratio (Sn—Al)/Sn 
is in the range 0.05 to 0.1, except at 15° where it is 
about 0.2. Hence any small systematic error would 


2 R. R. Wilson, Phys. Rev. 90, 720 (1953). 

% A. Storruste and S. Messelt, Proc. Phys. Soc. (London) A69, 
381 (1956). 

31. Goldzahl and P. Eberhard, J. phys. radium 8, 33 (1957). 

# W. G. Davey, Proc. Phys. Soc. (London) A66, 1059 (1953). 
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Fic. 4. Differential cross section for the elastic scattering of 
1.33-Mev gamma rays by lead versus scattering angle. Horizontal 
lines through some of the points indicate the angular resolution. 


change the tin results drastically. This is not so for 
lead at 1.33 Mev where the ratio (Pb—Al)/Pb varies 
from 0.25 to 0.45 at all angles except 45°. 

The later data, given in Fig. 5, are more accurate for 
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the following reasons. They were obtained with a multi- 
channel analyzer which provided complete spectral 
information quite rapidly, and were taken with particu- 
lar care to eliminate small sources of error; procedures 
such as checking the scatterer alignment and source 
height calibration were made much more frequently. 
It is possible that these additional safeguards, which 
had very little effect on the lead data, might have had 
a large influence on the tin data. Data obtained at 
small scattering angles with the collimator apparatus?’ 
are also presented and are in agreement with the cone 
results. The tin cross sections at large angles were too 
small to measure with the collimator arrangement and 
the point at 45° is an upper limit. The results of Hara, 
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Fic. 6. Differential cross section for the elastic scattering of 
1.33-Mev gamma rays by uranium versus scattering angle. 


Benaigs, and Mey® which are a factor of two lower at 
the smaller angles are also plotted. 

The scattering from uranium at 1.33 Mev was 
measured using the collimator apparatus. The results 
are shown in Fig. 6, and are in agreement with those of 
Eberhard and Goldzahl.” 

Figure 7 presents the cross sections for the scattering 
of 2.62-Mev gamma rays by lead and also the data 
obtained by Goldzahl et al.* The two measurements 
are in good agreement and are appreciably smaller than 
the results of Davey® (not shown). 

An attempt was made to measure the scattering 
from tin at 2.62 Mev. Spectral shapes were obtained at 


% Hara, Benaigs, and Mey, Compt. rend. 244, 2155 (1957). 

* Goldzahl, Eberhard, Hara, and Mey, J. phys. radium 17, 573 
(1957); Goldzahl, Eberhard, Hara, and Alexandre, Compt. rend. 
243, 1862 (1956). 
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15° and 105°. For other angles the Sn—Al differences 
were too small to allow statistically useful spectra to be 
obtained and the cross sections were determined 
directly from the tin minus aluminum differences. For 
these angles only the limiting values for the cross 
sections were determined. The results are presented in 
Fig. 8. 


Compton Cross Sections 


Measurements of the differential Compton cross 
section using an aluminum scatterer were made at 15° 
for incident gamma-ray energies of 1.33 and 2.62 Mev. 
The difficulty in making precision measurements of the 
Compton cross section arises from the fact that the 
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Fic. 7. Differential cross section for the elastic scattering of 
2.62-Mev gamma rays by lead versus scattering angle. 


gamma-ray energy, and hence the efficiency of detec- 
tion, varies as a function of angle. Scintillation counter 
detection efficiencies as a function of energy are not 
well known. However, for small angles of scattering 
where the change of gamma-ray energy and the cor- 
responding change in detection efficiency are small, the 
calculated efficiencies® as a function of energy can be 
utilized to make approximate corrections. These cor- 
rections decrease the observed cross sections by 10% 
at 1.33 Mev and by 13% at 2.62 Mev. The remainder 
of the measurement is similar to that of elastic scatter- 
ing. The results are given in Table I. We look upon 
these measurements as indicating the accuracy with 
which known absolute differential cross sections may 


85M. J. Berger and J. Doggett, Rev. Sci. Instr. 27, 269 (1956). 
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TABLE I. Differential cross sections (in 10~** cm?/sterad electron) 
for Compton scattering. 


hw KJein-Nishina 


6 (Mev) Experiment formula 
15° 1.33 6.37412% 6.50 
15° 2.62 5.65412% 5.65 


be measured with the apparatus and procedure de- 
scribed above. 


Vv. CONCLUSIONS 


The zero-angle calculations of Delbriick scattering 
indicate that for gamma-ray energies below about 1 
Mev the contribution of Delbriick scattering to the 
total elastic scattering is negligible compared with that 
of Rayleigh scattering. Nuclear Thomson scattering is 
small and may be accounted for without difficulty. 
This circumstance permits a direct test of the recent 
Rayleigh scattering calculations.4~** 

There are, however, three minor difficulties involved 
in a comparison of theory and experiment. First, the 
calculations were made for incident energies of 160, 
320, and 660 kev while the experimental data were 
obtained at gamma-ray energies of 411 and 662 kev. 
Second, the calculations were made for mercury while 
the experiments were done with lead (and tin) scat- 
terers. Finally, the predicted contribution of the L shell 
of the scattering atom to the Rayleigh scattering must 
be included for comparison with experiment. We 
emphasize these corrections and their application to 
08 ‘i ek i ek a a | et ne 
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Fic. 8. Differential cross section for the elastic scattering of 
2.62-Mev gamma rays by tin versus scattering angle. At 45°, 60°, 
and 75°, only limiting values are available. 
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Fic. 9. Differential cross section for the elastic scattering of 
0.411-Mev gamma rays by lead versus scattering angle. The data 
are from reference 27. 


the low-energy results because a detailed understanding 
of Rayleigh scattering is necessary to any interpretation 
of data in the region above 1 Mev; in particular, the 
approximations made in estimating the L-sbell contribu- 
tion may be tested at low energies, i.e., small momentum 
transfers, where that contribution is quite large. 

The exact K-shell calculations make use of states of 
circular polarization and give the cross section for 
Rayleigh scattering in the form 

ox(8)/re°= | aixtibix |?+ | doxt+ibex |*. 
Subscript 1K stand for the non-spin-flip K-shell 
amplitude, subscript 2K for the spin-flip K-shell ampli- 
tude, and ro is the classical electron radius. The imagi- 
nary parts are obtained naturally from the calculations 
and are related to the lower order absorptive process 
which is the photoelectric effect from the K shell. Up 
to 1.33 Mev, the imaginary amplitudes are much smaller 
than the real amplitudes so that one may take 

ox (8) =r0°(dix’+ Geox’) 

as a good approximation for energies less than about 
1 Mev. 

It can be shown simply by plotting the calculated 
values that these amplitudes may be written in the 
form 


ax = Fix (q)(1+cos6), 
dex = F2x(q)(1—cos8). 


Fix is accurately a function of g only for values of g¢ 
between 0.6 mc and the highest value for which an 








AND A. K. MANN 

exact calculation was made. For vaiues less than 0.6 
mc, Fix is a multivalued function whose value depends 
on the gamma-ray energy. Fox is a function of g only 
for all values of g up to the maximum value for which 
an exact calculation was made and, indeed, is closely 
equal in magnitude to the form-factor approximation, 
Fx, over that range. These facts may be used to obtain 
F\x and Fx at any energy up to 1.33 Mev, and form 
the basis for extrapolation to higher energies. 

The K-shell form-factor approximation, Fx, has a Z 
dependence of Z to Z', depending upon the magnitude 
of g. To convert the exact calculations from mercury 
to lead, the average value of the ratio Fx(Pb)/Fx«(Hg), 
for a given gamma-ray energy, may be used; the 
functions Fyx and F2x are then multiplied by this ratio. 
This procedure has the advantage of leaving the angular 
dependence of the exact calculations unchanged. The 
ratios were 1.00, 1.03, and 1.06 for 411, 662, and 1330 
kev, respectively. 

To estimate the L-shell functions, Fy, and F2,;, we 
have assumed that F,,/F,=Fix/Fx, where the Fix are 
obtained from the exact K-shell calculations and F, is 
calculated using Dirac L-shell wave functions.** Alter- 
natively, as suggested by the Birmingham group,” Fi, 
may be calculated from a modified form factor, 


mc 


few y(r) |?>———_-¢*x, 
(E+V) 
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Fic. 10. Differential cross section for the elastic scattering of 
0.411-Mev gamma rays by tin versus scattering angle. The data 
are from reference 27. 

36 J. B. Woodward, thesis, University of Birmingham, 1953 


(unpublished). 
37 See reference 25 for a detailed discussion. 
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where E is the total energy of the scattering electron 
and V = Ze’/r. This expression is expected to be a good 
approximation for small aZ and momentum transfers, 
but the conditions for its validity are not established. 
The F\, obtained by the two methods are substantially 
the same. In the absence of exact numerical calculations 
for tin, the modified form factor is used to estimate 
both Fix and F;;. 

For lead at 411 kev (Fig. 9), the L shell contributes 
more than the K shell at 15° and comparable amounts 
at 30° and 45°. The relatively good agreement between 
theory and experiment indicates that the L-shell 
estimates are reasonable. The form factor is high at 
large angles, suggesting the inadequacy of this approxi- 
mation for increasing momentum transfer. For tin at 
411 kev (Fig. 10), both form factor and modified form 
factor seem to fit about equally well. 

For lead at 662 kev (Fig. 11), the Z shell contributes 
an amount comparable to the K shell only at 15°. The 
good agreement of the Brown and Mayers calculation 
with experiment and the large error in the form-factor 
approximation indicate forcibly the necessity for the 
exact calculation of Rayleigh scattering from the K 
shell. For tin at 662 kev (Fig. 12), the modified form 
factor appears to be a better approximation than the 
form factor, but the difference is not appreciable. 

For lead at 1.33 Mev (Fig. 4), the Z shell contributes 
approximately 20% to the cross section at all angles. 
Brown and Mayers did not include an L-shell contribu- 
tion in the non-spin-flip term so that their result is 
20% lower than ours at 30°. 
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Fic. 11. Differential cross section for the elastic scattering of 
0.662-Mev gamma rays by lead versus scattering angle. The data 
are from reference 27. 


813 


10°*- 





as 
+ 
“ 
4 
4 
— 
— 


Tin — 662 kev 


Liititil 


L \ 


+\ 


4 


\ 
\e Form Factor ii 


L= 
Lititul 


l 








TTTIMT 
priiiul 


do/6n- on /sterod 


+ 
' 


T 
1 


Modified Form Factor 
527) softer Brown ond 
Moyers 


TP PTrit 
tt Lisl 


T 








6 - degrees 


Fic. 12. Differential cross section for the elastic scattering of 
0.662-Mev gamma rays by tin versus scattering angle. The data 
are from reference 27. 


The Rayleigh plus Thomson theory for uranium at 
1.33 Mev (Fig. 5), was obtained from the mercury 
calculation by assuming a Z® dependence. The fit of 
theory with experiment is qualitatively similar to that 
for lead at the same energy. 

For tin at 1.33 Mev (Fig. 6), the difference between 
the modified-form-factor and form-factor calculations 
is larger than at lower energies, but the experiments 
are not in good agreement and no definitive conclusions 
can be reached. 

The situation at 1.33 Mev with respect to Delbriick 
scattering is not clear. The data for lead and uranium 
indicate an excess of scattering in the region from 60° 
to 75° whose rough magnitude is not inconsistent with 
the zero-angle value for Delbriick scattering. This 
excess is, however, not large compared to the experi- 
mental accuracy and, restricted as it is to a small 
angular region, is not particularly convincing. It appears 
that at this energy the limited accuracy of the experi- 
mental data and the relative magnitudes of the Rayleigh 
and Delbriick amplitudes combine to prevent a definite 
identification of Delbriick scattering from being made 
with present techniques. 

For lead at 2.62 Mev (Fig. 7), the real Rayleigh 
scattering amplitudes are obtained by extrapolation of 
the 1.33-Mev calculations which gives theoretical 
values for angles as large as 60°. For larger angles the 
spin-flip term dominates, and, as this is expected to be 
given by the form factor, it can be calculated. Here 
‘ix changes sign at about 30°, which gives rise to 
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partial cancellation of the non-spin-flip Thomson term 
and makes the cross section between 45° and 75° quite 
small. Thus, for the first time, the imaginary amplitudes, 
b, and be, become important. We have estimated 6; and 
be at 2.62 Mev in a manner similar to that by which a, 
and a: were obtained, i.e., by extrapolation of the 
1.33-Mev calculations. There is no adequate justifica- 
tion for this calculation which most likely overestimates 
the imaginary amplitudes. Inclusion of the imaginary 
amplitudes increases the theoretical cross sections by 
50% at 45° and 60°, by 20% at 75°, and by less than 
10% at all other angles. The experimental results are 
significantly higher than the theoretical values obtained 
in this way (plus Thomson) for all angles between 30° 
and 75°. If one arbitrarily neglects Fix at angles larger 
than 30°, as suggested by Brown and Mayers,” the 
curve marked “upper limit” for the theoretical cross 
section is obtained. It does not seem likely that errors 
involved in the extrapolation of the theory to this energy 
could be sufficiently large to produce theoretical values 
lying above this curve, which is still substantially 
below the experimental results. The excess of scattering 
in the experimental results indicates that a process 
other than Rayleigh and nuclear Thomson is contribut- 
ing to the observed scattering. 

The 2.62-Mev gamma ray of ThC” arises from a 
transition between the 2.62-Mev excited state and the 
ground state of Pb** which constitutes 51.6% of the 
naturally occurring lead isotopes. The recoil energy of 
the lead nucleus on emission of the gamma ray is 18 ev, 
which is expected to be appreciably larger than the 
natural width of the 2.62-Mev state (probably less 
than 10~ ev). The beta and gamma radiations preceding 
the 2.62-Mev gamma ray in the decay of RaTh (the 
actual source material for the scattering experiments) 
do not have sufficient energy to replace the 18 ev by 
Doppler broadening, but the decay of RaTh also 
involves a series of a-particle emissions which can 
impart recoil energies of as much as 150 kev to the 
emitting nuclei. This latter energy, however, appears 
not to contribute to Doppler broadening in solid sources 
at room temperature, for which resonance scattering is 
not observed,” presumably because a nucleus loses its 
recoil energy in a very short time, r<10~" sec. This 
reasoning is further strengthened in the particular case 
of ThC” since the 2.62-Mev state in Pb” is reached by 
the beta decay of TI** which has a half-life of 3.1 min. 
We cannot, of course, rule out the possibility that one 
of the other three stable lead isotopes has a level at 
2.62 Mev. 
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The case of nuclear resonance scattering far from 
resonance, i.e., the nuclear equivalent of atomic 
Rayleigh scattering, has been treated by Levinger.** 
For lead at 2.62 Mev, he finds the amplitude for nuclear 
resonance scattering to be small compared with that for 
nuclear Thomson scattering; at large angles, where 
nuclear Thomson scattering predominates, the total 
cross section is reduced by about 10% due to inter- 
ference between the two processes. 

The process most probably responsible for the large 
observed scattering cross sections at 2.62 Mev is 
Delbriick scattering. Unfortunately, as was stated 
earlier, there exists no theoretical prediction of the 
angular distribution and, in its absence, the amplitudes 
for the process cannot be elicited from the experimental 
results; there are four unknown Delbriick amplitudes 
at each angle of scattering and one cannot proceed 
from the data to these amplitudes. 

At zero angle the real Rayleigh and Thomson 
amplitudes are in phase with each other and out of 
phase with the real Delbriick amplitude.” These pre- 
dictions are obtained unambiguously from dispersion 
relations and the energy dependence of the total cross 
section for pair production and the photoelectric effect. 
Since the spin-flip amplitudes vanish at zero degrees, 
the phase relations apply only to the non-spin-flip 
amplitudes. For nonforward scattering, the phase 
relations are not fixed by any general argument but 
must be determined from detailed calculation. 

At 2.62 Mev there are several possibilities involving 
relative phases and magnitudes of the various ampli- 
tudes that will lead to scattering cross sections larger 
than those from the combined Rayleigh and Thomson 
processes. Figure 7 indicates that, for angles up to 
about 15°, the real non-spin-flip Rayleigh amplitude, 
a,x, makes the dominant contribution to the observed 
cross section; this is consistent with the calculated 
amplitudes at zero degrees where a,x = 1.6 and the real 
and imaginary Delbriick amplitudes are 0.33 and 0.087, 
respectively, all in units of ro. In the region of inter- 
mediate angles (45°--75°), the Rayleigh amplitudes have 
decreased sufficiently so that at least one of the Delbriick 
amplitudes has a value, depending on the phase rela- 
tions, in the range from about 1 to 5 times larger than 
the largest combined Rayleigh-Thomson amplitude 
which is about 0.01 in this angular region. For angles 
greater than 90°, the Rayleigh and Delbriick amplitudes 
are small compared to the nuclear Thomson amplitude. 


38 J. S. Levinger, Phys. Rev. 84, 523 (1951). 
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New Recursion Relation for the Clebsch-Gordan Coefficients 


J. D. Louck* 
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A recursion relation for the Clebsch-Gordan coefficients is presented which will facilitate the construction 
of further tables. 


RECURSION relation for the Clebsch-Gordan (or Wigner) coefficients! C(j1j2j; mymem) has been derived 
which relates the coefficients for a given value of 72 to the coefficients for the value of 72 reduced by 4. Thus, 
when the coefficients are listed in a table in the usual way with the value of 7 denoting the rows and the value of 
m:, denoting the columns, the recursion relation determines all the coefficients in the table for given j2 in terms of 
the coefficients appearing in the table for j2—}4. 
The derivation starts with the Clebsch-Gordan series for the rotation matrices? D’y/m(aSy) given by 


Diiny'm D¥*mo'mg= JC (jijoj ; mime! my +me’)C (jijoj ; mymems+m2) Dimy! +meo! mi +m, (1) 


where the sum is over j= j:+/2, *++,|ji—j2|. The general expression for the D’,,+m(a@y) has been given by Wigner.’ 
Only D’,,,_;(aSy) is required in this derivation, and in the notation employed it is given by 


fT. Q@pt 


9 
(j—m)!(j+m)! 


4 H 
j J 
| exp(— ima) exp(ijy)(cos}6)? ™(~sin§ay==| — -| Dr4,,,~144D',-4, (2) 
jt+m 
where the second equality is true for m= j, j—1, ---, —j+1. A special case of Eq. (1) is 
Dm —mo,m! + j2D?*-4mg 4, -j2+4 


=ZC (fi, ji- i, } m— Mo, m,—}, m—4)C(ji, je- +, J; m’ +- jo, — jot, m' +3) Din, m’+4- (3) 


Subscripts 2 are now attached to j and m in Eq. (2), and then Eq. (3) is multiplied by [(2j2)/(j2+-me) ]'D4,,_, to 
form the D products D#'m—me,m’+j2D/*m2,—j2 on the left and D’y_4, m’+;D%;,-, on the right of the equation which 
results. If these D products are now expanded by Eq. (1), equating terms of the same j on the left and right of the 
expanded equation gives 


Cljrjes; m—Mo2, mo,m)C(jij2j3 m'+- jo, J, m’) 
2je 


4 5-5 
-| ee | 2. C(ji, ja—4, 5 m—ma, m2—, m—})C(j’,3,3; m—4, 3,m) 
(jo+mz) mi+} 


XC(ji, jo—3, Tq; m’'+ jo, — jot}, m’ +3)C(7',3,3; m'+%, —4, m’). (4) 


The coefficient C(j1j27; m’+j2, —j2, m’) may be written as a single term from the general formula for the Clebsch- 
Gordan coefficients.4 From this expression and the table of coefficients for j.=4,° the following two equations may 
readily be established : 


C(ji, jo-}; i+} ; m' + jo, — jot, m'+3)C(j+4, 4,33 m' +4, —}, m’) 





. [ae 


) j 
Cj j 3 m+ j ’ J ’ m'), (5) 
lt 1J2 2 2 


* Eastman Kodak Predoctoral Fellow, 1957-1958. 

1 The notation and definition of Eulerian angles used are in accord with that of M. E. Rose, Elementary Theory of Angular Momentum 
(John Wiley and Sons, Inc., New York, 1957). 

2 If the functions ¥jm denote the eigenfunctions which diagonalize the square and one component of the angular momentum, with 
eigenvalues j(j+1) and m, respectively, then D/mm(aSy) is the matrix representation of the rotation operator R(aSy) which under 
rotation of coordinate system through Eulerian angles a, 8, y, gives the rotated function R (aBy)¥jm= 2m: Di mim (aBy Pim. 

3E. P. Wigner, Gruppentheorie (Friedrich Vieweg und Sohn, Braunschweig, 1931) p. 180. 

4 See, for example, M. E. Rose, reference 1, Eq. (3.29). 

5 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge University Press, New York, 1935), p. 76, Table 1°. 
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C( jr, jo—4, 3-45 m' + je, —joth, m'+3)C(j-4, 3,5; m'+2, —}, m’) 
_[G- ats jtjtset+i)} a Nt 
AE C(jijoj; m'+j2, —jo,m’). (6) 
2j2(2j+1) 


When Eqs. (5) and (6) are substituted into Eq. (4), the following recursion relation is obtained : 


C(jijeJ; m—Mo, M>,m) 








(j-—ftjyGtAteth)ypjtm ys 
=[jotm}? {|= | [=| C( ji, j2—4, J- 35 M— Me, m2—}, m—}) 
2j+1 2j 
(ji—J +52) (JF A—Fet+Y TL J—m+1 s. 
-|" : Tf. or ‘) C(ji, jo—3, J+3; m—m2, m.—},m—})}, (7) 
2j+1 2(j+1) 


with m2=js, jo—1, ---, —jot1, jo=1, §, 2, 3, ---, where the coefficients C(j’,3,7; m—4, $,m) have been intro- 
duced explicitly. Equations (5) and (6) give the coefficients for m2= — j2 as 





vee 2j2(2j+1) j—m $e 
C(jijoj; m+ Jo, Ja, m) = F ne 1 ] C( (ji, J2- 3, J j—4;m+jo, —jot4, m+4), 
(j-—Sitje \G+jitse +1) (8) 
J=hit}e, Nitjo—-1, die eine for Ji2J23 
ae 2js (27+1) j+m+1 oe i 
C(jijoj; m+je, — Jo, m)= [— —— i: ] C(ji, jo— 3, i445; M+jo, —joth,mt4), 
(ji- itje Gti jet) 1 L2(j+1) (9) 


j=htje-1, ji—je for jirje. 


Equation (8) determines al! coefficients in the last column except for the one appearing in the last row where 
j=ji—Jje. This coefficient is obtained from Eq. (9). Together, Eqs. (7), (8), and (9) determine all the coefficients 
for given js in terms of coefficients appearing in the table for 7.—4. Actually, when use is made of the symmetry 
relation C(jij2j;m-+me2, —me, m) = (—1)"*-**8C(j1J2j7; —m—mo, m2, —m), it is necessary to calculate only the 
coefficients from Eq. (7) for m2=0, 1, 2, ---, j2, since the remaining coefficients are determined from these by the 
symmetry relation. 

In the derivation of Eq. (7), the table of coefficients for 7.=4 has been assumed known. All further tables may 
now be generated by the recursion relation Eq. (7) and the symmetry relation stated. As a check, the tables for 
j2=1, 3, 2, were calculated with relative ease. Tables up to j/2=3 have been tabulated by various authors.* When 
used in conjunction with the existing tables, it is believed that the recursion relation given here will allow further 
tables to be constructed with considerably less effort than that required by the general formula or other recursion 
relations which have been presented. In particular, because of the process involved in constructing one table from 
another, the recursion relation should be of use for machine calculations of numerical values of the coefficients. 


° Tables for j2=4, 1, $, 2, are found in Condon and Shortley, reference 5. The table for 7.=§ has been given by R. Saito and M. 
Morita, Progr. Theoret. Phys. Japan 13, 540 (1955), and by M. A. Melvin and N. V. V. J. Swamy, Phys. Rev. 107, 186 (1957).The 
table for j2=3 has been given by M. Yamada and M. Morita, Progr. Theoret. Phys. Japan 8, 444 (1952) and Falkoff, C alladay, and 
Sells, Can. J. Phys. 30, 253 (1952). 
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Measurements of the electrical resistivity of single-crystal and 
polycrystalline samples of n-type InAs have been made as a 
function of magnetic field strength up to 29 000 gauss at tempera- 
tures between 1.25°K and 20.2°K. 

In both samples oscillations in the resistivity are observed as 
the magnetic field strength is varied, both when the field is 
parallel to and when it is perpendicular to the current direction. 
The oscillations are damped periodic functions of reciprocal field 
strength. For each sample the period observed in longitudinal 
and in transverse fields is the same and agrees with that calculated 
from the electron concentration obtained from the Hall coefficient. 
The observed phases, at least in the single-crystal sample, agree 
fairly well with that predicted by theory which is based on a 
quasi-free electron model. 


I. INTRODUCTION 


STRONG magnetic field quantizes electron motion 

in planes perpendicular to the direction of the 
field. The accompanying change in the electronic 
energy levels in a solid may give rise to oscillations in 
the magnetic susceptibility and in the electrical trans- 
port properties at low temperatures, where the ob- 
scuring effect of thermal vibrations of the lattice is 
minimized. The oscillations occur as the magnetic 
field strength is varied and are quasi-periodic in 
reciprocal field strength. 

Oscillatory effects have hitherto been studied almost 
exclusively in metals, both experimentally and theore- 
tically. In metals only a small fraction of the ordinary 
conduction electrons, namely those associated with 
pathological regions of the Fermi (energy) surface can 
give rise to observable oscillatory effects.' In these 
pathological regions the Fermi surface has a large 
curvature resulting in a small effective mass for 
electrons. 

The importance of a small mass lies in the fact that 
only when the mass is almost two orders of magnitude 
less than the free-electron mass are experimentally 
available magnetic fields adequate to allow quantiza- 
tion effects to be observed. Specifically, the magnetic 
quantum fw given by 


hw =heB/m*c, (1) 


where h is Planck’s constant over 27, w is the cyclotron 
angular frequency, e is the electronic charge, B is the 
magnetic induction, m* is the effective mass of the 
electron, and c is the velocity of light, must be large 


1 See, for example, D. Shoenberg, in Progress in Low-Tem pera- 
ture Physics edited by J. C. Gorter (Interscience Publishers, Inc., 
New York, 1957), Vol. 2, Chap. 8. 


An exponential field dependence of the amplitude of the 
oscillations is found, indicating the presence of energy-level 
broadening that can be characterized by a collision-broadening 
time which is related to the scattering relaxation time obtained 
from the mobility in a manner consistent with theory. Collision 
broadening also accounts for the similarity of oscillations observed 
in transverse and in longitudinal fields and for the absence of 
higher harmonics in the magnetoresistance oscillations. 

The temperature dependence of the amplitude of the oscillations 
has been studied in a range of kT /hw not usually obtained. Our 
results for the temperature dependence can be fitted by the 
theoretically determined form, x/sinhx, where x=22*kT/hw, and 
thereby allow a value for the effective mass of conduction elec- 
trons to be determined. 


compared to both thermal energy and to energy-level 
broadening.’ 

Theoretical expressions for the period and phase of 
oscillatory effects, occuring in strong magnetic fields, 
can be checked directly by comparison with experi- 
mental values only when the energy surfaces of the 
substance in question are simple enough so that the 
effective mass approximation is valid, i.e., the electrons 
are quasi-free. This condition is not satisfied in metals 
exhibiting oscillatory effects, so that no quantitative 
check of the theoretical period is possible without 
independent knowledge of the nature of the Fermi 
surface. When a value of the phase is deduced from the 
theory by assuming ellipsoidal energy surfaces, a lack 
of agreement with experimentally determined values 
in metals is usually found.! 

There are substances, however, in which the free- 
electron model should be a better approximation 
than it is in metals and which exhibit oscillatory 
magnetoresistance.’ These substances are n-type InAs 
and InSb. They are semiconductors with an energy gap 
between the valence band and the conduction band 
large enough so that intrinsic carriers are absent at 
low temperatures. However, in contrast to most semi- 
conductors the conduction band remains populated 
with electrons from donor atoms down to the lowest 
temperatures.‘ In both materials the conduction band 
seems to be parabolic, at low energies at any rate, and 
comprised of spherical energy surfaces*-’ centered 
about k=0. In addition, the curvature of these energy 


2R. B. Dingle and D. Shoenberg, Nature 166, 652 (1950). 
3H. P. R. Frederikse and W. R. Hosler, Bull. Am. Phys. Soc. 
Ser. II, 2, 347 (1957); Phys. Rev. (to be published). 
*R. J. Sladek, Phys. Rev. 105, 460 (1957). 
( 5H. P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1136 
1957). 

6 E. Kane, J. Phys. Chem. Solids 1, 249 (1957). 

7F, Stern, Bull. Am. Phys. Soc. Ser. II, 2, 347 (1957). 
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surfaces is very large so that the conduction band 
electrons have a very small effective mass which is 
independent of energy, at least up to electron concen- 
trations’ at which observable oscillatory effects occur. 
Such electron concentrations (~10"" cc in InAs) are 
many orders of magnitude less than the total conduction 
electron concentration in a metal, and even an order 
of magnitude less than the concentration of electrons 
associated with oscillatory effects in metals. 

If the conduction band in InAs, or InSb, is parabolic, 
then according to theory, oscillatory transport effects 
should exhibit a single period, or at most exhibit 
harmonics of a single period, as a function of reciprocal 
field strength, and the value of the period should be 
determined by the electron concentration. Neither the 
effective mass of the electrons nor the crystal orienta- 
tion should affect the period. 

In order to test the above ideas, we have made 
magnetoresistance measurements on m-type indium 
arsenide between 1.25°K and 20.2°K, employing field 
strengths up to 29000 gauss. Two samples, each 
having a different electron concentration m, were used. 
One sample was polycrystalline, allowing a novel 
check of the independence of magnetoresistance 
oscillations of crystalline direction in m-InAs. Some Hall 
effect measurements were also made at liquid helium 
temperatures in order to determine the electron con- 
centration and to see if oscillations occur in the Hall 
coefficient. 

A brief outline of the presentation we shall use is as 
follows. In Sec. II we shall present (1) pertinent 
magnetoresistance formulas given by transport theory 
and (2) some theoretical predictions of the effect of 
energy level broadening on the magnetic susceptibility, 
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since available transport theory does not take this into 
account. Some comments on experimental details will 
be made in Sec. III. Then our experimental results will 
be presented, discussed, and analyzed in Sec, IV. Our 
conclusions will be presented in Sec. V. 


Il. THEORY 
A. Transport Theories 


The theory of oscillatory transport phenomena has 
been worked out in detail only recently.*“" The cases 
considered by this theory are those in which scattering 
of the electrons is due to acoustic lattice vibrations*” 
or to imperfections having delta-function potentials." 
In neither case is the effect of energy-level broadening 
considered explicitly. 

Comparison of the results of the theory for the two 
cases indicates that the general nature and the tempera- 
ture dependence of magnetoresistance oscillations are 
insensitive to the particular type of scattering involved. 
Thus the theoretical results should be useful for analyz- 
ing our experimental data even though in our samples 
scattering is due to ionized impurities rather than to 
the types of scattering centers considered by the theory. 

In this work we shall use explicit expressions for the 
magnetoresistance given by the transport theory of 
Argyres** to aid in analyzing our results. His theory 
applies to the case of acoustic lattice scattering. While 
this is not the case which occurs in our samples, where 
ionized impurity scattering predominates, the other 
case treated by theory," which is for scattering by 
imperfections, is less applicable to our results because 
delta function potentials are used for the imperfections, 
while the potential of an ionized impurity has a long 
range. 


For the conductivity in the presence of a longitudinal magnetic field, Argyres* gives 





oH if = 
do hhw 


Davle—(N +4)hw } o 


hel (V +3)hwt 1 de 


l/ Ls 


where ¢ is electron energy and fo=1/[e‘*/*?+1 ] with ¢={y in the presence of a magnetic field and {=f» in the 
absence af a magnetic field. The sums are over the quantized levels produced by the magnetic field which are 
below the Fermi energy, fy. For arbitrary hw/kT but for (”-~f0>hw, Eq. (2) yields 


fo 


do 


OH kT {hw \} @ 
“x1—rvi_-(—) dX (-1)r 
hw rl 


cos[_(2rrto/hw) — 44} 
sinh (22°rkT /hw) 


(3) 





where T is the absolute temperature. In the case of a transverse field Argyres® gives for the current density, in the 


plane perpendicular to the magnetic field, 


e ea 
Jet+iJ,= ( —~)(E,+iF, 
m 


hw/2T *(€) —iw 





®P. N. Argyres, J. Phys. Chem. Solids 4, 19 (1958). 


thinset, * Te (4) 


a(e) as 
hw 


*P. N. Argyres, Phys. Rev. 109, 1115 (1958). This paper also discusses previous theoretical work on the effect of quantization 


on transport properties in metals. 
“ G,. E. Zilberman, Zhur. Eksptl. i Teoret. Fiz. 


S.S.S.R. 29, 762 (1955) (translation: Soviet Phys. JETP 2, 650 (1956)]. 


1]. M. Lifshitz and A. M. Kosevich, J. Phys. Chem. Solids 4, 1 (1958) 
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with 
(2m*/h?)! 
a(e)=-————(hw)* © (N+1)[e— (N+4) hwo, (5) 
(2m)? N 
Te) = hoe Hhal § (e+ hho) ++ YonLe— (N+4)ho 4}, (6) 


where ro is the momentum relaxation time in zero magnetic field. In Eq. (4), E, and E, are electric field strengths 
in the x and y directions, respectively. Because of the “well function” [ fo(e+/w)—fo(€) ]/fw in Eq. (4) rather 
than the sharper dfo/de, which usually occurs in transport integrals, an analytical expression for the resistiv- 
ity can be obtained only for the case hw>>kT. In this case the oscillatory part of the resistivity becomes, pro- 


vided also that {7~{o>hw, 
7v2 fhw\' = (-1))  f2etor x 
(ois (-) = sin(—"_") | (7) 
167 fo r=] r} hw 4 


According to Eqs. (3) and (7), the magnetoresistance _ the Fermi energy at least, or in narrow bands at energies 
oscillations due to either longitudinal or transverse far from the band edge.” 
magnetic fields consist of a number of harmonics, each ; 
of which is periodic in reciprocal field strength, and the B. Effect of Energy-Level Broadening 
periods of corresponding harmonics for both field There is no rigorous theory available for the effect 
orientations are the same. When only the first harmonic of energy-level broadening on oscillatory transport 
is large, as seems to be true in the samples we measured, phenomena. However, the ultimate cause of both 








the period is given by steady-state and equilibrium oscillatory phenomena is 
the same, namely, the quasi-periodic character of the 

1 ch 3.18 10° we density of electronic energy states due to the quantiza- 
ee ‘é -— (8) tion of electronic motion by the magnetic field. Thus 


theoretical predictions about an equilibrium oscillatory 
phenomenon should also be reflected in steady-state 
oscillatory phenomena. Indeed a close correspondence 
has been found experimentally between the oscillations 
which occur in the magnetic susceptibility and in the 
magnetoresistance in the case of metals,* and some 
theoretical results" for oscillatory electrical transport 
phenomena have been expressed in terms of the 
oscillatory magnetic susceptibility, thereby presumably 
incorporating the effect of energy level broadening via 
its effect on the magnetic susceptibility. 
R tty i Thus, in view of their possible applicability to 
fol=3 (ho)! > [w+] : (9) oscillatory magnetoresistance, we shall present here 
N=0 Lhw some results of a theory by Dingle'® for the effect of 
g collision broadening on the magnetic susceptibility. 
where N is the largest integer designating the oscillator This type of energy-level broadening arises because 
level for which ¢7>(N+4)hw. Next, we use Eq. (9) to electrons make transitions from one quantized orbit to 
calculate the value of {o/hw for field strengths at which another due to collisions with scattering centers, which 
fu coincides with an oscillator level. The differences are most likely impurities at the low temperatures 
between successive values of {o/hw and hence the period required for observation of oscillatory phenomena. 
is found to increase with decreasing N, the period Dingle expresses the effect of collision broadening in 
reaching a value about 5% larger than that given by terms of the mean time for interorbit transitions which 
Eq. (8) for the last oscillation, i.e., for fy going from he calls the collision broadening time, r. Specifically, 
the V=2 to N=1 oscillator level. using a semiclassical derivation of the probability of 
There is another effect which might, in general, an electron possessing a certain energy in the presence 
cause the period of oscillatory effects to be field- of scattering, he finds that a factor of 
dependent. This effect is a nonuniform spacing between ecterlur (10) 
oscillator levels, i.e., w is energy dependent. However, _—————— : 


; 5 : , BP. G. Harper, Proc. Phys. Soc. (London) A68, 874, 879 (1955); 
it arises only when the band is not parabolic,” up to 4. p Brailsford, Proc. Phys. Soc. (London) A760, 278 (1957). 


naa ~cetae aD 4 For reference up to 1955, see M. C. Steele, Phys. Rev. 99, 
2 Keyes, Zwerdling, Foner, Kolm, and Lax, Phys. Rev. 104, 1751 (1955). 
1804 (1956). 18 R, B. Dingle, Proc. Roy. Soc. (London) A211, 500 (1952). 


where » is the electron concentration in cm~*. The last 
equality in (8) holds when the electrons occupy a 
single parabolic band. 

When fy is not >hw, the period becomes slightly 
field-dependent at field strengths large enough so that 
tu~hw, although, even in the latter event, the field 
dependence is small. To show this we note that ¢q 
varies somewhat with field strength according to the 
relation® 
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TaBLE I. Characteristics of our n-type indium arsenide specimens. 





Zero-field 





Electron* Hall mobility 
concentration at 1.25°K 
Sample Crystalline form Orientation ee (cm? v~ sec™) 
S-1 Single crystal Cut from 7.6X 10"* 16 150 
(111) slice 
P-1 Polycrystalline 2.8X 10° 


25 800 





* Obtained from the Hall coefficient, Ru, at lowest temperatures by 
using the relation m =1 /Ruec. 








where w=eB/m*c, + is the collision broadening time, 
and r is the number of harmonic in question, occurs in 
the oscillatory par* of the susceptibility. A quantum- 
mechanical treatment of energy-level broadening, using 
somewhat different assumptions than in the semi- 
classical treatment, requires that 7 in (10) be replaced 
by 2r.!* The assumption of a small continuous perturba- 
tion in the quantum-mechanical treatment would seem 
to be more applicable to screened Coulomb scattering 
than the assumption of a sudden large perturbation 
which is used in the semiclassical derivation. 

For the case of metals, Dingle states that the collision 
broadening time is not to be identified with the scatter- 
ing relaxation time which determines the electron 
mobility, since in metals there are current carriers of 
larger mass in addition to the low-mass electrons which 
give rise to observable oscillatory phenomena. How- 
ever, even if all carriers have the same mass, Argyres'® 
has found that these two times are in general different 
when the scattering probability is anisotropic as it is 
in the case of ionized impurity scattering, for example. 

In the case of degenerate semiconductors having a 
single parabolic band, we can hope to derive some 
information about the relation of the collision broaden- 
ing and momentum relaxation times from experimental 
magnetoresistance results, since both our results and 
those of Frederikse and Hosler® indicate the presence 
of a single collision-broadening exponential with r=1. 

Recently the effect of another type of energy-level 
broadening on the magnetic susceptibility has been 
considered theoretically."* According to the theory, this 
type of broadening arises because of the presence of the 
periodic potential of the lattice and might also cause 
an exponential damping of susceptibility oscillations. 
However, according to the theory, this lattice broaden- 
ing is appreciable only when the conduction band is 
filled up to energies where it is no longer parabolic. 
Hence we do not expect to see any effect due to such 
broadening in our experimental results. 


Ill. EXPERIMENTAL DETAILS 
A. Specimens 


N-type indium arsenide for the specimens was pro- 
vided by Dr. H. Welker of the Siemens-Schuckertwerke 
Research Laboratory and Mr. O. Lindberg of the 


16 PN. Argyres (private communications). 


SLADEK 


Materials Engineering Department, Westinghouse Elec- 
tric Corporation. The specimens were about 10X3X1 
mm in size and were lapped and etched. Two current 
leads and four potential leads of No. 36 or No. 40 
copper wire were attached to the specimens with 
spectroscopically pure tin as a solder. The potential 
leads were located so as to avoid the end effects found 
by Weiss.!” 

Table I identifies the samples and gives some of their 
pertinent properties. As a rough estimate of the 
homogeneity of the donor distribution, we note that 
excellent agreement was obtained between the Hall 
coefficients obtained from two different sets of leads on 
a given sample. 


B. Apparatus and Techniques 


Conventional low-temperature techniques using liquid 
helium and liquid hydrogen were employed. 
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Fic. 1. Dependence of the resistivity of single-crystal n-type 
InAs, sample S-1, on longitudinal magnetic field strength at low 
temperatures. Curves of relative resistivity change (p7—po)/pn 
versus reciprocal field strength are given for five temperatures 
between 1.25°K and 20.2°K. Data points were taken at field 
strengths 500 gauss or less apart and have been omitted to 
avoid clutter. 


Magnetic fields up to 29 000 gauss were provided by 
an Arthur D. Little Electromagnet and measured with 
a Rawson rotating coil fluxmeter. Care was taken to 
measure the field strength at exactly the same time as 
the resistance since no automatic regulator was available 
to keep the field constant. 

Specimen current and potentials were measured by 
means of a potentiometer galvanometer setup. 


C. Method of Determining the Resistance 


To determine the resistance the current was kept 
constant, at a known value of the order of 50 ma, and 





17H. Weiss, Z. Naturforsch. Pt. 12a, 80 (1957). 
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the voltage across a pair of resistance leads was meas- 
ured at intervals of usually 500 gauss, for first one 
direction of the magnetic field, and then for the opposite 
direction of the field. The values obtained for 
opposite directions were averaged to give the true 
resistance voltage. This method limits the accuracy of 
our resistance determinations to something like a few 
tenths of 1% while their precision is of course much 
better than this. 


D. Hall Effect Errors 
Hall effect measurements which we made are accurate 
to a few percent. The uncertainty is determined by the 
accuracy of the calibration the fluxmeter used. The 
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Fic. 2. Dependence of the resistivity of single-crystal n-type 
InAs, sample S-1'on transverse magnetic field strength at low 
temperatures. Curves of relative resistivity change (o”—po)/po 
versus reciprocal field strength are given for five temperatures 
between 1.25°K and 20.2°K. Data points were taken at field 
strengths 500 gauss or less apart and have been omitted to 
avoid clutter. 


precision of the Hall voltage versus field is greater than 
this since for any given set of measurements the 
relative fluxmeter readings are much more precise than 
accurate. 


IV. RESULTS 
A. Experimental Data 


Our magnetoresistance data, for temperatures be- 
tween 1.25°K and 20.2°K, are summarized in Figs. 1 to 
4. Note that the abscissas are reciprocal field strength. 
Figures 1 and 2 pertain to the single crystal sample S-1, 
and Figs. 3 and 4 to the polycrystalline sample P-1. 
Longitudinal magnetic field data are presented in Figs. 
1 and 3 and transverse field data in Figs. 2 and 4. (By 
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Fic. 3. Dependence of the resistivity of polycrystalline n-type 
InAs, sample P-1, on longitudinal magnetic field strength at low 
temperatures. Curves of relative resistivity change (e”—po)/px 
versus reciprocal field strength are given for three temperatures 
between 1,28°K and 20.2°K. Curves for 4.2°K and 15.2°K were 
also obtained but are not shown. Data points were taken at field 
strengths 500 gauss or less apart and have been omitted to 
avoid clutter. 


longitudinal and transverse fields we mean that the 
magnetic field is respectively parallel to, or perpendic- 
ular to, the long sample dimension and thus current 
direction.) 
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Fic. 4. Dependence of the resistivity of polycrystalline n-type 
InAs, sample P-1 on transverse magnetic field strength at low 
temperatures. Curves of relative resistivity change el 4 
versus reciprocal magnetic field strength are given for five tempera- 
tures between 1.28°K and 20.2°K. Data points were taken at 
field strengths 500 gauss or less apart and have been omitted to 
avoid clutter. 
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Fic. 5. Graphical analysis of the magnetoresistance of sample S-1 
at 1.25°K due to longitudinal magnetic fields. 


Hall effect data which we took will not be presented 
here since no large oscillations were observed in the 
Hall coefficient. Some poorly defined oscillations did 
occur in the Hall voltage, corresponding to a maximum 
amplitude of oscillation in the Hall coefficient of 1%. 
We note that Argyres’ theory’ predicts no oscillations 
in the Hall coefficient, at least in the limit of very 
large wr. 


B. Discussion of the Magnetoresistance - 
Oscillations 


From Figs. 1-4 we can see that the resistivities of 
both samples exhibit oscillations which seem to be 
periodic in reciprocal field strength and whose ampli- 
tudes are dependent on temperature and magnetic field 
strength, with the temperature dependence becoming 
very small] at liquid helium temperatures. There is a 
nonzero mean magnetoresistance component, also, 
which we shall not discuss in this work. 


1. Period and Phase 


In order to determine the period of the oscillatory 
part of the magnetoresistance, we need to separate out 
any nonoscillatory component which may be present. 
This was done graphically as follows, with a particular 
case being illustrated in Fig. 5. Smooth curves were 
drawn through plots of the data, expressed as relative 
change in resistivity, Ap/p, versus the reciprocal of the 
magnetic field strength. Next, envelope curves were 
drawn tangent to the curves through the data points. 
Finally, halfway between the envelopes a curve was 
drawn which presumably represents the nonoscillatory 
part of Ap/p, or the mean Ap/p. The nodes of the 
oscillatory part of Ap/p are given by the intersection of 
the curves through the data points with this mean 
Ap/p curve. 

Then to find the period and phase, at a given tempera- 
ture, we plotted the field strengths at which the nodes 
of the oscillations occur versus half integers. (See Fig. 6, 
for example.) If this plot is a straight line, as we 
expect, and as actually happens, the slope will give 
the period and the intercept, i, allows the phase, ¢, to 
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be determined from the relation 
o= (2i+4)x, (11) 


which is obtained from Eq. (3) by replacing —}z by ¢. 

We have used relation (11) to determine the phase 
in the case of transverse fields as well as in the case of 
longitudinal fields even though Eq. (7), given by 
Argyres’ theory for the transverse field case, would 
lead us to a different relation between the intercept and 
the phase. 

Nevertheless, the reason why we use Eq. (11) for 
transverse fields is that the nodes of the magneto- 
resistance oscillations observed in transverse fields occur 
at almost exactly the same places as those observed in 
longitudinal fields. The identity of the nodal positions 
is due, we believe, to the effect of collision broadening. 
This may be seen qualitatively as follows. If a collision- 
broadening exponential having a broadening time r 
which increases with energy is inserted into the trans- 
port integral for transverse fields, given by Eq. (4), it 
causes most of the contribution to the integral to be 
from energies in the neighborhood of the Fermi energy 
rather than from all energies between {”—/w and fy as 
specified by the [f(e+hw)—f(¢) ]/hw factor in Eq. (4). 
Thus inclusion of collision broadening reproduces to 
some extent, at least, the action of the dfo/de factor in 
the longitudinal-field case. 

Table II gives the periods and phases obtained by 
the above method for both samples in both transverse 
and longitudinal fields at a number of temperatures. The 
calculated periods, obtained using Eq. (8) with the 
electron concentration determined from the Hall co- 
efficient at lowest temperatures for the sample in 
question (see Table I), are also given. 

The accuracy of all entries in Table II is not the 
same, those at higher temperatures being less accurate 
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Fic. 6. Positions of the nodes of the magnetoresistance oscilla- 
tions in samples S-1 and P-1 plotted versus integers. The magnetic 
field direction is longitudinal. The period and phase of the oscilla- 
tions in each sample are obtained from the slope and intercept 
respectively of a straight line. (See text.) 





MAGNETORESISTANCE OSCILLATIONS IN InAs 823 


TABLE II. Period and phase of magnetoresistance oscillations in m-InAs. 


Observed period 














Calc, period T B\\I Bil Observed phase 
Sample (gauss™) (°K) (gauss™) Bil Bil 

S-1 1.7;X10~° 1.25 1.85X 10-5 1.84X 10° —0.254 —0.204 
4.20 1.79 1.85 —0.324 —0.124 
9.54 1.87 1.82 —0.05x —0.207 
14.9 1,90 1,78 +0.08x —0.349 
20.2 1.82 1.81 —0.144 —0.20 
P-1 3.49 1,28 3.44 3.50 —0.10 —0.149 
4.20 3.39 3.50 —0.189 —0.06x 

9.65 3.50 Vy: 0 
15.25 3.52 iia 0.044 


because, at higher temperatures, the oscillations are 
smaller in amplitude so that fewer of them can be 
analyzed well enough to locate the nodes. Apparently 
this causes more trouble in determining the phase than 
in determining the period, as might be expected from 
the fact that the phase is related to the intercept of the 
nodes versus integer plot by an additive constant, see 
Eq. (10), while the period is given directly by the slope 
of such a plot. In sample P-1 the situation is worse, 
especially in longitudinal fields, than in sample S-1 
and is the reason for the missing entries in Table IT. 
The fact that we are dealing with lower oscillator levels 
in sample P-1 may be partly responsible. It could be 
connected with the fact that P-1 is polycrystalline. 
From Table II we see that for each sample the 
observed period is definitely independent of tempera- 
ture and field direction, at least in the temperature 
range where the period can be determined. The observed 
period, in each sample, agrees very well with the 
calculated period. This agreement is evidence for the 
validity of the assumptions used to calculate the period, 
namely a single parabolic conduction band and the 
electron concentration is that given by the Hall effect. 
The observed values of the phase are not very con- 
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Fic. 7. Dependence of the amplitude of the resistivity oscilla- 
tions in sample S-1 upon longitudinal magnetic field strength at 
various low temperatures. The slopes depend on the effective 
electron mass, the collision broadening time, and the temperature. 


(See text.) 








stant. However, the most accurate values, i.e., those 
for lowest temperatures, are in fair agreement with the 
value of —}m predicted by theory. This is satisfying 
since this theoretically predicted phase is based on the 
assumption of quasi-free electrons, and if this condition 
is ever to be realized in real substances, it should be in 
a material like InAs. 


2. Field Dependence of the Amplitude 


Next we shall discuss the amplitude of the magneto- 
resistance oscillations. First we note that the oscillations 
are somewhat larger in transverse fields than in longi- 
tudinal fields. (See Figs. 1-4.) This observation 
disagrees with the transport theory of Argyres which 
predicts smaller oscillations in transverse fields than in 
longitudinal fields. [Compare Eqs. (3) and (7) in 
Sec. II. ] Furthermore, we observe a stronger depend- 
ence of the amplitude of the oscillations on magnetic 
field strength than is predicted by transport theory.*~” 
However, these discrepancies could be reconciled, we 
believe, if the effect of collision broadening were in- 
cluded in transport theory. The evidence for this view 
lies in how well the observed field dependence of the 
oscillation amplitudes can be explained in terms of 
collision broadening, and it will be presented below. 

To study the field dependence of the oscillation 
amplitudes, we first plot the logarithm of the amplitude 
for a given sample at a fixed temperature versus 
reciprocal field strength. (See Figs. 7 and 8 for the 
longitudinal-field case.) A very good straight line 
results for each of a number of temperatures with the 
slope of the line depending on temperature, especially 
at the higher temperatures. In order to explain the 
occurrence and slopes of the lines for different tempera- 
tures, we need to include an exponential damping 
factor, presumably due to collision broadening. Specifi- 
cally, the field dependence of the amplitude, A, can be 
summarized by the relation®.® 


A(T=const)~exp[—2rk(T+T")/hw], (12) 
where & is Boltzmann’s constant, 7’=h/rkr with r+ 
the semiclassical collision broadening time,'® and 
w=eB/m*c. We shall see later that the temperature 
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Fic. 8. Dependence of the amplitude of resistivity oscillations 
in sample P-1 upon longitudinal magnetic field strength at various 
low temperatures. The slopes depend on the effective electron 
mass, the collision broadening time, and the temperature. (See 
text.) 


dependence is more properly represented by a different 
function which, however, at high enough temperatures 
yields an exponential temperature dependence like that 
included in Eq. (12). The reason that Eq. (12) can 
represent our experimental results fairly well at liquid 
helium temperatures is that 7’ turns out to be large 
enough to make the inclusion of T unimportant in that 
temperature range. This was of course kept in mind 
when we decided to use Eq. (12) to summarize the 
field dependence. 

If we regard the effective mass as known, or use the 
value obtained in the next section, we can obtain a 
value of 7’, and hence the collision broadening time, 
from the slope of each log amplitude versus 1/B curve. 
The value of 7’ for a given sample would presumably 
be independent of temperature if the collision broaden- 
ing time can be identified with the relaxation time 
occurring in the mobility, since the mobility is in- 
dependent of temperature. The values which we find 
for T’ from the slopes assuming an effective mass of 
0.02m, are given in Table II. We also include the value 
of a quantity called 7,’ for each sample in Table II. 
The values of 7,’ are calculated by assuming that the 


TaBLE III. The collision broadening temperature, To.’ obtained 
from the observed field dependence of the amplitude of the 
magnetoresistance oscillations, and T,’ calculated from the zero- 
field Hall mobility at 1.25°K using Eq. (13). 











T,,’ Temp. Tovs’ (°K) 

Sample (ek) (°K) BiI Bil 
S-1 13.2 1.24 16.2 16.8 
4.20 16.9 14.7 

9.54 14.7 16.3 

14.8 11.9 14.8 

20.2 13.7 

P-1 8.28 1.28 11.9 12.6 
4.20 11.7 A 

9.65 9.2 10.1 
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relaxation time in the mobility is the same as the 
semiclassical collision-broadening time. Thus 


T= (h/wk)(e/m*y), (13) 


where yu is the mobility. 

From Table III we can see that the collision-broaden- 
ing “temperatures,” 7.,,’, deduced from the observed 
field dependence of the amplitude of our magneto- 
resistance oscillations, are approximately constant for 
a given sample and are approximately equal to that 
calculated from the mobility, 7,’, for the sample in 
question. Specifically, we note that according to the 
quantum-mechanical derivation of collision broadening, 
Tors should be equal to 7,7,,’/27, where 7, is the 
momentum relaxation time and 7» is the collision- 
broadening time. Evaluating the theoretical formulas 
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Fic. 9. Comparison of the ratio of the oscillation amplitudes in 
sample P-1 and S-i in both longitudinal and transverse magnetic 
fields with the ratio of collision broadening exponentials for the 
two samples. The collision broadening times in these exponentials 
have been replaced by the relaxation times deduced from the 
mobilities, i.e., m*y/e. 


for'* r, and'® 7, for the case of ionized impurity scatter- 
ing by using the electron concentrations present in our 
samples, we find 7,/7~3, thus requiring 7\,’ to be 
about $ times 7,’. From Table III we note that 
T.».//T,’ is about 1.2 for sample S-1 and about 1.3 for 
sample P-1. 

Now to consider the relative sizes of the oscillation 
amplitudes in the two different samples. In view of the 
foregoing results, collision broadening should control 
the ratio of the amplitudes in our samples. To test this 
we plotted the logarithm of the amplitude ratio versus 
reciprocal field strength, for both transverse and longi- 
tudinal fields, in Fig. 9. A straight line results for each 
of the two field orientations which agrees quite well 
with the ratio of the collision-broadening exponentials 
for the two samples as given by the function 


18 P. N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956). 

















MAGNETORESISTANCE 


exp — (2rc/B)(1/up.1—1/us-1)], where B is the field 
strength, c is the velocity of light, and the y’s are the 
zero-field Hall mobilities of the samples at 1.25°K. 
Available transport theory, which neglects collision 
broadening, predicts no field dependence for the 
amplitude ratio, in sharp contrast to our results. 


3. Temperature Dependence 


Finally, we shall consider the temperature dependence 
of the amplitude of the magnetoresistance oscillations. 
The temperature range of our measurements is such 
that 2x°kT is not always large compared to hw. Thus 
the temperature dependence is not expected to be given 
simply by an exponential function of —1/T, as in 
metals for example, and the higher harmonics which 
are predicted by transport theory must be damped out 
by other means than by the occurrence of an exponential 
function of —r/T in the rth harmonic. The other means 
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Fic. 10. Dependence of the oscillation amplitudes in single- 
crystal n-InAs, sample S-1, on temperature in the case of longi- 
tudinal magnetic fields. Each set of points gives the oscillation 
amplitude at a particular field strength. 


is undoubtedly collision broadening, since Dingle’s 
exponential collision-broadening factor does indeed 
provide successively stronger exponential damping of 
the higher harmonics in the susceptibility, and this 
present work and that of other authors’ provide 
evidence that the first harmonic of magnetoresistance 
oscillations are exponentially damped. 

The observed amplitudes of the magnetoresistance 
oscillations for various field strengths are plotted versus 
temperature for sample S-1 in Figs. 10 and 11. The 
results for sample P-1 are similar, but less complete, 
and will not be presented explicitly. They are of course 
contained in the ‘‘data” plots given in Figs. 2 and 3. 
For both samples the amplitudes are just about 
independent of temperature at liquid helium tempera- 
tures. In order to see if our data would fit the theoretical 
temperature dependence, given by Eq. (3) in Sec. II, 
and if so to deduce an effective mass, we plotted curves 
of «/sinhx versus x with different abscissa scales but 
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Fic. 11. Dependence of the oscillation amplitudes in single- 
crystal n-type InAs, sample S-1, on temperature for the case of 
transverse magnetic fields. Each set of points gives the oscillation 
amplitude at a particular field strength. 


keeping the ordinate scale the same. We then super- 
imposed these various curves on the experimental 
amplitude versus temperature plot for a given field 
strength. In practically all cases our data plots could 
at least be approximated by one of the x/sinhax curves 
and in some cases the fit was quite good. See Figs. 12 
and 13 for examples. Note that Fig. 13 is for transverse 
magnetic fields. Thus, experimentally we find the same 
type of temperature dependence for the oscillation 
amplitudes in transverse fields as in longitudinal fields, 
whereas Argyres’ transport theory gives no explicit 
prediction for the case of transverse fields. 

In the event of a good fit between our amplitude 
versus temperature data and an x/sinhx versus x plot, 
we could identify the value of x with a temperature. 
Thus, since according to theory® x=2rkT/hw, with 
w=eB/m*c, we could calculate a value for the effective 
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Fic. 12. The curve x/sinhx versus x fitted to oscillation ampli- _ 
tude versus temperature data for sample S-1 in a longitudinal 
field of 20.6 kilogauss. The correspondence found between x and 
temperature allows the effective electron mass to be deduced. 
(See text.) 
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Fic. 13. The curve x/sinhx versus x fitted to amplitude versus 
temperature data for sample S-1 in a transverse magnetic field of 
21.2 kilogauss. The correspondence found between x and tempera- 
ture allows the effective electron mass to be deduced. (See text.) 


mass m*. The values we obtain for m* by fitting 
amplitude versus temperature data at various field 
strengths are given in Table IV. The most reliable 
values are in boldface; the best reliability being attribu- 
ted to values obtained from the most accurately known 
experimental amplitudes which at the same time have 
enough temperature dependence to be fitted accurately. 
Only one value of m* is given for sample P-1, since 
only for the field indicated were there available enough 
experimental amplitude values to allow fitting by an 
x/sinhx function. The reason for the paucity of experi- 
mental amplitude points in sample P-1 is that fewer 
oscillations occur in this sample than in sample S-1 
because of the longer period in P-1. Thus, when 
oscillations at the lower field strengths disappear as the 
temperature is raised, we can no longer analyze the 
few oscillations still remaining at higher field strengths. 
From Table IV we see that an effective mass of 
about 0.02mp is obtained from the temperature depend- 
ence of our most reliable amplitude data. This value is 
the same as that obtained by Frederikse and Hosler® 
from magnetoresistance oscillations for m-InAs and is 
in good agreement with the value of m* obtained by us 
from analysis of mobility versus temperature data,‘ 
0.020mo; and that calculated theoretically,’ 0.025». 
Most experimental determinations of m* give larger 
values than these, but they usually involve greater 
electron concentrations so that the conduction band is 
filled up to energies where m* increases with energy. 


V. CONCLUSIONS 
Magnetoresistance oscillations due to strong magnetic 
fields occur in polycrystalline as well as in single-crystal 
n-type indium arsenide samples. Their occurrence in 
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the polycrystal is a novel confirmation of the sphericity 
of the conduction-band energy surfaces. 

Collision broadening is very important in n-InAs. It 
seems to be responsible for both qualitative and 
quantitative features exhibited by our experimental 
results. Among the qualitative features are the absence 
of higher harmonics in the magnetoresistance oscilla- 
tions, and the occurrence of oscillations in transverse 
fields which are in phase and of comparable amplitude 
to those in longitudinal fields. Among the quantitative 
features is the exponential field dependence of the 
amplitude of the oscillations, which involves a collision- 
broadening “temperature” corresponding to a collision- 
broadening time which is related to the momentum 
relaxation time derived from the mobility in a manner 
consistent with theory for ionized impurity scattering. 

Very good agreement between the periods obtained 
experimentally and those calculated from theoretical 
considerations provide evidence that the conduction 
band is parabolic and that all conduction electrons 
participate in resistivity oscillations in InAs. 

TABLE IV. Effective-mass values determined from the tempera- 
ag a of the amplitude of magnetoresistance oscillations 





Bu Bi 
Sample (kilogauss) m*/mo (kilogauss) m*/mo 
S-1 25 0.028 26 0.035 
20.6 0.018 21.2 0.021 
17.8 0.012 17.8 0.015 

P-1 14.3 


0.019 


The agreement between the observed phase of the 
magnetoresistance oscillations, in the single-crystal 
sample at any rate, and that predicted by the quasi-free 
electron model indicates that this model holds rather 
well in a degenerate semiconductor having a parabolic 
band. 

The temperature dependence of the magneto- 
resistance oscillations which we observe fits the function 
given by transport theory and allows a value of the 
effective mass to be deduced which is in reasonable 
agreement with values obtained by other methods. 
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We discuss the coherent states generated in the Bardeen, Cooper, and Schrieffer theory of supercon- 
ductivity by the momentum displacement operator pg= 2, exp(iQ-r,). Without taking into account plasma 
effects, these states are like bound Cooper pairs with momentum AQ and energies lying in the gap, and they 
play a central role in the explanation of the gauge invariance of the Meissner effect. Long-range Coulomb 
forces recombine them into plasmons with equations of motion unaffected by the gap. Central to the argu- 
ment is the proof that the non-gauge-invariant terms in the Hamiltonian of Bardeen, Cooper, and Schrieffer 


have an effect on these states which vanishes in the weak-coupling limit. 


I. INTRODUCTION 


UCKINGHAM« has questioned whether an energy- 

gap model of superconductivity, such as that of 
Bardeen, Cooper, and Schrieffer,? can explain the 
Meissner effect without violating a certain identity 
derived by Schafroth’ on the basis of gauge invariance, 
and by Buckingham using essentially an f-sum rule. 
This identity is what causes the insulator, which also 
has an energy gap, to fail to show a Meissner effect; 
thus, Buckingham and Schafroth* argue, a proof of 
gauge invariance lies at the core of the problem of 
superconductivity, especially since the Hamiltonian 
used in B.C.S. is not gauge-invariant. 

Bardeen® argues that the matrix elements and energy 
states involved in the gauge problem bring in coherent 
excitations which will be strongly coupled to the plasma 
modes, a high-frequency phenomenon presumably un- 
altered by superconductivity. Unfortunately, while we 
find that this is indeed exactly the situation, the insula- 
tor also often has normal plasma modes. Thus, while the 
B.C.S. calculation in the London gauge is probably 
entirely correct, and justifiable on physical grounds, it 
throws little light on the basic differences between the 
three cases—insulator, metal, and superconductor. 

We also noticed that the operator which is central in 
the gauge problem as well as the plasma theory, 


pq= dn exp(iQ-r,) 
=) ko Ch4+Q0'Ck,e; (1) 


has another interesting property: its separate compo- 
nents Cx4Q,6*Ck,«, When applied to the B.C.S. ground- 
state wave function V,, create excited pairs of electrons 
k,, k, with momentum pairing 


ki+k,=Q (2) 


1M. J. Buckingham, Nuovo cimento 5, 1763 (1957). 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957); 
108, 1175 (1957). The latter we call B.C.S., and we shall follow its 
notation as far as possible. 

3M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 

4M. R. Schafroth (private communication). I am indebted to 
G. Wentzel for an elegant presentation of these questions in a 
series of discussions, to which M. Lax and C. Herring also con- 
tributed. 

5 J. Bardeen, Nuovo cimento 5, 1765 (1957). 





instead of zero. The total operator applied to V, leads 
to a linear combination of such states, which can be 
thought of as equivalent to a Cooper bound state® of a 
pair of electrons with nonzero momentum, superimposed 
on the B.C.S. ground state. 

Our discussion of these problems is based on the 
following physical picture: any transverse excitation 
involves breaking up the phase coherence over the whole 
Fermi surface of at least one pair in the superconducting 
ground state, and so involves a loss of attractive binding 
energy. This causes the Meissner effect. Longitudinal 
excitations, however, such as those generated by pa, do 
not break up phase coherence in the superconducting 
state, and so their energies involve only kinetic energy, 
or electromagnetic energy when plasma effects are 
included. Thus longitudinal and transverse excitations 
are different in the superconductor, in a sense in which 
they are not in either the metal or the insulator, and it 
turns out to be this difference which allows a gauge- 
invariant explanation of the Meissner effect. 

We proceed further in two stages. First, we discuss 
the fictitious problem in which the only plasma effect 
is the screening of the long-range repulsion. In this stage 
gauge invariance requires, and we indeed find, that the 
states 

Va= pel, (3) 


have energies in the energy gap and proportional to Q”. 
In a perfectly gauge-invariant theory, their energy 
would be just the kinetic energy 


Eq = (h?0?/2m) (2€;/32e0), (4) 


but we find a small correction going to zero in the weak- 
coupling limit. Equation (4) follows from the same /- 
sum rule which leads to gauge invariance. 

There is a fundamental difference, which we demon- 
strate, between the ways in which superconducting and 
normal substances satisfy this sum rule. Both normal 
metals and insulators (leaving out the rather confusing 
effects of long-range Coulomb forces which can be 
studied later) satisfy this rule with ordinary excitations 
in such a way that the more familiar optical sum rule— 


6 L. N. Cooper, Phys. Rev. 104, 1189 (1956). 
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which in turn leads to normal diamagnetism—also 
follows. In these normal cases the states (3) can be 
shown not to exist separately from the ordinary excita- 
tions. In the superconductor, however, the rule is 
satisfied by matrix elements involving only the longi- 
tudinal excitations (3), while the optical sum rule and 
Meissner effect involve transverse excitations with 
entirely different behavior from the longitudinal ones. 
Basically, these transverse excitations involve combi- 
nations of pair states which have a finite angular as well 
as linear momentum and cannot be bound into quasi- 
“Cooper pairs” like the longitudinal excitations. This 
difference is the basis for the electromagnetic properties 
of superconductivity. 

At this stage any number of Q+0 pairs could be 
incorporated into the state with little loss of energy. 
This alleviates the rigidity of the B.C.S. ground state to 
some extent, making it easier to fit physical boundary 
conditions. On the other hand, we will find that when 
plasma effects are included the Q=0 pairing condition 
is again enforced, except possibly in particular geo- 
metrical situations for very long wavelengths. 

In the second stage of the calculation we discuss these 
plasma effects. Our procedure corresponds to that of 
Noziéres and Pines,’ who find that the f-sum rules, and 
particularly the relationship of the optical and longi- 
tudinal forms, are best discussed prior to including the 
long-range Coulomb effects. Appealing to the random- 
phase approximation, which allows separation of the 
different momenta Q, we show that the longitudinal 
f-sum rule becomes the commutation rule of plasma 
coordinates and momenta, while the transverse behavior 
is unaffected, whether normal or superconducting, when 
the long-range Coulomb interactions are included. The 
states Vg are recombined to make the plasma excita- 
tions, which now have large excitation energies and do 
not affect the energy gap. 


II. COMMUTATORS AND ENERGIES OF 
COHERENT STATES 


In this section we carry out the first stage of the 
program in the introduction. We naively ignore plasma 
effects and subsidiary conditions and study the energies 
of coherent excited states, and the f-sum rules, using the 
B.C.S. ground state derived from phonon and screened 
Coulomb interactions. 

The initial Hamiltonian used by B.C.S. contains the 
kinetic energy and the second-order phonon interaction 
between electrons, but ignores the self-energy as well as 
higher-order terms. It is 


H=>)° €xMx, ot 3 > 
k,¢ 


k,k’,¢,0',« 


2hw,|M,|? 


X l(a €x4s)°— (few,)? Cm, a’ "Cy, a’ 
X Cpe, o Ck, e+ A cour- (5) 


7 P. Noziéres and D. Pines, Phys. Rev. 109, 741 (1958). 
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Almost immediately B.C.S. drop, except for later per- 
turbation calculations, all terms except k’= —k, o’= —o; 
and they replace the coefficient by a constant unless 
either | ex! or | €x4.|>%w, in which case it is zero. The 
resulting Hamiltonian is their Hyea. 

The Hamiltonian (5) is already not gauge-invariant, 
if it is to be used with the usual expressions for the 
current and for the perturbation of an electromagnetic 
field, because it depends on k as well as x. Fortunately, 
however, we shall show that the important difficulties 
are not connected with the momentum dependence of 
(5) but with the simplification to H,.a. The difficulty is 
that in calculating the properties of coherent excited 
states of the B.C.S. theory one must take into account 
more than just the k’—k terms of the interaction. 

When this is done we shall show that the corrections 
caused by the k dependence of (5) in the important sum 
rules and energies become negligible in a well-defined 
limit which is that applying to most superconductors. 

The entire argument is based on a commutation rela- 
tion used by Buckingham! in this connection and by 
Noziéres and Pines’ for other reasons: 


[H x,pq ]= (—h?/2m) 
iQ->,[V, exp(iQ-r,)+exp(iQ-r,)V,, |] 
= (h?/2m)d x, QD: (AK+-Q) cn+0,.6*Ck, 05 (6) 


where Hx is the kinetic energy and pg is defined in (1). 

In the case of most simple kinds of forces, which are 
functions only of coordinates or at most of relative 
momenta, pq commutes with the potential energy. Then 
(6) may be written, using 


[H,pq]=(Hx,pq], 
as 


(Em— Em) (m| paq|m’) 
= (h?/2m) 
Q-> j(m| V; exp(iQ-r;)+exp(iQ-1,;)V;|m’). (7) 


We may also deduce from (7) the basic f-sum rule: 


[LH ,pq},p-o ]= Nh*Q?/m; 
> m (Em— Em) | (m| pa|m’)|\?=4Nh0?/m, 
or 


) | (m | Q-> [Vjexp(iQ- r;)+exp(iQ-r,)V;] | m') | : 
X (Em — Em) = 2mNQ?/h?. (9) 


Now in the case of (5) the potential energy does not 
commute with pe. However, what we can show is that 
the commutator can be made arbitrarily small compared 
to (7). 

In doing this we shall not use the explicit form (5) but 
shall carry out the first stage—the cutoff—of the simpli- 
fication to Hea, in full confidence that the results would 
be practically the same if we used (5) itself, because the 
new potential is no less k-dependent than the old in the 
region of interest. One can then show that the full 
interaction energy, corresponding to the k’= —k terms 








COHERENT 
of the B.C.S. Hea, is 
Hy=-WEL Y 


q k! #k (ey <hw) k (ey <hw) 


EXCITED 


a a 


k’ #k (ey: ~q 
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DM curt*c-e4q4 ¥en qh Cut). (10) 


<hw) Kk (eg <hw) 


(All notations are as used in B.C.S.) Then first of all we have to calculate the commutator of this with pg. This is 


done in the Appendix, and the result is: 


(Hvpq]=3VL ) ww pi 


k’ #k key <hw, %& +0 >hw) 


e ” 
XK (Curpqn*e k’+q4°C k+qhCkt — Ce’—gt "C44 *C k-QUCx—qt)- 


These terms already refer only to k states within Q 
of the cutoff surface, and contain subtractions which 
make them depend on only the derivatives of the wave 
function near this surface. Thus, (11) will always be 
small acting on states close to the ground state, at least 
for small Q. 

We shall see that the most important measure of this 
smallness is the scalar product. 


(pa ,,[ Hv,pq |¥,), (12) 


where V, is the B.C.S. ground state. This will be com- 
puted in the Appendix also, but first we will need to 
compute the wave function 


Vo= pov, (13) 


and its normalization. Consider a particular term of pa, 


(pQ*)+=Cx4Q4*Cet, (14a) 
or 

(pQ*) = C. aC «—Q]- (14b) 
Then 
(pQ")4¥ = IT [(1—Ax)'+Aytdy* | 


k ¥««n+Q 
x ( 1 = hsq) hiccas*e tte, 
WV, being the vacuum state. Thus 


(pQ")4¥ = hd (1— hy) W- Kk, &+-Q) (15) 
where the last notation refers to the presence of a pair 
of real “‘single” excitations in the B.C.S. sense in states 


—«j and x+Qf. Similarly, 


(pq*) WV o=hyqh(1—h,) Nx, 04.0, (16) 
and 
Vq= pol 2 Dd. hd (1— Ay) Wx, 04-0. (17) 
Thus Wa is indeed a certain linear superposition of pair 
excitations with momentum Q. Its normalization factor 
is 
(Wa,Va) =4 - hy (1— hy) 


=2reN (0), (18) 


which is finite—a vital point, since the corresponding 
quantity in metal or insulator approaches zero with Q. 
Equation (18) already implies the presence of long- 
range order in the ground state, as we shall see. 


+ (same with kk’, k’—>k) ] 


k’ #k key >hw, eg $-Q <Aw) 


(11) 


Now we can compute the quantity (12) in the 
Appendix. The result is 


(pa 4,[ Hv,pq ¥,) == 2 «o°N (O)K7k rQ* ‘mn. (19) 


In order to get a measure of the magnitude of (19), and 
for later work, let us also calculate the kinetic energy 
commutator (6). This is also done in Appendix I, and 
the result is 


(pal ,[ Hx,pa ¥ ,) 


h? 
=—(pa¥ 5, © Q: (2n+Q)ecia, o*Ce, Vy) 
Ke 


2m 

=4(h0?/2m)N(O)er. (20) 
This value is shown there to be essentially independent 
of the exact structure of the wave function if it resembles 
a Fermi sea at all. 

We can now, first of all, get a numerical measure of 
the relative magnitude of the ordinary terms (6) and 
the non-gauge-invariant terms (11) by taking the ratio 
of (19) to (20). The result is 


(19) / (20) = 2ec?/hw?= 2 exp[—2/N(0)V], (21) 


which is completely negligible for most superconductors, 
and zero in the weak-coupling limit (when, of course, in 
principle superconductivity still exists). Thus we have 
proved our first contention: that, although exact gauge 
invariance is still not present except in the weak- 
coupling limit, the inclusion of the Q#0 terms of Hy 
restores gauge invariance well enough so that no diffi- 
culties of principle are encountered by ignoring the 
terms (11). 

We now can use (19), (20), and (18) to show that in 
this stage, before the introduction of specific plasma 
effects, states closely related to pa¥, must lie in the 
energy gap. To show this we use the identity 


Ea (pQ¥ o,pq¥ a) = (pq »,Hpa¥ a) 
= (pV 9, Hpa— pal |¥ 4) 


+ Eo(pq¥ o,pa¥ a); (22). 


using the fact that the ground state is an eigenstate. 
(The first equality defines Eg as the energy of Va.) 
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Thus 
(Eg— Eo) = (pa 9,pql Pe (pq¥ ooLH pq Wo) 

2 (<)> 


3nr €9 2m 


(23) 


Since pg is a state of momentum AQ, it is orthogonal to 
the ground state; thus some eigenstate must lie below 
Eg. One guesses that Vg is really a very good approxima- 
tion to this state.’ 

These states, if they existed, would have interesting 
properties. Their effective mass is about 10~ electron 
mass. Therefore the specific heat would be tiny and 
probably below the accuracy of present measurements. 
The states would exist distinct from the individual 
particles only up to the energy gap, so that the maxi- 
mum Q would be about meo/h?k r~10*/cm. Another 
fact about them is that they cannot be correctly calcu- 
lated directly from the excitation energies of the pair 
states and the appropriate matrix elements of Hy. This 
is because the B.C.S. ground state, while nearly exact, 
does not diagonalize H well enough for this purpose ; we 
shall discuss this point later. 

It is the uniqueness of the states Yq which will be the 
central feature in the explanation of the Meissner effect. 
Vq is a longitudinal excitation; the corresponding 
transverse excitations are of a completely different 
character. Study of the steps which lead to Eq. (11), 
or a little thought about the properties of Cooper 
pairs, quickly convinces us that no energy advantage is 
gained by making an excitation which does not have the 
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Fic. 1. Logical relations among diamagnetism, sum rules, gauge 
invariance, and plasmons. Wide arrows are general theorems, solid 
arrows mean “valid for superconductors at least,” and heavy 
dashed arrows are theorems for normal but not superconducting 
cases. The numbers in parentheses refer to equations in the text. 





8 J. Bardeen has pointed out to me that (23) could also be 
derived by the method of R. P. Feynman [Phys. Rev. 94, 262 
(1954) ] using the B.C.S. calculation of the correlation function. 
Feynman also presents arguments that pg¥, is nearly the eigen- 
state. 
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same amplitude at all points of the Fermi surface. Any 
transverse excitation is of this form, and thus neces- 
sarily has a finite excitation energy as its wave number 
approaches zero. An equivalent statement is that no 
excitation possessing a finite angular momentum exists 
in the energy gap, since Cooper pairs have no bound 
state with nonzero angular momentum. 

To understand the effect of these statements let us 
return to the fundamental sum rule (8). [From here on, 
we consider the question of the gauge invariance of the 
Hamiltonian itself closed. All statements are exactly 
true only in the weak coupling limit in which (11) =0. ] 
Equations (8) and (9) are general statements, and 
indeed are used in the Noziéres-Pines plasmon theory,’ 
since they involve only longitudinal excitations. Actu- 
ally, in the solid as in the atom the more familiar form of 
(9) is the optical (i.e., transverse) sum rule, to derive 
which one takes the limit as 0-0 and assumes 


ca: alg 5" 
ee soe 

X |(m|Q-S-[V;exp(iQ- r;)+exp(iQ- r,) Vj]! m’) |? 

=4 > mw (Em —Em)| (m| 255 9;|\m’)|?. (24) 


The condition for the validity of this limit process has 
not been previously discussed; we shall find that it 
involves the absence of a certain type of long-range 
order, which is, however, present in a superconductor, in 
that there is a qualitative difference between transverse 
and longitudinal excitations even as Q—0 and in the 
absence of Coulomb forces. 


III. RELATIONSHIP OF SUM RULES AND 
ELECTROMAGNETIC PROPERTIES; 
COMPARISON OF NORMAL AND 
SUPERCONDUCTING CASES 


In this section we shall show how the mathematical 
questions of the sum rules (6)—(9) and (24) are related 
to the physical questions of gauge invariance and the 
Meissner effect. Figure 1 is a schematic diagram of the 
rather complex relationships involved. The core of the 
argument is that it is the longitudinal sum rule (9) 
which implies gauge invariance. As we have pointed out 
(9) is always true. On the other hand, normal diamag- 
netism is a consequence of the optical sum rule (24). We 
shail then show that the normal cases obey the optical 
sum rule, while the B.C.S. superconductor need not 
because of the distinction between the states Vg and the 
transverse excitations. B.C.S. have in fact shown, in 
deriving the Meissner effect, that it does not, and there 
is no need to repeat their calculation here. 

To do this we must write down the two quantities 
involved in the calculation of electromagnetic effects, 
the current operator: 


I(r) = (ich/2m) (W*VY—V0W*) — (e2/ mc) W* AV 


=J,+Ja, (25) 
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and the perturbation to the Hamiltonian caused by the 
vector potential A: 


H = (ieh/ 2m) ff drve(A-04+-0- AW, (26) 


The vector potential may be expanded in Fourier 
series : 


A=oq ag exp(iQ-r), 


and one can calculate the appropriate Fourier compo- 
nents of the current Ja. If we set 


Jq= —Kgaag, (27) 


then it is well known that the Meissner effect follows 
when in the London gauge: 
V-A=0, 
. (28) 
limKg= finite. 
Q-90 
On the other hand, in a longitudinal gauge there can be 
no physical current : 
vVxKA=0, 


9 
Kg=0. 29) 


The problem is to reconcile these two [(28) and (29) }. 

In an energy-gap model, (28) is true because the J, 
term of (25) either is small or vanishes, as a result of 
small matrix elements and finite energy denominators in 
perturbation theory. But the finite energy denominators 
must not cause J, to vanish in the longitudinal case (29) 
(see reference 4). 

Let us take up the longitudinal case first. Then a 
typical component is 


A=V exp(iQ-r). (30) 


The Qth Fourier component of the resulting paramag- 
netic current is, in perturbation theory, 


(Fe) 


> xX (0| > »Lexp(iQ- rn)VatVn exp(iQ , rn) ]| m’) 
X (m’|iQ-S .Lexp(iQ-r,)V.+V,exp(iQ-r,) }|0) 





J,= 


X (Em: — Eo)'+-complex conj. (31) 
From the sum rule (9), 
Q-J,=i0?Ne/me, (32) 


which is exactly the negative of 
Q-Ja=—(Ne/mc)(Q-A). (33) 


Thus (9) ensures gauge invariance, and our proof that 
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to a certain order of accuracy (7) is maintained in 

B.C.S. is a proof of gauge invariance to that order. 
Now consider the real diamagnetism problem in which 


A=agexp(iQ-r);  aqg:-Q=0. (34) 


Now, 


J5= Dom (Ch? /4m*c) 
X 0|S..Lexp(iQ-r,)V.+V, exp(iQ-r,) ]|m’) 
X(m’' |X .Lexp(iQ-1,)agq- n+ Vn-agexp(iQ-r,) ]|0) 
X (Em: — Eo)~!+ complex conj. (35) 


As far as possible constant terms are concerned, if the 
optical sum rule (24) is valid, then (35) is also equal to 
the corresponding Jz and normal diamagnetism follows. 

Having thus shown how the gauge invariance and 
sum rule questions are the same, let us compare how the 
three cases—superconductor, insulator, and normal 
metal—obey the sum rules (7) and (9). In the normal 
metal, the ground state may be approximated by a 
Fermi sea. The appropriate excited states are single- 
particle excitations from k to k+Q, whose excitation 
energies are proportional to Q. Equation (7) is satisfied 
by finite matrix elements of pg and small excitation 
energies. However, we can see from (8) that the sum 

Lim’ | (0| pq| m’) |? = (Wa,¥q) (36) 
vanishes as ( when Q—0, as a result of the small number 
of possible excitations as Q—0. This means that the 
identity (22) does not cause any anomalous excited 
states to appear as 0-0. 

The insulator behaves in an even more regular way. 
In the insulator there is an automatic energy gap be- 
tween the ground state and all excitations, but (7) can 
be satisfied because (0| pq|m)—0. This in turn is simply a 
consequence of the fact that excited states are orthogonal 
to the ground state. The sum (36) in the insulator 
vanishes as (”, and again (22) does not cause any special 
excited states to appear. 

We see, then, that the failure of (36) to vanish in the 
superconductor is the major difference from the normal 
state. We now show that this is related to the presence 
of a kind of long-range order in the electrons’ wave 
function. A unified way to prove that (36) vanishes in 
the normal cases is to write the wave function as a 
determinant of localized one-electron functions: 


Wo=D(—-1)? TT W(r;,—Rew). (37) 
P 


a 


In the insulator case, the W’s are the usual Wannier 
functions. Equation (37) is not in the literature for the 
case of the Fermi sea, but may be derived as a limit 
from the insulator by increasing the lattice spacing and 
combining more and more Brillouin zones to approxi- 
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mate a sphere. Then, as we approach Q=0, 
N 
paWo= 2 1 (—1)? exp(iQ-r,) IT ¥(1;—Roi) 
ae j=1 
=X; exp(0-R,j) Wot Le, i(—1)” 
Xexp(iQ-Rpiy)Q- (r;—Rpi)) 
XI, ¥(rj;—Rep)---=0+0(Q). (38) 


In the real physical case, one-electron determinants 
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are only an approximation. Nonetheless, if we retain the 
definition of ‘no long-range order’’ as meaning that the 
wave function is really a properly symmetrized product 
of factors, each referring to a volume small in comparison 
to the whole specimen, then the above proof still holds. 

Now we come to the question of showing that (24) 
holds in the metal and insulator but not in the supercon- 
ductor. The proof for one-electron function representa- 
tions of metal and insulator is trivial, but we shall give it 
here in a form using (37) which indicates how it might 
easily be generalized to any case without long-range 
order. 


The sum rule we start from may also be written in the mixed form 


2 (0/Q- iV; exp(—iQ-r;)+exp(— iQ-r;)V;]| m)(m|exp(iQ-r,)|0)+c.c.=2NQ*. 


The above is simply the scalar product 


(39) 


Qp,(—1)? exp(i1Q-Rp,»)2Q-V; II V(r;—Rew), De, gt)? exp(iQ-Rp,))Q- (r;—Re_») Il V(r;—Re»)). 


Here we have already used (38). In any case in which the Wannier functions may be taken even or odd, this is the 


same as 


Li r(—1)? exp(iQ-Rr))2Q- VW (t;— Rey), De (—1)”’ exp(iQ- Re ())Q: (t;—Rey)¥ (4;—Rey)). 


Since the W are localized, the scalar product will 
vanish for all but nearby Rp;j)’s, which means that at 
small Q the exponentials all approach unity. Clearly the 
only property of the wave function which has been used 
is the absence of long-range order. The above proof fails 
completely for the B.C.S. ground state, simply because 
(37) and (38) are not true. The matrix elements which 
enter in the current in the B.C.S. case can be shown to 
lead to states with finite angular momentum, which are 
orthogonal to the states Yq which satisfy the sum rule 
(9). For details of the actual calculation see the B.C.S. 
paper. 

IV. PLASMA CONSIDERATIONS 

So far all our work has ignored the long-range order 
and correlations caused by the plasma effect. The reason 
is now obvious: that a certain special type of long-range 
order is required to explain the Meissner effect, which is 
not at all similar to the order enforced by long-range 
Coulomb forces. That latter order would only serve to 
obscure the relationships. Prior to plasma effects, the 
derivation of (24) from (9) is trivial, as in the Noziéres- 
Pines paper’; afterwards, it is not at all simple. 

In fact, we shall simply repeat the Noziéres-Pines 
work here, but must first briefly explain the philosophy 
of what we do. The interaction used in B.C.S. includes 
both the phonon and repulsive Coulomb interactions, 
the latter appropriately screened, so that our procedure 
does require justification, in that this screening implies 
that in the ground-state wave function the plasma effects 
have already been included. 

The basis of our justification is provided by the 
observation of Sawada, Brueckner, Fukuda, and Brout*® 


9 Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507 
(1957). 





(40) 
that the plasma properties of the free-electron gas follow 
from a Hamiltonian in which the different Q’s are com- 
pletely decoupled. This observation provides a deeper 
justification for the “random-phase approximation” of 
Bohm and Pines.’® What we shall do is to retain the 
random-phase approximation in the superconductor. 

As Sawada et al. show, the random-phase approxima- 
tion is equivalent to assuming it more probable that 
Coulomb interactions return an excited particle into the 
Fermi sea than that they excite still another. Such 
terms, as shown by Brueckner and Gell-Mann," always 
lead to the most singular parts of the interactions. Our 
rather physical argument is that we can show that the 
part of the interaction retained by these authors is 
practically unchanged by the energy gap. It is then very 
hard to see why the less singular parts of the Coulomb 
interaction would take on a new importance and over- 
whelm the more singular terms in the superconducting, 
but not the normal case. 

Our procedure is in principle the following: the 
original B.C.S. Hamiltonian is assumed to contain all 
the Coulomb interaction except that part involving pa 
itself. Thus most of the screening is present, while all 
momenta except Q have corresponding subsidiary condi- 
tions and plasma terms. For Q, however, we can still 
prove (7) and (9) and study the transition from (9) to 
(24) as we did in the last section; the random-phase 
approximation tells us there is no strong coupling of Q 
and other momenta (we shall discuss the explicit point 
where this is introduced later). We then show that the 
plasma properties follow from the sum rules, practically 





10 TD). Bohm and D. Pines, Phys. Rev. 85, 338 (1952). 
1K. A. Brueckner and M. Gell-Mann, Phys. Rev. 106, 367 
(1957). 
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unaffected by the gap. On the other hand, the states Va 
disappear and are replaced by the plasma states at 
E=hw,. This means that, in a sense, the pairing 
criterion Q=0 of B.C.S. is enforced only by the sub- 
sidiary condition associated with the plasma. 

To derive the plasma effects, we shall use the method 
of the appendix of reference 9. Define a quantity 


Hg=(NQ%)"! 


2iQ-> iV; exp(iQ-r,;)+exp(iQ-r;)V; J. (41) 
The commutation rule (7) gives us 
[H,pq |= (Nh*0*/mi) Tle, (42) 
while (9) gives 
[Ilg,p_@ |=1, (43) 


so that ITg* plays the role of a momentum conjugate to 
the coordinate pa, and the sum rule becomes their 
commutation relation. Now we must introduce the 
interaction 

2re* 

H.=——(pap-qtp_apa), (44) 

v 
of which we write only the Q terms. We also assume the 
existence of a ground state of energy /o, which we expect 
to be perturbed from the WV, so far discussed in such a 
way as to give the part of the long-range correlation 
energy associated with pa, and the subsidiary condition. 
Finally, we observe that if pg and IIg are to play the role 
of plasma oscillation coordinates, the first excited state 
WV; is obtainable by 


Y= (apgt+Slla)Vo, (45) 
while the energy condition 
EW,=(Hot+ H.W (46) 
is just 
CH, (apg+Bllq) Wo= FE, (apgt+Bllq)WVo, (47) 


and, as Sawada et al. show,* the condition that Vo be the 
ground state is the subsidiary condition: 


(apgt+BIlg)'Wo=0. (48) 
The commutator in (47) with IIg is made up of 
[H.,lq |=+42reO ipa, (49) 
and of 
[Ho,q ]= mi( NWO") Ho,[H,pq Jj], (50) 


[Ho,I1q]mm: = mi(N#20?)“!(Em— Em’)?(m| pq|m’), 


in the representation in which Ho is diagonal. The sum 
rules (7) and (8) show us that this is of lower order in Q 
than (49) except in the insulator (for which a complete 
discussion has been given by Noziéres and Pines’). 

The random-phase approximation consists in as- 
suming that (49) is the only important commutator of 
IIg with any of the Coulomb terms. A discussion of this 
was given earlier. 
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We can now solve (47). 
NVO 4Ile’ 
o(—~) a+6(— i)pa= Es(apa-+ 6a) 
mi Oe 


Since pg and Ig are independent, this can be solved to 
give 


E2=4aneh?/m= (he »)?, (51) 
a/B=imw ,/ Nh, (52) 

and the subsidiary condition, from (48), 
(ap_q—BIl_g)¥o=0, (53) 


which is the same as that of Bohm and Pines” as 0-0, 
since a>, and the no-plasmon states have almost no 
Q#0 pairs present. The old states ¥, and Vg have 
disappeared ; they are related to Wo and VY, more or less 
as eigenfunctions of momentum are to the harmonic 
oscillator eigenfunctions. The derivation of (51) and 
(53) completes our program of showing that only (7) 
and (44) are necessary to normal plasmon behavior. 


Vv. CONCLUSION 


The above is by no means a rigorous and complete 
answer to the original question of whether the B.C.S. 
theory satisfies gauge invariance and the sum rules and 
still shows a Meissner effect. Although most of it is 
fairly rigorous, a few parts have to be considered as a 
map for how things might be, rather than a proof of how 
they are. A few points which would bear further discus- 
sion follow. 

The first one is the question of rigorous rather than 
approximate gauge invariance. To show rigorous gauge 
invariance we would have to show that the corrections 
to J and H;, always canceled the momentum depend- 
ence of Ho. Many arguments indicate that this is not a 
basic difficulty. For instance, one can always make a 
superconductor of arbitrarily large transition tempera- 
ture by letting Aw—« and exp[—1/N (0)V } 0 simul- 
taneously, thus satisfying gauge invariance arbitrarily 
well. 

Second is the random-phase approximation in the 
superconductor. As this is an incompletely solved ques- 
tion for normal metals, we have little hope of making 
much more headway here. 

The most serious question revolves around the cor- 
rectness of calculating Kg by the commutator argument 
rather than directly from B.C.S. excited-state energies 
and matrix elements. These latter are all calculated 
ignoring the higher order corrections of Q+0 inter- 
actions as well as the fact that the B.C.S. ground state 
is not the exact solution of the reduced Hamiltonian. We 
believe that the argument is as sound as that of any such 
intermediate coupling method, in that what has to be 
assumed is that certain properties of the ground state— 
the energy commutator, which is very insensitive, and 
the normalization of Va, equivalent to the correlation 
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function of the electrons*—are more stable against 
perturbations than the actual matrix elements them- 
selves. In calculating frequencies of other coherent 
elementary excitations, such as sound waves or spin 
waves in metals, the same situation often arises—the 
energy calculated directly from what appears to be the 
correct wave function is not the same as that calculated 
from the equations of motion. 
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APPENDIX. COMPUTATIONS OF COMMUTATORS 


The interaction Hy is given in Eq. (10). We divide pg into two parts: 


pa= pa’ tea =2 (Cesar *ext te. xs *C_x-a3), (Al) 
and by direct computation : 
Hypqt—pgtHy=VX( > 
@ Klee <hw) ke’ Hie (eps <A) eC _—g <A) k’ He (egg <hwe) 
X (Cust *C—0'4qh *C— npg Cut — Cet *C—0 4.94 *C—n4 qh Ce-Qt): (A2) 
In the case of pq~, the summations are the same but the last parentheses read: 
(Curt *C_0-4.94Q4 *C—n4qhCut — Curt *C_0'4.q4 *C_n4q-QsCut): (A3) 


In both (A2) and (A3) the second term can be made to correspond with the first by the appropriate substitutions: 
in (A2) by 
k’—Q-#’, k—Q-—k, q—Q—a, (A4) 
and in (A3) simply by 
q—Q—4. (AS) 
If Q is small, (A4) and (A5) have no effect on the large majority of terms, so that the appropriate parts of the 
second term cancel the first. Near the cutoff surface, the substitutions affect the presence or absence of the terms: 
(A4) when the cutoff depends on k and k’, (A5) when it depends on k—gq, k’—gq. The resulting terms near the cutoff 
surface are given in (11) of the text. 

It is also necessary to use Eq. (11) to compute (p9V,,[ Hv,pq W,). Equation (17) of the text shows us that only 
terms of the commutator which break up only two pairs can contribute to the scalar product. Examination of (11) 
reveals that two types of term can appear. These are the terms involving q=0 or q= —Q. Upon taking this into 
account, the important part of (11) becomes 


V{DL 2. - » > 


k’ +k k (eq, <heo, & 4.9 >hw) k(e Phe, {+0 <hw) 


j+same with k’->k, k-k’} 





x (Cergqt *C—0g *C_ na Cut +Cn sat *C— 1794 *C_n_Qucnt — Cut *C 0/4 *C_e-QaCnt — Ce 4Qt C10 y *e k-Q5Cu+Qt)- (A6) 


The effect of the terms in parentheses in this equation on the B.C.S. ¥, may now be computed: 


( ¥o={ II [(1—Ax)!+-hxtbx* Vad (1 — hy) (1 —hrsq) Wexr4at *c04* 
K +k’, k’+Q,k 


~ II [(1—/Ax)!+hxtbx*](1—/x49) Midhnrqibu49*curat*c—ns* 
K +k, k +Q, k’+Q 


os II [(1—Ax)!+Axtbx* Vathusa!(1— hy) bar * censor *e—1a* 
K +k, k+Q, k’ 


= II 


K +k’,k+Q,k’+Q 


[(1—Ax)!+hxtbx* Vanya! (1—h) (1 — hwy) curse *c_ ny yr. 
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Now we combine this with (23) and (24) to compute the scalar product: 


(pq¥ o,LHv,pq Vo) =3VL ie a dL + y pata 
k (ey <he, %& +Q >hw) k’ +k k (ey Phu, a +Q <hw) k’ #k kk’ (eg <hw, ey’ $-Q >hw k #k’ 
X (The! (1—hyq)! +h yqh(1— Aw)! (1h) (1 — 49)! 
[Lad (1— hr)! hnnya'(1— lesa)! 4+ Chrat(1—dtesa)!+ teva} (1 — ia) ] 
Xhtheso'{ hud (1—hy)*—Iyag'(1—hvsq!))). 


If in the first term we interchange the labels k and k’, it becomes very similar to the second, and the whole sum is 
symmetric in k and k+Q, and antisymmetric in k’ and k’+Q. We therefore have left only twice the limited sum 


over k’: 
(pe¥ ,,[ 1 v,pq V4) = VU hyd 1— husq)'+husa} 1 —h,)* | 

X Thathusai+ (1 —h,)*(1 —Iysq)* he (1 —hy)§—hys3( 1 —hy+q)*]. (A7) 
In view of the symmetry in k and k+Q and the fact that Q is very small, the k sum may be simplified to 
2V Saf Au(1—/y) }'=2e0. The k’ sum is an integral over the cutoff surface | «| =/w. When k’ points at an angle @ to 
Q, the energy difference is 


b€= €4/4.Q— €x’ = (hk rO cos6) /m, (A8) 
and the number of states in the surface element at this angle is 4 sinéd@N (0). Thus 
. et h? 2d N(0)h?k PQ" €0 
EACH (1—My)4}=407(0)5 f sina (—)tr0 cose] —Chee-tet) Mane t—— (AD) 
. 0 m de (m0) 


which gives the value (19) of the text. 
Finally, we compute the commutator involved in the kinetic energy: 


Dx. OQ: (2K+-Q)cxyo -*cx, V,=Q: Dx (2K+Q) (curs *cxt—c_xs*c_x_qs)V, 
=Q-¥>«(2K+Q)[hx!(1—/ixi9)!—Axiai(1—Ax)! W_x, xia, (A10) 


using (14)—(16). Again using (15) and (16), we get 


(pe o,[ Hx,pq Wo) = (h* ‘2m)> x Q. (2K+Q) (hx—hx4Q). (A11) 
For small Q, this is almost exactly 
— (h?/m)>.(Q-k)Q- Vu (hu) = (h?/m)*? > «(Q-k)*(dh/de). (A12) 


In this form it is clearly independent of the exact form of the distribution, and thus is practically the same as the 
identical quantity for a Fermi sea, Evaluating (A12) (the assumption must be made that €» is small), we get the 
result quoted as (20) of the text. 
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A field-theoretical treatment is given of the magnetoelastic coupling of magnons and phonons in a ferro- 
magnetic crystal. The effects of the coupling are large when the wavelengths and frequencies of the two 
fields are equal. If the two transverse phonon states of a given wave vector are degenerate, then the rotatory 
dispersion of the phonons will be large. The possibility exists of creating nonreciprocal acoustic elements, 
such as acoustic gyrators. At simultaneous resonance the phonon attenuation is expected to be large. The 
possibility of magnetostrictive transducers at microwave frequencies is discussed. A calculation is given of 
the damping by eddy currents of spin waves in a metal. 





I. INTRODUCTION 


HIS paper is concerned with the phenomena 

expected to occur when spin waves (magnons) 
are coupled to lattice vibrations (phonons) in a mag- 
netic crystal. We are interested particularly in the 
resonance behavior exhibited when both the magnon 
and phonon frequencies and wavelengths are equal. 
The effects of the coupling of energy in the magnetic 
and acoustic modes are most pronounced near reso- 
nance. At high phonon frequencies an observation of 
the resonance condition may provide a good measure 
of the value of the exchange-energy constant. It is also 
shown that a magnetic crystal has nonreciprocal 
acoustic properties. The acoustogyric effect, as it may 
be called, causes circularly-polarized elastic shear 
waves of different sense to have different velocities 
when propagated along the magnetization axis. The 
possibility thus exists of creating acoustic gyrators, 
isolators, and other nonreciprocal acoustic elements. 

The dispersion relation for phonons is 


(k= 2m/d) (1) 


for wave vectors much smaller than a vector in the 
reciprocal lattice. When k is directed along a suitable 
symmetry axis of a nonmagnetic crystal, two of the 
three roots of the secular equation determining the 
velocity » coincide. These two roots are associated with 
shear waves. The third root is associated with a longi- 
tudinal wave. The phonon velocities may be of the 
order of 310° cm/sec. 

The dispersion relation for magnons in a ferromagnet 
in the absence of magnetic fields and magnetocrystalline 
anisotropy is, in the long-wavelength limit, 


w= (2yA/M,)F’, (2) 


where ¥ is the magnetogyric ratio, M, is the saturation 
magnetization, and A is the exchange-energy constant 
associated with the exchange-energy density f.x in the 
Landau relation!” 


fex=A{(Vaz)?+ (Vay)?+ (Vaz)*}. (3) 
* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 
1L. Landau and E. Lifshitz, Physik. Z. Sowjet. 8, 153 (1935). 
2 C. Kittel, Revs. Modern Phys. 21, 541 (1949). 


w=vk, 


Here a is the unit vector in the direction of the mag- 
netization. On an atomic model, the exchange-energy 
constant A may be expressed in terms of the exchange 
integral J by, for a body-centered cubic lattice, 


A=2)S*/a, (4) 


if there are only nearest-neighbor interactions. Here S 
is the spin in units of #, and a is the lattice constant. 
The value of A may be of the order of 10~* erg/cm for 
a normal ferromagnet, M may be of the order of 5X 10°, 
and y is approximately 2X10’ (oersted-sec)~'. Thus, 
roughly, w= 10’. 

If the wavelengths of magnons and phonons are equal, 
the frequencies will be in the ratio 


Wm 2yAk k 


a 


w,» M, 3X10° 





(5) 


so that the angular frequencies are equal when 
k=3X10° cm“, corresponding to w~10" sec. It is, 
fortunately, possible to increase w, by applying a dc 
magnetic field. A magnon with k/H will have its 
frequency increased by 7H, and the dispersion relation 
becomes 


w= H+ (2yA/M,)F, (6) 
where we have assumed that demagnetizing effects on 
the magnon may be neglected. An anisotropy field will, 
if suitably oriented, act in the same manner as an 
external magnetic field. For H=100 oersteds, we have 
w=2X10° radians/sec, which is about 300 Mc/sec. 
The corresponding acoustic wave vector is about 10* 
cm~. The contribution of the exchange term on the 
right-hand side of Eq. (6) for this value of the wave 
vector is about 10’ radians/sec, only about one percent 
of the Zeeman contribution. 

It may be necessary to carry out experiments with 
ultrasonic waves at microwave frequencies to obtain 
accurate measurements of the exchange constant A. 
Ultrasonic experiments in this range may become 
possible in the near future if paramagnetic relaxation 
effects are utilized successfully as detectors of micro- 
wave phonons. Eddy-current damping of spin waves is 
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considered in Appendix A; such damping may be 
important in metals. 


II. CLASSICAL CALCULATION 


We first carry out a derivation of the coupled equa- 
tions of motion of magnons and phonons treated as 
classical fields.* The Lagrangian density and Hamil- 
tonian density will be denoted by £ and 5, respectively, 

L=Lzt Le tLitL,; (7) 

K=Kzt+KH.F+K +H; (8) 
where the subscripts Z, e, i, and p denote, respectively, 
the Zeeman, exchange, magnetoelastic interaction, and 
phonon terms. 


Zeeman Term 


The Lagrangian density may be written for M,, 
M,<<M g in the form 


MM, Ho 
L£2=>— - (NM 24+ MV /)—, (9) 
us 2ws 


with Ho as the static field along the z direction, and 


w,=yM,. (10) 
We have expanded 
M,=([M/?—M/-M,?}! 
M?+M/ 
-u|1-— : +] (11) 
2M 3° 


and preserved terms‘ not higher than the second degree 
in M,, M,. We show that Eq. (9), when substituted in 
the Lagrangian equations of motion for a field, 
dL ddL 0 dL 
—-—__y —____=9, 
Op; dtdp; « Axq O(dP;/Ixa) 


gives the usual equations of motion of a spin system. 
Letting y;=M,, we have 


dM ,/dt = yHoM,. 


(12) 


(13) 


3The general techniques employed for the magnons are ex- 
tensions of the methods used in a somewhat different connection 
by J. M. Luttinger and C. Kittel (unpublished) and C. Kittel and 
E. Abrahams, Revs. Modern Phys. 25, 233 (1953). E. Kondorsky 
(private communication) has remarked that some consequences 
of the magnon-phonon interaction have been discussed in un- 
published work by S. A. Altschuler and by A. I. Akhiezer and co- 
workers in the U.S.S.R. S. Friedberg has observed effects of a 
magnetic field on thermal! conductivity in ferrites and interpreted 
the results in terms of phonon-magnon scattering (private 
communication). 

4S. Rodriguez has pointed out that the Lagrangian 


£2= (1/240) SEXM- Hy (MH) | 
gives the full torque relation dM/dt=1~M XH. The form (9) above 


is somewhat more convenient for our present purpose, as fewer 
variables are introduced. 
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Similarly, letting y;=M,, 


dM ,/dt=yH M,,. (14) 


Equations (13) and (14) are the usual spin resonance 
equations. 
The Hamiltonian is obtained by using the momentum 
density, 
OL dLz M, 
r=—_ = =. (15) 
OM, OM, ws 
We find 


Rz=2M ,— Lz= (wo/2w,)(w2r+y), (16) 


where wo=yHo, and we have defined the field displace- 
ment ¥ by 

y=M,. (17) 
Exchange Term 


The exchange Hamiltonian density (3) may be 
written as 


KR.= (A/M?)[w2(Vr)?+ (Vy)? ], (18) 


if we neglect terms in M, and M, above the second 
degree. If x and y have a wave-like dependence of the 
for e¢*-**), then 


5e= — (AB/M2) (wert), (19) 


where now 7, y are written as the amplitudes of the 
field momentum and displacement. 


Magnon-Phonon Interaction 


The interaction between magnetization direction and 
elastic strain (as observed as magnetostriction) is 
described by the magnetoelastic coupling.® To the first 
order in the strain components S;; and to the second 
order in the direction cosines, the coupling in a cubic 
crystal is described by the magnetoelastic energy 
density 


fme=b1(a 2S 22+ aS yy+a°S,2)+ 2b2(anyS zy 
tayo yztaaeS:2). 


If the static magnetization is along the z direction, we 
shall want to retain in a linear theory only those terms 
aya,Sy, and a,a,S;2 linear in M, and M,. The Hamil- 
tonian density K; associated with these interaction 
terms is 


(20) 


Hy= (2b2/M,)(weSy.t+Si2), (21) 


where the shear components are defined by 
OR, OR, OR, OR, 
si(—"+—); ( + ). 
02 Oy 


Ox a2 
Here R is the displacement vector of a point in the 
solid from its original position in the unstrained solid. 








Sss= 


nie 


5R. Becker and W. Doring, Ferromagnetismus (Verlag Julius 
Springer, Berlin, 1939), p. 136; see also reference 2. 
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Phonon Term 


For convenience we make the assumption of elastic 
isotropy.® Then the Hamiltonian density i, associated 
with the phonons is, as is well known, 


1 
Kp= 7 ne tet He) +a Ds j SiP?+B(Xi Si), (23) 


p 


where 


II = pdR/di 


is the momentum density conjugate to the coordinate 
R. Here a and @ are elastic constants; p is the density. 

The total Hamiltonian density is found, on combining 
Eqs. (16), (18), (21), and (23), 


H= (wo/ 2s) (w2r?+Y¥)+ (A/M?)[w2(Va)?+ (Vy)?] 

+ (2b2/M,) (wstSyetWSez)+ (1 2p) (11,?7+ 

+11,’?+117)+a Lis SiP+B(Li Sis). 

We proceed to determine the equations of motion, 
which in Hamiltonian form are 


(24) 


(25) 


OH 





@ xq 0(d~/Axe) 


OK . 0 OK 
y=——_ 2), 
Or = @ OX_q 0(dr/dXa) 


= —— 


(26) 


(27) 


similar equations obtain for the components of dII/di 
and dR/dt. It will shorten the equations considerably 
if we assume that all field quantities are independent 
of x and y. With this restriction we have, from Eq. (25), 


Y=wowtt (2wsb2/M,)Sy2—2(Aw?/M-*) 


X (dx /d2*); (28) 
t= — (wo/w,)~— (2b2/M,)Si2+2(A/M-?) 
X (d°y/d2*); (29) 
dIl,/dt= (b2/M,)(dp/d2)+a(#R,/d2) ; (30) 
dll, /dt= (by»,/M,)(dx/dz)+a(eR,/d2”). (31) 


We omit the equation for dII,/dt, as longitudinal 
phonons along the z axis do not couple in first order 
with magnons when the static magnetization is along 
the z axis. Using the relations defining the coordinates 
and momenta, and assuming that all variables have the 
time and space dependence e““*-*”, we may rewrite 
Eqs. (28) to (31) in the form 


iwM 2=[wot (2A yk2/M,)]M,—iybkR,; (32) 
iwM y= —[wot (2A yk*/M,)|M.+iybkR:; (33) 
wpR,= k’aR.+1(bok/M.)M 2; (34) 
w’pR, =RaR,+i(bok/M.)My. (35) 





6 In carrying over our results to actual crystals, we are restricted 
by this assumption to waves propagating along symmetry axes 
having two degenerate transverse waves. 


TTEL 


It is convenient to form the combinations 


M+=M,+iM,; R*+=R,+iR,. (36) 
Then, writing 
w’ =wot (2A yk? /M,), (37) 
we have 
i(wtw’)M+=Fyb.kR*t; (38) 
(w*p— k’a) R*=i(bok/M,)M*. (39) 


We may attempt to take account of spin relaxation 
by other mechanisms with relaxation time r by writing 
(38) as 


(w-irttw’)M+=+tiybkR+, (40) 
which may be compared with the usual equation for 
spin resonance in an rf magnetic field H*+=H,+iH,, 

(w—ir zw) M+=+w,H?*. (41) 
Recalling that —ikR,=2S,.2, we see that 2b.5S,,./M, is 
in some respects equivalent to a transverse magnetic 
field in its effects on the spin system. The difference lies 
in the use of w’ in Eq. (40) and wo in Eq. (41). The 
equivalence of 2b.S,,/M, and also 2).S,./M, to a 
magnetic field is equally apparent from the original 
expression for the magnetoelastic coupling, Eq. (20). 
With b, of the order of 10* ergs/cm*, the equivalent 
field intensity is of the order of 10° S oersteds, where S 
is the shear strain. 


Production of Microwave Phonons by 
Ferromagnetic Resonance 


At resonance (w=w’), we have from Eq. (40) that 
M+|=~yberk| R*|, so that for r~10~* sec we have 
S=10-7| M*|. For an rf magnetic field of 1 oersted it 
is reasonable to expect |M+|~10 gauss at resonance, 
so that S=10~*, corresponding to a phonon. flux of 
=(0.01 watt/cm*?. We have neglected demagnetizing 
effects on the resonance in making this estimate; we 
have also neglected the loss of energy from the phonon 
system which might arise in the event the ferromag- 
netic element is used as a transducer coupled me- 
chanically to another elastic system. It appears not 
unlikely, however, that a thin ferrite crystal section 
could be driven as a magnetostrictive oscillator. The 
static shear strain accompanying a magnetization 
M, is S=(b2/a)(M,/M,)~10-7M,, while the resonant 
effect just calculated is S=(M,?/b.)(w,r)"(M,./M,). 
The two quantities are of the same order of magnitude 
for our values of the physical parameters, but the static 
effect will not be excited if w7>>1. At microwave fre- 
quencies the resonance effect will probably have to be 
employed. It may be that piezoelectric transducers 
will be a simpler source of microwave phonons. We note 
that in quartz the strain is given by S~10~-7E, where 
E is the electric field intensity in esu. 
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We now discuss the acoustical properties of the 
medium. Combining Eqs. (39) and (40), we have 


{ (w—ir +’) (w*p— Ka)+w,k?(b2/M,)*}R*=0. (42) 


It would be simple to generalize Eqs. (39) and (42) to 
include an intrinsic relaxation time for the phonons, 
but we shall suppose that this time is larger than the 
spin relaxation time. 


Damping of Phonons 


We first estimate the damping of the acoustic wave 
for the lower choice of signs in Eq. (42) when the 
frequency w is equal to w’, the resonance frequency of 
the spin system. Then, from Ea. (42),’ 





w'p/a 
P= : (43) 
1+-1(w,7/a) (b2/M,)? 
Writing 
k = ky ey ike, 
we have 
k?= ky’ — ikke, (44) 


on the assumption that kx<k,; that is, we assume that 
the attenuation per wavelength is small. If the imagi- 
nary term in the denominator is small in comparison 
with unity, 


ky — 2ikykow*(p/a){1—i(w,7/a)(b2/M,)*}, (45) 
and we find for the attenuation per wavelength 
ho/kyw,7b?/(2aM *)=yrb2/(2aM,). (46) 


Now with y=2X10’ (oersted/sec)!, r=10-* sec as 
for a typical ferrite, b,~10* ergs/cm* as for nickel, 
a=10" dynes/cm?, and M,~500, we have k2/k,=2. 
This means that the absorption of sound is very large 
indeed at the resonance frequency of the spin system. 
Our assumption k.<<k, is violated, but we may safely 
conclude that at resonance the phonons are highly 
damped and hardly propagate at all. We may remark 
that Eq. (46) follows also from a quantum-mechanical 
calculation of the transition probability on the assump- 
tion that the individual spin wave modes are resolved, 
so that the density of states at resonance is r/#. Raman 
transitions of phonons will give additional attenuation. 

Far from resonance the damping is reduced con- 
siderably. If we consider the ‘“‘wrong” sense of circular 
polarization of the transverse phonons, we have for 
w=w’, on the same assumptions as above, the at- 
tenuation 


ks /ki~= -yb22/(8u*raM,), (47) 


which is lower than above by the factor 1/(4wr)*. For 
w=10° sec! and r~10~-* sec, the attenuation in the 
“wrong” sense is 1/200 of the attenuation for phonons 
in the “right” sense of circular polarization. 

a 7 It should be pointed out that we are assuming for convenience 


(1) that the exchange contribution to w’ is entirely real, and (2) 
that the magnons will take up the same value of & as the phonons. 
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Rotatory Dispersion of Phonons 


We now consider the rotatory dispersion. We suppose 
that, the resonance frequency w’ of the spin system is 
considerably less than the phonon frequency, so that 


nK1. (48) 


We suppose that we may neglect 1/7 in comparison 
with w; this means that the phonon attenuation at w 
arising from coupling with the spin system is taken as 
negligible. Then, making the usual expansions, we have 


w’ =+nw, 


9 


w'p b,? 
k’=—( 14—(1¥ ») }. 


a awM, 





(49) 


Now for the two senses of circular polarization of the 
phonons we write 
k*=ko(i+e), (50) 


where ¢ is a constant supposed small in comparison 
with unity. Then 


(k*)"ke?(142¢), (51) 
and, by comparison with Eq. (49), 
e—vyb?/(2awM,), (52) 


independent of 4. The rotation of the plane of polari- 
zation per wavelength is measured by 

(k*—k-)/ko=vyb-?/(awM,)=4X 10° /w. (53) 
For w=10° sec’, the fractional rotation is about 3, 
which is a very substantial rotation. Our assumption 
wr>>1 must be remembered. It does not seem as if the 
experimental effects predicted by Eqs. (46) and (53) 
should be difficult to observe, but one must bear in 
mind that other phonon attenuation mechanisms may 
be present. The predicted rotation of the plane of 
polarization of degenerate transverse elastic waves is 
the basis for application as a nonreciprocal mechanical 
circuit element, and a whole class of new devices 
becomes possible in principle. 

It is perhaps not always relevant to ask how much 
the spin system is damped by the magnetoelastic 
coupling with a phonon system having an independent 
relaxation mechanism. When the spin system of a ferro- 
magnetic insulator is excited by electromagnetic 
radiation the magnons usually have a very low , 
entirely too low to match the & required of phonons at 
the same frequency. If by some device the spin system 
could be driven in such a way that the &’s of magnons 
and phonons were matched, then at the spin resonance 
frequency the coupling contribution 7’ to the spin 
relaxation time could be estimated in appropriate 
limits by the result (46), the phonon attenuation k» 
now being taken as arising from an independent 
mechanism. 
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Ill. QUANTUM THEORY 


The classical Hamiltonian density is, according to 
Eq. (25), 


H= (wo/2w,) (w.29?+P)+ (A/M.?)we(Va)?+ (Vy)*] 
+ (2b2/M,) (wetSyztWSiz)+ (1/2p) (II? 
+1,7+ II?)+a Dis Si?+8(L i Si)? 


Here y is the magnon field displacement, and z is the 
conjugate magnon momentum density; R; involved in 
Sj; is a phonon field displacement component; and II; 
is the conjugate phonon momentum density. 

The Hamiltonian, as we have written it, refers to 
field quantities, but a parallel atomic treatment may 
be given starting from the usual lattice vibration theory 
for the phonons and from the spin wave theory with the 
Heisenberg exchange interaction for the magnons. The 
magnetoelastic coupling term arises on an atomic 
model directly from the strain dependence of the 
anisotropic exchange interaction and the quadrupole- 
quadrupole interaction.* The atomic and field-theo- 
retical treatments are equivalent for wavelengths long 
in comparison with the lattice spacing, and this is the 
situation of interest to us. We will content ourselves 
with the quantization and indication of the solution of 
the problem associated with the Hamiltonian (54). 
The commutation relations are 


(54) 


CR,(r,t),[. (r’,t) ]=ihd(r—r’)b,., (55) 
for the phonon field and 
[W(r,t),9 (0) ]=ihd(r—r’) (56) 


for the magnon field. We are now of course interpreting 
the R,, Il,, ¥, and m as operators. The quantum equa- 
tions of motion are 


ihR,=(R,,H]; ihdll,/dt=[01,,H], (57) 
and similarly for y and 7. Here 
H= J KdV (58) 


is the total Hamiltonian. It is straightforward to verify 
that the quantum equations of motion are identical in 
form with the classical equations of motion (28)—(31). 
The Hamiltonian has been written in an approximation 
giving equations of motion linear in the field variables. 
It will, therefore, follow that expectation values satisfy 
the classical equations of motion, so that nothing 
essentially new results from quantizing the fields. 
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APPENDIX A. EDDY-CURRENT DAMPING 
OF SPIN WAVES 


We may ask what effect eddy-current damping has 
on the motion of spin waves. The problem will be solved 
for pure exchange spin waves under conditions of the 
normal skin effect. The equation of motion of the spin 
waves is, from Eqs. (32) and (33), 





dM 2yA 
—= MxXV’M+yMxH. (A.1) 
dt MM? 
From the Maxwell equations, 
c curlH = 4zcE, (A.2) 
dH dM 
c curlE= ——-— 44r—, (A.3) 
dt dt 
we have 
dM dH @¢ 
4n— = —-—+—VH. (A.4) 
dt dt 4no 


Assuming that all variables have the time and space 
dependence e*“‘~**), where w may be complex, we have 
from Eq. (A.4) 

1 ic*k* 
time |-sed 
4r = (4rr)*ow 


which we shall write as H,=CM,, thereby defining C. 
Then Eq. (A.1) becomes 


(A.5) 











2yA 
ia-|—~ e—rcM, |i, (A.6) 
M, 
2yA 
iat, =—[-—#—ycm, [a (A.7) 
The secular equation is 
w 2AP 2AR* 4nM, 
—-=———CM,= ———. (A.8) 
y M, M, 1-—(ick/4row) 
We note that 
Ck /(4rrow) = 50R?, (A.9) 


where 6 is the classical skin depth for permeability 
unity. For purposes of an estimate, we may take from 
the usual dispersion relation 


?/w=M,/(2Ay), (A.10) 


so that 
Ck / (4row) = 2M ,/(8xAcy) = 104, (A.11) 


where we have taken M,~10°, A~10~* erg/cm, and 
o~ 10" esu as for iron at room temperature. 

We may use the ratio of real to imaginary parts of 
w as a measure of the Q of a spin wave; this ratio is 
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approximately 
w/¥ ck? 
Qs ; (A.12) 
(49r)?M ,ow/Ck? §=16r°M yo 
or 
O=Cw/ (322 Ay’), (A.13) 
using (A.10). The Q is of the order 
Q~10-e, (A.14) 


with the foregoing constants. Thus the damping of a 
magnon is small above 100 Mc/sec; the damping is 
trivial for thermal magnons. This result agrees with the 
conclusion of Ament and Rado.T 

The situation is rather less favorable for magnons 
whose energy arises largely from interaction with an 
external magnetic field (or with an anisotropy field) 
and which are such that w and & are in resonance with 
a phonon. With w=vk, where v is the phonon velocity, 
we infer from the appropriate modification of (A.8) and 
(A.12) that 


9 — oe 


wo? 2 
) x —__—_—_—— (<), (A.15) 

(4ryM,,) (42a) \v 

or, with our usual numerical values, 
Q0~10-%?, (A.16) 


Thus, the Zeeman magnons are strongly damped in a 


t W. S. Ament and G. T. Rado, Phys. Rev. 97, 1558 (1955). 
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metal for w<10" radians/sec. The damping generally 
is proportional to 1/k?; the Zeeman magnons suffer 
from having a lower k for the same w as compared with 
a pure exchange magnon. 

We may understand the form of the result (A.12) by 
an elementary consideration. The energy per unit 
volume in an exchange spin wave of amplitude M,, 
M, and wave vector k is, from Eq. (3), 


f=ARPM?7/M,?. (A.17) 


The eddy-current energy loss per unit volume per cycle 
when the skin depth 6 is large in comparison with a 
wavelength is of the order of 


M ?/ (6k)*, 


if we use the known result for eddy-current losses in 
slabs. Thus, by the definition of Q, 


O= AR/(M 28)= ARC /(M Pwo) =k /(yM.o), (A.18) 


when we use (A.10). We have dropped numerical 
factors in making this estimate, but the result agrees 
in form with (A.12). 

Our calculation is based on the assumption that the 
conduction electron mean free path is much less than 4, 
the skin depth. The calculation of magnon—conduction- 
electron relaxation by Abrahams? does not apply under 
these circumstances. 





*E. Abrahams, Phys. Rev. 98, 387 (1955). 
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Hyperfine Structure of Technetium-99 from Paramagnetic Resonance 
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The hyperfine structure of tetravalent Tc” in a single crystal of K2PtCl, was detected at 1.25 cm wave- 
length and at the temperature of the boiling point of liquid helium. The significant parameters are: g = 1.9896 
+0.0005, A m= 148.8+0.4 gauss, A min=144.0+0.4 gauss. The nuclear spin is confirmed as 9/2. An addi- 
tional six isotropic lines with g=2.050+0.005 and A=109+3 gauss are found at liquid nitrogen tem- 
perature. These hyperfine lines may possibly be due to the rhenium isotopes 185 and 187 with nuclear 


spins 5/2. 





I. INTRODUCTION 


HE paramagnetic resonance spectra of some ions 
of the platinum groups have been investigated by 
Griffiths ef al.!? Their results can be accounted for by 
assuming that there are strong o bonds or strong electro- 
static bonds in the complex. In the 5d group, in par- 
ticular for the (IrClk)?~ ion, the results can be explained 
by assuming that the electrons move in 5d orbitals and 
in part in 3p, orbitals on the surrounding Cl nuclei.’ 
The paramagnetic resonance spectrum of technetium 
in a single crystal of K2PtCl, has been investigated. 
This spectrum is of interest not only because of its 
magnetic properties but also because Tc” has a nuclear 
spin J=9/2 and a large nuclear magnetic moment 
(+5.6572 nuclear magnetons).‘ It was hoped that the 
hyperfine structure could be resolved by paramagnetic 
resonance techniques. Indeed a surprisingly large hyper- 
fine structure splitting was found and the nuclear spin 
of 9/2 confirmed. The spectrum, moreover, showed a 
few unexpected and so far unexplained results. 


II. THEORY 


Technetium, like rhenium, can have a number of 
relatively stable valence states. We shall assume for the 
moment that the spectrum observed is caused by Tc‘. 
The evidence for this is partly from the paramagnetic 
resonance spectrum and partly chemical as discussed 
later. Tc**+ has three 4d electrons and the ground state, 
similar to Cr**, would be expected to be ‘F. This level 
will split in an octahedral cubic field into a lowest 
singlet *A» and higher triplets *7, and ‘72. The spin 
quartet is not split up in a cubic field even if spin-orbit 
coupling is considered. The resulting spin Hamiltonian 
is then 

K=6H-g-S+AlLS, (1) 
where 
g=2.0023—8(¢k/A). 


* Present address: Department of Physics, The Hebrew Uni- 
versity, Jerusalem, Israel. 

1 Griffiths, Owen, and Ward, Proc. Roy. Soc. (London) A219, 
526 (1953). 

2 J. H. E. Griffiths and J. Owen, Proc. Roy. Soc. (London) 
A226, 96 (1954). 

2K. W. H. Stevens, Proc. Roy. Soc. (London) A219, 542 
(1953). 

4 Walchli, Livingston, and Martin, Phys. Rev. 85, 479 (1952). 


¢ is the spin-orbit coupling constant in the crystal and A 
the separation between the ‘A. and ‘7, levels; & is an 
orbital reduction factor introduced by Stevens.’ 

If the symmetry is less than cubic, the spin quartet 
will usually split up into 2 doublets. 

The spin-orbit coupling constant ¢ is not known for 
technetium in a crystal. The crystal field splitting A 
has also not been measured. It is assumed that it is 
not very different from Re** (27000 cm~').® The 
g value for any reasonable spin-orbit coupling ¢ will be 
slightly smaller than two. 

There are three magnetic d electrons. If the d orbitals 
are not distorted, the charge configuration is sym- 
metrical. No hyperfine structure would therefore be 
expected unless the structure arises from unpaired 
s electrons. 


Ill. EXPERIMENTAL TECHNIQUES AND RESULTS 


Single crystals of K2PtCl, were prepared containing 
Tc of about 1 part in 10* and with a total amount of 
less than 5 micrograms. The technetium obtained from 
Oak Ridge was reduced to the tetravalent state accord- 
ing to the techniques described by Hurd and Reinders® 
for obtaining tetravalent rhenium. The crystals were 
grown from slightly acidic solution. From the observed 
intensity of the spectrum we conclude that the majority 
of the technetium has been reduced to the tetravalent 
state. 

No spectrum caused by technetium could be observed 
at room or liquid nitrogen temperatures. At liquid 
helium temperature ten strong lines appeared with a 
total separation of more than 1300 gauss. The full 
width at half power of these lines was about 19 gauss. 
The hyperfine structure separation varied by about 4% 
for various orientations, having extreme values of 
A max=148.8+0.4 gauss and Amin=144.040.4 gauss 
with g=1.9896+0.0005. The minimum was observed 
when the external magnetic field was close to the [110] 
direction. 

In addition we observed 9 weaker lines approximately 
midway between adjacent hyperfine lines. The hyperfine 
structure as well as these anomalous lines are shown in 





5C. K. Jérgensen, Acta. Chem. Scand. 9, 710 (1955). 
6 L. C. Hurd and V. A. Reinders, Inorganic Synthesis (McGraw- 
Hill Book Company, New York, 1939), Vol. 1, 178. 
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Fic. 1. Hyperfine structure of Tc‘* in K2PtCls. The ten strong lines confirm the nuclear spin /=9/2. 
The central line is an organic free radical. 


Fig. 1. These lines are slightly broader and vary very 
slightly in position with respect to the main hyperfine 
lines as the external magnetic field is rotated with 
respect to the crystal axes. 

At liquid nitrogen we observed in addition six equally 
intense lines with g=2.050+0.005 and A=109+3 
gauss. These lines cannot be due to manganese as a 
weak spectrum attributed to manganese was seen at 
room temperature with a g factor of 2.000 and A smaller 
than the above. It is likely that these hyperfine lines 
are caused by the two isotopes of rhenium 185 and 187 
both having spin 5/2 and nearly identical nuclear 
moments. The chemical properties of technetium and 
rhenium are very similar and it is not easy to separate 
them. Molybdenum is excluded as no spectrum caused 
by the isotopes with spin zero was seen. This assignment 
is in disagreement with that of Griffiths, Owen, and 
Ward! who suggest g~1.8 for Re** in KyPtCls. 


IV. DISCUSSION 


Although the chemical preparation outlined above 
strongly suggests that Tc is in the tetravalent state, 
it is worthwhile to investigate other possibilities. Other 
possible paramagnetic valence states may be Tc**, Tc**, 
and Tc**+. If one assumes that the technetium is 
surrounded by six chlorine atoms, then the expected 
g factor of Tc** would be much less than two analogous 
to the spectrum observed in various titanium salts. 

For d* complexes (i.e., Tc®*), the lowest level is five- 
fold degenerate and adjacent levels are split up by 
38H in an external magnetic field giving a g factor of 
0.5. For d* complexes (Tc**), a singlet level lies lowest 
and no paramagnetic resonance spectrum would be 
expected. It is, therefore, extremely likely that the 
observed spectrum is that of Tc‘. 

The very large hyperfine structure splitting is caused 
by the unpaired s-electron states similar to that found 
for Cr+ and V** in the 3d group. The parameter x, 


measuring the admixture of the unpaired s-electron 
states, cannot be estimated without a knowledge of 
(1/r*)w. Apparently, however, this admixture is of the 
same order of magnitude as in the iron group. 

A number of aspects of the spectrum are not under- 
stood at present and are in need of further investigation. 
First are the nine weaker lines. These presumably are 
Am=-+1 transitions. Such transitions are usually ob- 
served when the quadrupole interaction is comparable 
in strength to the magnetic hyperfine interaction. 
Theoretically the intensity and the position of such 
lines would be dependent on the relative orientation of 
the external magnetic field with respect to crystalline 
field axes. The spectrum shows no such dependence. 
Possibly in strong covalent complexes transitions of 
the type Am=+1 or +2 may have a relatively large 
transition probability even in the absence of large 
quadrupole interactions. However, the reasons for this 
are not apparent. No explariation of the variation of the 
hyperfine structure constant with the relative orienta- 
tion of the magnetic field and the crystalline axes will 
be given. Another puzzling feature is the very short 
relaxation time. Most d* salts have g factors close to 
two and long relaxation times so that their spectra 
can be measured even at room temperature. (An excep- 
tion is KMoF, with g=1.96 and T=14°K.)! 

The line width of 19 gauss is caused by the six sur- 
rounding chlorine atoms. As (de)’ has probably only 
strong o bonds and weak z bonds, the hyperfine 
structure of the surrounding chlorines would not be 
resolved. 

It is planned to investigate both technetium and 
rhenium in other complexes in order to shed light on 
these problems. 
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The complex initial permeability of a series of polycrystalline manganese-rich manganese ferrites 
(Mn,,2Fe, ,O,4) has been measured between 20 Mc/sec and 2000 Mc/sec. Three resonances are detected; the 
two lower-frequency resonances, which occur below 200 Mc/sec, are associated with domain wall motion. The 
higher-frequency resonance, which varies between 300 and 600 Mc/sec depending on the composition, allows 
the calculation of an effective polycrystalline anisotropy constant, K,. Microwave resonance measurements 
on single crystals of the same composition give the real anisotropy constant K,. Comparison of these two 
experiments show that K,~2K,. Measurement of the magnetic moment indicates that in these compounds 
the Mn** ion assumes a value of approximately two Bohr magnetons instead of the expected four Bohr 


magnetons. 





I. INTRODUCTION 


N this paper the frequency dependence of the com- 
plex initial permeability (u=y’—iy”) of a system of 
manganese-rich manganese ferrites, Mn,,-Fe2,O,, is 
investigated between 20 Mc/sec and 2000 Mc/sec. 
Considerable data'~* on the magnetic spectra of certain 
ferrites already exist, but it was evident at the be- 
ginning of this research that little systematic study had 
been made of a series of related ferrites in which the 
polycrystalline and single-crystal properties could be 
compared. The purpose of this paper is to discuss the 
resonance frequencies and effective magnetic anisotropy 
of manganese-rich manganese ferrites and to show the 
relationship between the effective anisotropy and the 
real magnetocrystalline anisotropy measured by micro- 
wave resonance techniques on single-crystal samples of 
the same composition. 

The general features of this type of magnetic spectra 
were first synthesized by Rado.! Two resonances charac- 
terized by peaks in uv” are usually observed, and these 
are most often attributed to domain-wall resonance at 
the lower frequency and to the resonance of electrons in 
the crystalline anisotropy field at the higher frequency. 
Some controversy still exists about the nature of the 
lower-frequency resonance. Also, in the present work, it 
is observed that the lower-frequency resonance is re- 
solved into two separate resonances. For the manganese 
ferrites in this study the lower-frequency resonances, 
which are most likely domain-wall phenomena, varied 
between about 20 Mc/sec and 150 Mc/sec. Such reso- 
nances were first identified by Rado, Wright, Emerson, 


*A preliminary report of this work was given by Pollack, 
Harrison, and Kriessman, Bull. Am. Phys. Soc. Ser. II, 2, 128 
(1957). 

+ Now at the RCA Laboratories, Princeton, New Jersey. 

t University of Pennsylvania, Philadelphia, Pennsylvania. 

1G. T. Rado, Revs. Modern Phys. 25, 81 (1953). 

2 Rado, Wright, and Emerson, Phys. Rev. 80, 273 (1950). 

3 Rado, Wright, Emerson, and Terris, Phys. Rev. 88, 909 (1952). 

4 J. L. Snoek, Nature 160, 90 (1947). 

5 J. L. Snoek, Physica 14, 207 (1948). 

6 J. B. Birks, Nature 158, 671 (1946). _ 

7 J. B. Birks, Proc. Phys. Soc. (London) B63, 65 (1950). 

8 J. B. Birks, Proc. Inst. Elec. Engrs., 104B Suppl. 5, 179 (1957). 

9 J. K. Galt, Phys. Rev. 85, 664 (1952). 





and Terris’ in terms of the concept of domain-wall 
inertia suggested by Déring.’° Most of our attention in 
this paper will be concentrated on the electron spin- 
resonance peaks which occur between 300 and 600 
Mc/sec. This high-frequency dispersion was predicted 
by Landau and Lifshitz" and first observed experi- 
mentally by Snoek.* The above-mentioned resonances 
are superimposed on a background of absorption that 
extends over a very large range of frequency ; this back- 
ground has been attributed by Polder and Smit"? to the 
resonance of electron spins in the demagnetization fields 
due to domain-wall configurations. This absorption 
should be present for frequencies as high as »=yH 4/2x 
where H 4, the effective resonance field, is entirely due to 
demagnetizing effects. Ha can be as large as 4nM,, where 
M, is the magnetic saturation at room temperature. 
Since the limiting values of this field for the manganese 
ferrites studied here vary from 9000 to 12 500 Mc/sec, 
the Smit-Polder absorption still exists at the highest 
frequencies in our experiments. 

An effective anisotropy constant for the polycrystal- 
line materials used in the complex initial permeability 
measurements may be defined in the following way. For 
a cubic crystal whose easy axis of magnetization is along 
the [111] direction,” the anisotropy field, H4, is given 
by 


H,=4(Ki/M,), (1) 


where K; is the first anisotropy constant in the expres- 
sion for the anisotropy energy of a cubic crystal, 


E= K,(ay'a2’+a2’a;*+a;3"a;") + K2(a;’a2*a3). 


(2) 


K, is the second-order anisotropy constant and can be 
ignored in these materials. The a’s are the direction 
cosines that the magnetization vector makes with the 
cubic axes. The frequency for this natural spin resonance 


10 W. Doring, Z. Naturforsch. 3a, 374 (1948). 

tS Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 

22D. Polder and J. Smit, Revs. Modern Phys. 25, 89 (1953). 

18 All ferrites, except CoFe2O,, have negative anisotropy con- 
stants (i.e. easy axis along [111] direction). In Fe;O, the easy axis 
changes from the [111] direction to the [100] direction at 130°K. 
[See L. R. Bickford, Phys. Rev. 78, 449 (1950). ] 
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is then 


v=—H,= "» (3) 


This relation gives the anisotropy constant in terms of 
the resonance frequency, but we must expect, as Rado 
has pointed out, that the measured resonance field is 
determined to some extent by the effect of demagnetizing 
fields in polycrystalline samples. However, in this paper, 
effective polycrystalline anisotropies calculated from 
Eq. (3) and single-crystal anisotropies determined by 
microwave resonance techniques are shown to be simply 
related. 

The saturation magnetization was also measured as a 
function of composition; these measurements indicate 
that in these compounds the Mn’** ion does not have the 
Hund’s rule magnetic moment usually associated with 
the trivalent ionic state. This result is obtained by 
considering the distribution of cations among the A and 
B sites of the spinel lattice. 


II. EXPERIMENTAL TECHNIQUES 


The compounds Mn,,,Fe2 ,O,4 were prepared from 
cp MnO, and Fe,O; by standard ceramic techniques. 
The mixtures were presintered twice at 1200°C for 24 
hours. The twice-presintered powders were pressed into 
toroids, finally sintered at 1400°C for 24 hours, and 
quenched in air from 1400°C. All the compounds were 
chemically analyzed after the presintering processes had 
been completed. In addition, some samples were ana- 
lyzed after the final sintering. In these cases the compo- 
sition was found to remain unchanged after the final 
sintering. The accuracy of the chemical analyses was 
better than +1%. These toroids were used in the 
measurement of the complex permeability and were 
inserted into a coaxial line adjacent to a short circuit 
termination, i.e., a position of maximum magnetic field 
and minimum electric field.!:’? They were made to fit the 
radial dimensions of the coaxial guide by grinding. 
Measurements were carried out using essentially the 
same experimental technique as that of Rado, Wright, 
and Emerson.’ The real and imaginary parts of the 
permeability were determined by standing-wave tech- 
niques using the relations 


pw’ =14+S/D, (4) 
pw” = (1/V—1/V"’)(A/2nD). (5) 


These relations are determined from the solutions of the 
boundary value problem for the TEM mode. The 
symbols have the following meanings: S is the shift of 
the position of the minimum from that of the empty 
wave guide; D is the thickness of the toroid; V’ and V 
are standing wave ratios of the coaxial line with and 
without the ferrite sample, respectively; and X is the 
wavelength of the electromagnetic wave in free space. 
The thickness of the samples was small enough so that 
no dimensional resonances such as those discussed by 
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Fic. 1. The real (u’) and imaginary (u’’) parts of the initial 
permeability of Mn; 42Fe: sO, as a function of frequency. 


Brockman, Dowling, and Steneck™ would occur. After 
grinding the toroids to fit the coaxial guide and before 
measuring the initial permeability, the samples were 
heated above the Curie point and allowed to cool slowly. 
This procedure caused the spin-resonance peak to be- 
come much sharper and clearer. It appears, therefore, 
that the internal fields caused by the stresses in the 
material broaden the spin-resonance peak somewhat. 
That these stresses do not alter the magnitude of the 
internal field responsible for the resonance is also in 
agreement with previous findings.’ 

The magnetic moment measurements were made by a 
torsion method.'® Samples in the form of very small 
spheres weighing 1 to 3 mg are placed in an inhomogene- 
ous magnetic field, and the resulting force is measured 
by bringing the system back to a null position. The 
system is calibrated by measuring the force on a pure 
nickel standard. Magnetization data taken as a function 
of temperature were extrapolated from liquid nitrogen 
temperature to absolute zero by the formula’® 


M=M,(1—aT”). (6) 


Ill. EXPERIMENTAL RESULTS 
‘ 1. Magnetic Spectra 


The real (u’—1) and imaginary (u’’) parts of the 
complex initial permeability of a typical sample, 
Mn. 42Fe;.5s04, are plotted as a function of frequency in 
Fig. 1. For most of the samples studied, three resonances 
are observed. If the samples are placed in a remanent 
state, it is observed that the magnitude of the two 
lower-frequency peaks is considerably altered. This can 
be seen in Fig. 2, in which pw” for Mny.o6Fe1.9<O« is 
plotted in both the demagnetized and remanent states. 
However, the high-frequency peak appears to be rela- 

4 Brockman, Dowling, and Steneck, Phys. Rev. 77, 85 (1950). 

15. J. Kriessman and S. E. Harrison, Phys. Rev. 103, 857 


(1956). 
16 R. Pauthenet, Ann. Physik 7, 710 (1952). 
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Fic. 2. The imaginary part of the initial permeability of 
Mn; oF e1. 940, in the demagnetized and remanent states. 


tively unaffected by the change in magnetization. The 
frequencies at which the resonances occur for all the 
compositions studied are listed in Table I. For x«=1.11 
and 1.62, the middle peak appears to break up into two 
separate peaks. The two lower-frequency peaks occur at 
roughly the same frequency for all compositions. These 
lower-frequency peaks are observed to disappear if the 
sintered samples are broken up into powders in which 
the particle size is approximately single-domain. 

As the manganese content is increased, the high- 
frequency peak moves systematically to lower fre- 
quencies as shown in Fig. 3. 


2. Magnetic Moment and Curie Temperature 


The magnetic moment vs temperature plots are well- 
behaved type-Q Néel curves.!? The saturation moment 
(uo) is plotted in Fig. 4 as a function of manganese 
content. wo decreases linearly as manganese is added. 
The slope of the curve is 2.4 Bohr magnetons per 
molecule per Mn atom. The significance of this result is 
discussed in Sec. IV-2. The Curie point as a function of 
composition is shown in Fig. 5 and this also decreases 
linearly as the manganese content is increased. 


IV. DISCUSSION 
1. Magnetocrystalline Anisotropy 


Since only the lower-frequency peaks are substantially 
altered when the magnetic state is changed from the 


TABLE I. Resonance frequencies in Mc/sec as a function of 
composition, 1+. 








1+<x fi te ts 
1.06 29 93 570 
1.11 25 80, 150 540 
1.18 (25) 110 510 
1.26 (40) 105 480 
1.34 30 150 425 
1.42 29 125 400 
1.49 33 110 375 
1.62 25 70, 140 300 














17L. Néel, Ann. Physik 3, 37 (1947). 
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unmagnetized to the remanent condition, it is assumed 
that these peaks are due to domain-wall resonance and 
the higher-frequency peak to the resonance of electron 
spins in the internal magnetocrystalline anisotropy field. 
These assumptions are based on the known differences 
in the magnetization process by domain-wall motion 
and by spin rotation; in domain-wall motion, the forces 
acting on the domain wall will be determined by the 
exact domain-wall configuration, i.e., by its state of 
magnetization. On the other hand, the forces on the 
spins when they rotate within a domain are determined 
solely by the anisotropy field which is dependent only on 
the crystalline field. Further experimental evidence in 
support of designating the lower-frequency peaks as 
domain-wall resonances is found in the disappearance of 
these peaks in finely powdered samples. This result has 
been previously observed by Rado! and is also observed 
in this work. 
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Fic. 3. The natural spin-resonance frequency obtained from 


initial permeability measurements plotted as a function of 
composition. 


Since the high-frequency peak is due to the resonance 
of electron spins in the internal anisotropy field, an 
effective anisotropy constant, K,, may be obtained by 
substituting the experimental resonance frequencies and 
magnetization data into Eq. (3). This effective constant 
is to be distinguished from the true anisotropy con- 
stant, K. 

The values of K, determined from the natural spin- 
resonance experiment on polycrystalline samples are 
plotted as closed circles in Fig. 6 and are seen to decrease 
linearly with increase in Mn content. If we compare the 
value of K, for pure MnFe.O., —5.9X10* ergs/cm’, 
with the published data for K, obtained from a single 
crystal of MnFe,O,4, —2.8X 10‘ ergs/cm’,’* we find that 
K.=2K,. 

Single crystals identical in composition to some of the 


18 Bozorth, Tilden, and Williams, Phys. Rev. 99, 1788 (1955). 
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compounds investigated in the natural spin-resonance 
experiments were grown by sintering disks of pressed 
ferrite for long periods of time. Crystals grown in this 
manner are small but allow their use in ferromagnetic 
resonance experiments in which K,, the true anisotropy 
constant, was determined. These microwave resonance 
experiments will be reported in detail elsewhere,!*® but 
the values of K, are plotted as open circles in Fig. 6. K; 
also decreased linearly with composition; and we see 
that throughout the compositional range studied, K, 
and K;, are related by a constant multiplicative factor 
which is approximately equal to two. Also, we note that 
the linear dependence of K, on composition implies that 
the total anisotropy of the crystal is simply the linear 
sum of the individual “ionic” anisotropies of each ion. 
This concept of “additive anisotropy” has previously 
been suggested for iron-rich MgFe.O, by Folen and 
Rado.” 

The well-behaved dependence of the effective ani- 
sotropy, K,, on composition leads us to believe that the 
spin-resonance frequency is determined mainly by the 
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Fic. 4. The magnetic moment in Bohr magnetons plotted as a 
function of composition. 


crystalline anisotropy and not by demagnetization 
fields, since demagnetization effects depend on the 
random grain structure of each individual polycrystal- 
line sample and do not in general result in the regular 
dependence shown in Fig. 6. Both the real and the 
effective magnetic anisotropies when plotted as a func- 
tion of composition extrapolate to zero at approximately 
x=0.8. This is the composition at which a second 
crystalline phase is detected by x-ray diffraction. The 
second phase is the tetragonal Mn,O, phase with a 
slightly smaller c/a ratio (1.04 compared to 1.16 for 
Mn;0,). The two-phase compound is produced for 
x=0.8 if the compound is slowly cooled. If quenched in 
air, the diffraction lines of the cubic spinel phase appear. 
However, even in the quenched samples, the diffraction 
lines are considerably broadened and indicate that a 
small amount of second phase has been formed. 





Harrison, Belson, and Kriessman (to be published). 
*V. J. Folen and G. T. Rado, Bull. Am. Phys. Soc. Ser. II, 1, 
132 (1956). 
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Fic. 5. The Curie temperature plotted as a function 
of composition. 


We conclude that the effective internal field respon- 
sible for the natural spin-resonance is proportional to the 
anisotropy field. Even though the actual value of the 
anisotropy measured in the magnetic spectra work is 
larger than the real magnetocrystalline anisotropy, the 
real anisotropy field has not been obscured by the 
polycrystallinity of the sample. 

Since the data on the system Mnj,,Fe2_ 20,4 suggest 
that K,=2K, within experimental error, we have in- 
vestigated K, for two simple ferrites, MgFe.O., and 
NiFe.O,. The data for K, are listed in Table II, and it 
again turns out that K, is just about twice the value of 
K, determined from microwave resonance experiments. 
There remains however, the fact that other natural 
spin-resonance data™ on NiFe2O, and on certain mag- 
nesium ferrites”? yield values of K, not equal to twice 
K;; in these data the ratio K,/K, lies between one and 





6 at 



















© NATURAL SPIN RESONANCE 
st (POLYCRYSTALLINE SAMPLES) 
© MICROWAVE RESONANCE 
(SINGLE CRYSTALS) 

Tt ob 
2 
x 
= 3h 
ee 
z 
& 
a 
2 2r 
Fo) 
LS) 
> 
a te 
3 
2 
e 
3 
3° 
4 ihe: 

“te 

-2 l l 1 i 

1.0 1.2 1.4 1.6 18 20 


Mn CONTENT (14x) 


Fic. 6. The effective anisotropy constant, K,, calculated from 
the natural spin resonance observed in initial permeability meas- 
urements (plotted as closed circles), and the real anisotropy con- 
stant, K,, obtained from microwave resonance experiments 
(plotted as open circles), both as functions of composition. The 
anisotropy constants are in units of ergs/cm*, 


*1 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 
* Rado, Folen, and Emerson, Proc. Inst. Elec. Engrs. 104B, 
Suppl. 5, 198 (1957). 





848 HARRISON, 


TABLE II. Values of K; (from microwave resonance measure- 
ments) and K, (natural spin resonance, initial permeability meas- 
urements), in ergs/cm?, 








Ferrite Ki Ke 





NiFe.0, —6.0X 104 * ~1.2X 10° 4 
MeFe.0, ~3.9 108» ~8.0X 108 4 
Fe;0, —1.1K10'°¢ 


—2.1X 105 





* See reference 21. 

> H. Belson and C. J. Kriessman (unpublished data). 

¢L. R. Bickford, Phys. Rev. 78, 449 (1950). 

4C. J. Kriessman and S. E. Harrison (unpublished data). 
¢ See reference 7. 


two. Closer examination of these data indicates that 
these materials for which K,/K, does not equal two are 
quite porous, and that in these samples the demag- 
netization fields determine the resonance fields. Thus 
we expect that K,=2K;, is a general relation only for 
samples in which the density is close to the true density 
of the material, and that the ratio K./K, will be de- 
pendent on density. The density of all of our samples is 
at least 98% of the x-ray density, and we assume that 
in this type of sample the crystalline anisotropy alone 
determines the effective resonance field. 


2. Magnetic Moment of Mn,,-Fe._,.O, 


We have seen in Fig. 4 that the magnetic moment 
decreases linearly as the Mn content increases. It is 
interesting to consider this variation of magnetic mo- 
ment in the light of recent work on the ionic distribution 
of these compounds and to compare the experimental 
with the theoretically predicted variations. 

Stoichiometric manganese ferrite (MnFe2O,) is a pre- 
dominantly normal spinel. From neutron diffraction 
studies, Corliss and Hastings’ have determined that 
about 0.8 of the Mn** ions in MnFe,O, are on A sites. 
Further evidence for the strong preference of MnFe,O, 
to be a normal spinel is found in the work of Kriessman 
and Harrison. In this last reference the magnetic 
moment as a function of quench temperature and com- 
position is determined for MgyMni_,Fe20,4 (O< y<1.0). 
It was shown that a plot of the maximum fraction of 
Mg** ions on the A sites as a function of composition 
will approach zero at y=0 if MgFe.O, is combined with 
a normal spinel or } if combined with an inverse spinel. 
This method does not determine the exact degree of 
inverseness or normality, but it does qualitatively and 
clearly establish the predominant nature of the ionic 
distribution as has been shown for both MnFe,O,** 
and NiFe,04.” 

The distribution of cations in MnFe,Q, is shown in 
the first line of Table III. The manganese ions on the B 
sites are assumed to be in the divalent state. The 
occurence of Fe?+ on the B sites, which in a stoichio- 
metric compound would imply the electron transfer 


Fe*++ Mn?*—Fe**+ Mn**, (7) 


2%. Corliss and J. Hastings, Phys. Rev. 104, 328 (1956). 
*C. J. Kriessman and S. E. Harrison, Bull. Am. Phys. Soc. 
Ser. IT, 1, 189 (1956). 
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does not seem to be energetically possible, since the 
third ionization potential for manganese is three electron 
volts greater than the third ionization potential for iron. 
McClure* has recently calculated the thermodynamic 
stabilization energy of the transition ions in the sites of 
the spinel lattice due to the crystal field splitting of the 
d-shell energy levels. According to these calculations, 
the crystal field stabilization lowers the energy of the 
Fe*+ and Mn** ions by about two electron volts with 
respect to the Mn** and Fe** ions in the octahedral 
sites. This still leaves a requirement of one electron volt 
for the formation of Fe**, which is prohibitively large. 
Nevertheless, this hypothesis of electron transfer has 
been suggested** as a possible explanation for the dis- 
crepancy between the experimentally determined mag- 
netic moment (4.6 Bohr magnetons) and the value of 5 
Bohr magnetons expected in a spinel consisting of Mn?* 
and Fe**. However, in the small compositional range 
where Fe*+ and Fe* could exist, (i.e., while Mn** is 
present on the B sites), the final conclusions are not 
altered by the possibility of this electron transfer. When 
x increases from x=0 to x=0.2, then all the A sites are 
occupied by Mn** ions and further increases in « merely 
result in the replacement of Fe** ions by Mn** ions, as 
indicated in the second and third lines of Table III. 
This change in the distribution of the magnetic ions 
will be accompanied by a variation in the magnetic 
moment with composition. For the purpose of discussion 
let us consider x>0.2, in which case the magnetic 
moment (yo) in Bohr magnetons per molecule is 


Mo= 2ure**— uMn**— X(ure**— UMn’**). (8) 


This equation predicts a linear decrease in the magnetic 
moment as x increases. The curve of Fig. 4 shows the 
expected linear variation of the magnetic moment. 
However, the slope of the line gives the value of 
umn*+~ 2 Bohr magnetons (the exact value varies over a 
small range which is dependent on the value of yre**) 
instead of the anticipated value of 4 Bohr magnetons, 
which is derived from the spin-only magnetic moment. 
There are several possibilities that may explain this 
surprising result. One explanation may be derived from 
a comparison of the strength of the crystalline field and 
exchange splittings. The crystalline electric field in a 
cubic crystal splits the five atomic levels into two 
degenerate levels, a doublet and a triplet. In the A site 
the doublet has a lower energy whereas in the B sites the 


TABLE III. Ionic distribution of magnetic ions in manganese 
ferrites, Mn;,-Fes_.O.. 





Composition A sites 


x=0 Mno #*Fe ** 


0<x*<0.2 Mno.5427*Feo.2-2°* 
0.2<*<0.8 Mn?+ 


B sites 
Mno ?* Fe; s°* 
Mnyo 2 zt Fe, g°* Mn,** 
Mn,**Fe2_,** 











25D. S. McClure, J. Phys. Chem. Solids (to pee 
26 E. W. Gorter, Proc. Inst. Elec. Engrs. 104 
(1957). 
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triplet is lower. In addition to the crystalline field 
splitting there is also the exchange splitting which sets 
the five states of the electrons of one spin at a higher 
energy than those of the other spin. This distribution 
of energy levels is shown schematically in Fig. 7. If the 
exchange energy splitting is greater than the crystalline 
field splitting, as in Fig. 7(a), then the magnetic moment 
of Mn** will be equal to 4 Bohr magnetons. If, however, 
the exchange energy is not greater than the crystalline 
field splitting, the distribution of the electrons over the 
energy states is that shown in Fig. 7(b), which predicts a 
magnetic moment of 2 Bohr magnetons in close agree- 
ment with the experimental result. It should be pointed 
out that McClure* has shown that the crystalline field 
splitting for Mn** in the octahedral site is substantially 
larger than the splittings for other transition elements. 

In order to obtain a more quantitative estimate of the 
value of the magnetic moment of Mn** from the experi- 
mental results plotted in Fig. 4, it is necessary to de- 
termine the magnetic moments of Mn** and Fe** 
utilizing the recent neutron diffraction results of Corliss 
and Hastings.” According to their measurement of the 
magnetic moment (4.66 per MnFe,O, molecule) and the 
distribution of Mn?* ions, ustn** and wp,** are related by 
the following expression : 


4.68= 1.6uF.?*—0.6umn**. (9) 


This equation does not allow the spin-only values of 5 
Bohr magnetons for Mn** and Fe** to be used. One 
obvious possibility is to postulate the value of 56 for 
Mn**, which gives a magnetic moment of 4.8¢ for ure** 
and 2.48 for umn‘+. The value of 4.88 for uwr.*+ seems 
difficult to justify since even a partial covalent binding 
of the Fe** ions in the B sites seems rather unlikely. 
However, the alternative presented by taking ur.**=58 
seems physically to be much more questionable than the 
previous assumption since um,?* would then equal 5.88. 
The analysis of the neutron diffraction data™ gives a 
value of 4.6 Bohr magnetons for each site. This is 
obtained from the neutron scattering factors. This 
result may, as a third alternative, be interpreted as 
MMn**= MFe?* = 4.6. 

These values of magnetic moment suggest that there 
is a small orbital contribution to the total magnetic 
moment, i.e., the orbital moment may not be com- 
pletely quenched. 

Van Vleck” has pointed out that in ions which are in § 
states (i.e., Mn** and Fe**) there may be a small amount 
of incipient j—j coupling, not enough to distort ap- 
preciably the g factors from their Russell-Saunders 
values, but sufficient to impart a slight amount of orbital 
angular momentum to the S states. In any case it seems 


#7 J. H. Van Vleck, Phys. Rev. 44, 208 (1932). 
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Fic. 7. Schematic distribution of energy levels for the octahedral 
site in a spinel. In (a) the exchange splitting is larger than the 
crystalline field splitting; while in (b) it is smaller. 


unlikely that the residual amount of orbital moment 
would be identical for A and B sites. 

Of the three possible sets of values of uyn?+ and wtn* 
mentioned above, we prefer the first set which gave 
umn**= 2.4 because it appears at the moment to be the 
least objectionable. The choice of the exact numerical 
values of the magnetic moment of these ions is made for 
the sake of definiteness and does not influence the 
results or conclusions discussed in this paper. 


V. SUMMARY 


From the measurements of the natural spin-resonance 
of Mni,2Fe22O, we have found that an effective 
anisotropy constant can be determined which is very 
closely equal to twice the magnetocrystalline anisotropy. 
This will allow determination of the magnetocrystalline 
anisotropy constant without the necessity of using a 
single crystal. From the variation of the magnetic 
moment with composition and a comparison with the 
ionic distribution, it appears that the magnetic moment 
of Mn** does not correspond to the spin-only moment of 
four Bohr magnetons. Instead the value for umn** is 
found to be approximately two Bohr magnetons. 
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The absorption spectrum of divalent Mn incorporated into hexagonal ZnS has been determined. The 
anisotropic behavior of the absorption has been measured, yielding the crystalline field parameters 
D=—113+2 and F=—8,.1+1 oersteds. The g value and hyperfine splitting were observed to be isotropic, 
with values, respectively, of 2.0016+0.0001 and of —70+1 oersteds. 





INTRODUCTION 


HERE has been much work on the paramagnetic 
resonance spectrum of divalent Mn. A reason for 
the interest in this ion lies in the fact that there is no 
orbital angular momentum associated with the ground 
state. Using the Heitler-London picture and Hund’s 
rules, the d® electron configuration gives rise to the 
term °S. Normally, in salts containing ions of the first 
transition series, the Russell-Saunders approximation 
holds, but the crystalline field V is larger than the L-S 
coupling term. It is so large, in fact, that it greatly 
quenches the orbital angular momentum, and one finds 
the paramagnetism to be due essentially only to spin. 
The fact that the ground state for Mn*? is an S (L=0) 
state leads to the expectation that the crystal field 
should have no effect in splitting the levels of Mn 
except in a high order of approximation via an L-S 
interaction as proposed by Van Vleck and Penney.' 
However, divalent Mn does show larger than expected 
field splitting. Abragam and Pryce* have explained the 
observed splitting as arising from a spin dipole-dipole 
interaction. This dipolar interaction corresponds to one 
of lower order than that proposed by Van Vleck and 
Penney and hence it can explain the large splittings 
that are observed. 

Another point of interest in Mn** concerns the large 
hyperfine splitting observed. Abragam* has proposed 
that the large value of the nuclear spin interaction is 
due to a configurational interaction in which a 3s 
electron is raised, without changing spin, to a 4s level. 
Wood and Pratt* and Heine’ proposed that a large 
hyperfine contribution would be expected without 
promotion of a 3s electron to a 4s level, by the different 
effects of the 3d* configuration on the different electron 
spins of the 3s* pair (and of the 2s? and 1s). The large 
hyperfine splitting can be completely resolved, enabling 
one to trace both fine and hyperfine structure as one 
changes the orientation (6) of the dc magnetic field 
with respect to the crystalline field. Second-order 
interactions between fine and hyperfine structure are 
an aid in determining signs of the interaction constants. 





1 J. H. Van Vleck and W. G. Penney, Phil. Mag. 17, 961 (1934). 

2A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 

’ A. Abragam, Phys. Rev. 79, 534 (1950). 

‘J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957). 

5 V. Heine, Phys. Rev. 107, 1002 (1957). 


The studies of S-state ions have been many, in 
particular those involving Mn**. There are two review 
articles: one by Bleaney and Stevens® and one by 
Bowers and Owen.’ Bleaney and Trenam® have in- 
vestigated iron alums in which Fe** is in an octahedral 
field, while Elliott and Stevens’ investigated gadolinium 
ethyl sulfate in which the Gd** is in a field describable 
as C3, (threefold rotation axis plus a mirror plane 
perpendicular to the axis of rotation). These two ions 
are examples of ground S (L=0) state ions. With 
respect to Mn**, Bleaney and Ingram’ report on 
manganese fluosilicate and manganese ammonium 
sulfate. Both of these salts are treated as if the Mn 
is in a field of axial symmetry. Van Wieringen" has 
investigated a number of different salts activated with 
small amounts of Mn. Hershberger and Leifer” have 
treated some Mn**-activated phosphors using an axial 
field for the potential. Hurd, Sachs, and Hershberger” 
have investigated Mn in CaCO; using a trigonal sym- 
metry for the crystalline field. Low has investigated 
Mn in MgO and CaF; in which the Mn is in a crystalline 
field of cubic symmetry. Matarrese and Kikuchi'® have 
investigated Mn-activated single crystals of cubic ZnS. 

We have undertaken the present investigation of 
Mn‘** in hexagonal ZnS as a continuation of the above 
efforts. Hexagonal ZnS provides a C; symmetry, if the 
Mn is located substitutionally in the lattice, and the 
anisotropy of the spectra should give us information 
with respect to the type of and the symmetry of the 
Mn** lattice interactions. In the theoretical develop- 
ment, we have extended earlier derivations to include 
the polar crystal field case (C;) showing that, as in 


°B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1953), Vol. 16, p. 108. 

7K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 

§B. Bleaney and R. S. Trenam, Proc. Roy. Soc. (London) 
A223, 1 (1954). 

*R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 

1 B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A205, 336 (1951). 

4 J. S. van Wieringen, Discussions Faraday Soc. 19, 118 (1955). 
( 2 W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
1952). 

18 Hurd, Sachs, and Hershberger, Phys. Rev. 93, 373 (1954). 

144 W. Low, Phys. Rev. 105, 793 (1957). 

16. M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids 1, 
117 (1956). 
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fields of higher symmetry, the crystal field modification 
of the spin Hamiltonian involves only even powers of 6. 


Il. MATERIAL PREPARATION AND 
INSTRUMENTATION 


The single crystals were prepared from phosphor 
powders prepared in this laboratory. Pure ZnS was 
mixed with 0.1% CuSO,, 0.08% Als(SO,4);:18H.O, and 
4% MnCOs;, where the percentages are expressed in 
terms of mole percent. The mixture was placed in a 
quartz boat and fired at 1200°C for one hour in H,S. 
It was then quenched to room temperature, washed 
with a 4% KCN solution, and dried at 100°C. The 
single crystals were prepared by heating the phosphor 
powder in a closed quartz tube containing HS at a 
pressure of 100-mm Hg. The tube was placed in a tem- 
perature gradient such that the powder was in the 
hottest region, which was maintained at 1200°C. 
Crystals grew, at a cooler region of the tube, from the 
vapor phase. The tube was kept in the furnace for 
approximately 100 hours so that an even distribution 
of the activators in the formed crystals was reasonably 
guaranteed. Chemical and spectrographic analyses of 
the resultant crystals were in order-of-magnitude 
agreement with the chemical composition of the phos- 
phor powders. 

The crystals prepared in this fashion had the shape 
of cylinders whose cross sections were roughly hex- 
agonal. X-ray determination indicated that the long 
axis of the cylinder was the c-axis and that the crystal 
was hexagonal. 

A single crystal of the activated phosphor, of di- 
mensions 4 mmX1 mm X0.1 mm, was cemented with 
Duco cement to the flat end surface of a cylindrical 
low-rf-loss dielectric post. The crystal was positioned 
so that the c-axis was perpendicular to the axis of a 
cylindrical reflection-type microwave cavity. The 
cavity resonance frequency was about 9350 Mc/sec 
operating in the TE»; mode. The sample remained 
fixed and the magnetic field was rotated in a plane 
containing the c-axis. 

Except for the microwave cavity just described, the 
spectrometer used in this investigation was a Varian 
Model V-4500 Electron Paramagnetic Resonance 
Spectrometer with the Varian 12-in. Rotating Electro- 
magnet Model V-4012-3B. The magnetic field was 
calibrated with a nuclear magnetic resonance probe 
and frequency counter and a DPPH resonance marker 
with g=2.0036. The dc magnetic field was modulated 
at 200 cps with external modulation coils. The center 
value of the field was increased at the rate of 225 
oersteds/minute. A 90-second time constant was used 
in the final stage of the detector channel, which thus 
yielded an integrated resonance absorption curve 
instead of the usual derivative curve. 


Ill. THEORY 


The nearest neighbors of each substitutional Mn 
produce a field of C; symmetry. There are two such 
sites per unit cell, the trigonal symmetry of one being 
rotated around the c-axis by 60° with respect to the 
other. The feature that distinguishes this case from the 
case of other investigations involving trigonal sym- 
metry’*"* is that in the present case there is no reflection 
plane perpendicular to the c-axis. This will naturally 
change the form of the crystalline potential around the 
Mn** ion. The crystalline potential, V, can be expressed 
as 

V= sie SimY im(8,¢), (1) 


where the Y;,,’s are the normalized associated Legendre 
polynomials. As a result of the orthogonality relations 
of these polynomials, the largest value of / in the 
summation of (1) which gives a nonzero element in the 
perturbation matrix will be 4. In the case of a C; 
symmetry fin=0 for m=+1, +2, +4, and hence V.; 
will have nonzero terms involving foo, fio, feo, fs0, faa, 
fu, and fis. If one has the reflection plane perpen- 
dicular to the c-axis, one has a D; symmetry with the 
nonzero terms being foo, fro, fso, and fs43. Hence one 
can write 


V es= Vot fio¥ 10+ foo¥ 20+ fa0¥ 30+ fas¥ 33 
+ fax Vas + fao¥ sot fasY ast fas” Yus-. (2) 


Since this crystal has a polar axis, i.e., the c-axis has 
direction and it does make a difference in which di- 
rection along the c-axis one considers certain inter- 
actions, it is expected that certain phenomena should 
manifest this symmetry or lack of it. One expects that 
the crystal should exhibit pyroelectricity, that the ease 
of chemical etching is different for the two surfaces of a 
plane perpendicular to the c-axis, etc. Since Eq. (2) 
contains polynomials associated with odd values of /, 
one might expect to find the polarity when he measures 
the paramagnetic resonance absorption as a function 
of the angle, @, between the magnetic field and the 
c-axis. As an example, V contains Y;9=acos6; hence 
one might expect this disymmetry to show up in the 
absorption spectra. 

In view of the fact that Mn* has as its ground state 
a °S term, we cannot use that approach which is nor- 
mally used in crystalline field treatments, namely the 
evaluation of the elements of the perturbation matrix 


CST = | V | sense! Faull B 


The perturbation enters only in terms of higher ap- 
proximation when the ground state is an § state, and 
then through the agency of L-S coupling. However, a 
relatively large splitting is observed and to explain this 
we shall use the approach suggested by Abragam and 
Pryce.? In that treatment the dipole-dipole interaction 
of the electron spins was proposed to be the pertur- 
bation that produced the anisotropy in the paramag- 
netic resonance absorption. 
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Fic. 1. Paramagnetic resonance absorption spectrum for Mn*? in hexagonal ZnS. (M,m) represents transitions from the 
M,m state to the M—1, m state. (a) @=0°; (b) 6=90°. 


Bleaney and Stevens’ have shown that the spin 
Hamiltonian can be written in general form as 


HS=C >) Ara 10Se*Sr’, 


k,l,a,B 


(3) 


where k and / indicate the coordinates x, y, and 2; a 
and 8 are integers; and A and C are constants. These 
authors have pointed out that in such an expansion 
any term of the form S;*S;° in which a+ exceeds 2S 
can always be rigorously expressed as a sum of terms 
whose exponent sums are less than 2S. Thus the sum- 
mation need be carried only to a+8=25S, where S=} 
for Mn**. The Hamiltonian 3C* must transform in- 
variantly under the group of covering operations C3. 
Hence one would expect it to have the symmetry ex- 
pressed in V3; and to have a form similar to it. Certain 
terms contained in (3) cannot be applicable to 3° if 


one considers time reversibility."* The assumption is 
that the positive sense of time cannot be distinguished 
from the negative sense of time in an isolated system 
(no external fields). This means that the Hamiltonian 
must be invariant under the transformation t— —1. 
Every spin operator changes sign under this time 
reversal, i.e., S(4) - —S(—1). Therefore Eq. (3) cannot 
contain terms where a+ equals an odd number, as 
otherwise that term would change sign and the Hamil- 
tonian would not be invariant under the transformation. 
Thus the spin Hamiltonian will possess the symmetry 
of Eq. (2) without the odd / spherical harmonics. 
Hence the anisotropy due to the polarity of the c-axis, 
which is manifested in pyroelectric effects and in 
chemical etching, will not manifest itself in the para- 


16 For a discussion of time reversal properties see R. Sachs, 
Nuclear Theory (Addison Wesley Publishing Company, Cam- 
bridge, 1953), Appendix 3. 
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magnetic absorption spectra and @ can be replaced 
invariantly by 0+7. 

The appropriate spin Hamiltonian thus is that used 
by Bleaney and Trenam* for the Fe+** ion, also in a 
3d®° *S ground state, with the modifications of omitting 
the cubic term and adding an isotropic hyperfine 
interaction : 


= gH -S+D[S2—45(S+1)] 
+ (F/180)[35S,'—30S(S+1)S2+25S2 
—65(S+1)+3S8:(S+1)2]+AlL-S, (4) 


where § is the Bohr magneton, g is the spectroscopic 
splitting factor (isotropic in this case), the D and F 
terms correspond to axial fields of second and fourth 
degree (the appropriate coefficients of the V2 and V4 
spherical harmonics), and A is the magnetic hyperfine 
splitting parameter. 


IV. ANALYSIS OF EXPERIMENTAL DATA 


All our data were obtained at room temperature. 
Figure 1 presents two typical spectra. In these cases the 
magnetic fields were parallel (1a) and perpendicular 
(ib) to the c-axis of the crystal, the angle 6 being, 
respectively, 0° and 90°. The transitions observed are 
for AM =+1 and Am=0, where M is the electron spin 
quantum number and m is the nuclear spin quantum 
number. We have listed the quantum numbers of the 
upper states i.e., a transition from M = $<>$ is indicated 
by M=$. The field is marked, in oersteds, with refer- 
ence to the DPPH marker which absorption occurs at 
3328 oersteds. The power absorbed is in arbitrary units. 

We have determined a series of such spectra with 6 
ranging over 200° of arc in steps of 10°. From such 
plots, one can select a center of gravity of each group 
of hyperfine lines corresponding to one fine-structure 
transition as was done by Bleaney and Ingram.” In 
Fig. 2 we have plotted the variation with angle of the 
magnetic-field positions of these centers of gravity. 

The energy levels applicable to Eq. (4) are evaluated 
by perturbation theory. Terms to first order in F and 
second order in A and D are included. The resulting 
strongly allowed transitions (AM=+1, Am=0) are*”” 


M=+§o3}: 
gBH = g8H y+ [2D(3 cos*e—1)+2F 9] 
— 326,+46.—Am+N(M,m); 
M=+j}eot}: 
g8H = 8H» (_D(3 cos*@—1)— (5/24) Fq } (5) 
+46,—55.—Am+N(M,m); 
M=+}+-}: 
gBH = g8H,+166,—85.—Am+N(M,m). 


Here @ is the angle between the magnetic field and the 
crystallographic c-axis, H is the field at which a reso- 
nance is observed at the frequency of the applied 
radiation, and Hyo=h/v/g8 is the resonance condition 
in the absence of fine and hyperfine structure. The 
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Fic. 2. The angular dependence of the centers of gravity of 
the five sets of hyperfine lines. 


other symbols are the second-order hyperfine inter- 
action,” 


N(M,m) = — (A?/2H»)[ (35/4) —m?+m(2M—1)], 

and, from Bleaney and Trenam‘ 
g= (35 cos@— 30 cos*@+3), 
5,= (D*/g8H,_) cos’ sin’, (6) 
b= (DP 498H) sin‘9. 

It is convenient first to analyze the data for @=0°, 
where the second-order corrections 6; and 6: vanish 
and g=8. The lines are identified by their arrange- 
ments in five groups of six approximately equally- 
spaced, equal-intensity lines (the hyperfine levels 
corresponding to the different m values). The groups 
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TABLE I. Typical set of data for @=0°, all values in units of oersteds. Line positions are relative to DPPH marker. The hyperfine 
separations (the values in parentheses between the elements in a column) are av eraged to yield a value for the constant A directly. The 
fine structure constant D is obtained from the differences of like members of different columns (the values are shown in parentheses 


between the columns). 











\. M 5/2 3/2 1/2 —1/2 —3/2 
m a 
3 641.5 (255.2) 386.3 (210.7) 175.6 (213.7) —38.1 (248.4) — 286.5 
(71.4 (70.0) (72.2) (69.2) (73.1) 
3 570.1 (253.8) 316.3 (212.9) 103.4 (210.7) — 107.3 (252.3) — 359.6 
(71.6) (69.8) (71.2) (74.5) (73.4) 
3 498.5 (252.0) 246.5 (214.3) 32.2 (214.0) —181.8 (251.2) — 433.0 
(64.5) (70.9) (70.3) (71.8) (72.8) 
-} 434.0 (258.4) 175.6 (213.7) —38.1 (215.5) — 253.6 (252.2) — 505.8 
(64.7) (66.7) (69.2) (68.7) (72.0) 
-—3 369.3 (260.4) 108.9 (216.2) — 107.3 (215.0) —322.3 (255.5) —577.8 
(63.7) (66.3 (66.5) (68.0) (70.3) 
—} 305.6 42.6 —173.8 (216.5) — 390.3 (257.8) — 648.1 


(263.0) 





of different M values have intensities proportional to 
(S+M)(S—M-+1), hence varying in the ratio 
Tg: 14:14: 1-4: 1_4=5:8:9:8:5, the subscript being the 
higher M value of the transition. 

The data are conveniently analyzed in terms of first 
and second differences of Eqs. (5) as follows: 


gBH (3<>3, m) — gH (3+>4, m) 


= —2D—3F—(mA?/H,), 
gBH (343, m)— g8H (3<>— 3, m) 
=—2D+(5/3)F—(mA2/H:), 
gH (}e-+—}, m) — g8H (—3->—3, m) si 
= —2D+ (5/3)F—(mA?/H,), 


g3H (—}+—3, m)—g8H (—3>—§, m) 
= —2D—3F = (mA?* Ho), 
and 


g8H (MoM —1, m)—g8H(M>M—1, m—1) 


=—A+(A*/H,)(m—M). (8) 





-45 
50 


-45 -40 -% “Oo ° -3 -20 


DH=H-Hppp, (OERSTEDS) 


Fic. 3. The angular dependence of the hyperfine line repre- 
senting the transition between the 4 =}, m=—4 level and the 
M=—4}3, m= —+4 level. The solid line is that predicted from theory 
and the points are experimentally observed. 


(216.4) 








The sign of A is known to be negative from obser- 
vations on other compounds” containing Mn**. Hence, 
within a given hyperfine group the sequence of in- 
creasing m corresponds to increasing magnetic field. 
The differences of Eq. (8) are least when M= $3, 
m= —%, and are greatest when M = —3<>—$, m=+$. 
This leads to a labeling of the observed transitions 
according to the scheme of Table I, where the lines are 
listed according to their magnetic field displacements 
from a DPPH magnetic field marker with g= 2.0036. 

Analyses similar to those at @=0° have also been 
carried out at 6=90°, where the second-order terms in 
D* become important. These second-order terms also 
show Clearly in the angular dependence of the 
M=}«>—} transition, giving rise to a 180° periodicity 
contributed by the second-order terms 


(2D°/H»){8 cos’6 sin*@—sin‘#}. 


In Fig. 3 we have plotted the theoretical and the 
observed variations. The maximum spread observed 
is 19 oersteds. The predicted spread is 21 oersteds. 

The constants obtained from measurements at 6=0° 
and §=90° show no statistically significant anisotropy 
in g or A. The averaged interaction constants are 


A=-—70+1 oersteds = —0.0065 cm™ 
D=-—113+2 oersteds= —0.0105 cm™, 
F=—8.1+1 oersteds = —0.00076 cm™ 
g=2.0016+0.0001 (obtained from M =}<+—}). 


The constants may be compared with those for Mn++ 
in cubic ZnS'*:; D=0, A= —68.4 oersteds, and a=8.3 
oersteds. The cubic field constant a is normalized as in 
reference 7, differing by a factor of —6 from the nor- 
malization in reference 15. The signs in reference 15 
are wrong, only relative signs of A and (—a/6) being 
determined properly, while the authors incorrectly 
assumed that A was positive. The only other Mn++ 
compound for which trigonal splitting is reported is 
Mn** in CaCO;." Here the constants are |A|=94, 
|D|=40, and |F|(=180d in the authors’® notation) 











PARAMAGNETIC RESONANCE ABSORPTION 


=7.7 oersteds. An earlier determination of D in 
powdered hexagonal ZnS, reported by Hershberger and 
Leifer,” is an order of magnitude too small. We have 
observed structure similar to their polycrystalline data 
in imperfect crystals of mixed cubic and hexagonal 
phases. Appropriate comparison crystals for g are cubic 
ZnS (g=2.0025+0.0002) and MgO" (g=2.0014 
+0.0005). Other Mn compounds are given in reference 
7. We have looked for angular variations of the spec- 
trum with respect to the angle y corresponding to e™? 
in the spherical harmonic ¥4,3; which can make a small 
perturbation contribution to such an asymmetry. This 
contribution vanishes at 6=90° and is maximum at 
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6=60°. The spectrum is quite complicated at 6=60°, 
but we have tried to observe the variation at @=30° 
and, as the experiment was convenient, at 2=90°. No 
variation was observed, though the accuracy of the 
6=30° measurements was less than that of the other 
measurements reported here. 

We have not seen any absorption due to Cu. Pre- 
sumably the Cu is present as nonmagnetic Cu*". 
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(Received January 27, 1958) 


The internal friction of germanium has been measured as a function of temperature at 100 kc/sec. There 
is a peak at 420°C and little further rise to within a few degrees of the melting point. A specimen strained in 
tension shows a rapid rise with temperature above 500°C. These results are compared with those of Kessler 
and it is suggested that the high-temperature rise found in all his specimens is due to thermal stressing. A 


small peak at 770°C is attributed to the presence of oxygen in the germanium. 


INTRODUCTION 


EASUREMENTS of the internal friction of 
single-crystal germanium have been reported by 
Kessler.! The damping vs temperature curve at 40kc/sec 
showed a relaxation peak near 380°C and a steady rise 
with temperature above about 550°C. This paper re- 
ports data obtained over the same temperature range 
using a different method of measurement. The results 
differ from those of Kessler in showing no high-tempera- 
ture rise, although the low-temperature peak is still 
present. 


EXPERIMENTAL DETAILS 


A frequency of 100 kc/sec was used for this work. 
One crystal was in [100] orientation, one in [110] and 
three in [111]. The initial resistivity was greater than 
10 ohm-cm in each case. The apparatus follows the 
principle described by Bordoni? in which vibration of 
the specimen is excited and measured using purely elec- 
trostatic coupling. Logarithmic decrements are evalu- 
ated from a record of the decay curve of free vibrations. 
Tungsten wires of 0.029-mm diameter support the speci- 
men nodally. The supporting force is small and very 
unlikely to produce any gross deformation of the speci- 
men even at elevated temperatures. A tungsten tube 
furnace heats the specimen, which is in a high vacuum, 


1J. O. Kessler, Phys. Rev. 106, 646 (1957). 
2 P. G. Bordoni, Nuovo cimento 4, 177 (1947). 


and the furnace walls are water cooled. During the ex- 
periments, resistivities dropped to the p-type range of 
2 to 5 ohm-cm, presumably due to impurities diffusing 
in from the furnace space. 

Mounting losses occur because of slipping friction at 
the support wires. These losses are unrepeatable on 


CRYSTAL 1675 


100 ke/s VIBRATION IN [111] 


_ LOG.DEC. x 107 





io 


1000 
T°K 

Fic. 1. Logarithmic decrement vs inverse absolute temperature 
for crystal T675. Experimental points are shown in the lower tem- 
perature range. Those above the full line have a decrement con- 
tribution from the specimen mounting. —* 
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CRYSTAL 5/4 


100kc/s VIBRATION IN [100} 


LOG. DEC. x 10° 
7 





1000 
TK 


Fic. 2. Logarithmic decrement vs inverse absolute temperature 
for crystal 5/4. (1) First heating. (2) Subsequent measurements. 
The first peak corresponds more closely to a single activation 
energy relaxation peak. 


temperature cycling and are often characterized by 
amplitude-dependent damping. These two features 
make it relatively easy to separate the effect from genu- 
ine internal friction, and the minimum measured decre- 
ment at a given temperature is usually taken to be the 
correct value. Some typical points are plotted on the 
curve of Fig. 1, showing a region to the right of the peak 
where little mounting loss occurs and a “bad” region to 
the left. When the specimen was driven continuously at 
lower temperatures, the amplitude-dependent damping 
was occasionally accompanied by the “‘gasping”’ oscilla- 
tion mentioned by Takahashi.’ Alternative support 
systems have been tried, but do not solve the difficulty. 
Welding together of the support wires and specimen is 
impracticable. A more massive and rigidly fixed support 
may give a damping which is more constant, but con- 
tain an unpredictable component due to the support. 


RESULTS 


Figure 1 shows a typical variation of damping, plotted 
against inverse temperature. All crystals show a main 
peak near 420°C in the height range (4 to 12)10~°. 
The logarithmic decrement usually remains about 10~* 
to within a few degrees of the melting point. In contrast 
with this, the measurements of Kessler show in every 
case a continuous rise of decrement with temperature 
above 500°C, reaching 3X10~* at 700°C for even the 
specimen showing the lowest decrement in this region. 
The curve of Fig. 1 was obtained with the same crystal 
(T675) as measured by Kessler, and so provides a close 
check on the discrepancy between the results. The crys- 
tal was shortened to vibrate at 100 kc/sec, and so the 
peak appears at a higher temperature. 

A further peak, relatively small, appears at 770°C. 
This varies in height between specimens, being absent 
in one specimen which had been vacuum zone-refined. 


3S. Takahashi, J. Appl. Phys. 23, 866 (1952). 
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It is believed to be due to the presence of oxygen, and 
to correspond to the much larger peak found in silicon.‘ 

Often the first measurement on a crystal gives a much 
narrower peak than subsequent measurements. This is 
illustrated in Fig. 2, which is for a crystal in [100] 
orientation. The appearance of the lower, broader peak 
in later runs indicates a spreading of activation energies. 
All these broadened curves show a rather strange asym- 
metry, the slope of the higher-temperature shoulder 
being about twice that of the lower-temperature shoul- 
der. A similar asymmetry has been observed in the 
1040°C peak of silicon containing oxygen in solution. 
The measurements of Kessler on T675 give a much 
narrower peak than that of Fig. 1, corresponding much 
more nearly to a single activation energy of 1 ev. In 
addition, there appears to be some orientation depend- 
ence of peak temperature. In Fig. 2 the peak occurs at 
385°C, below that of crystals in either [111] or [110] 
orientation. 

No amplitude dependence of the internal friction of 
the crystal itself is observed in the range of strains 
covered, 10 to 10-°. 

One crystal strained 1.6% in tension has been meas- 
ured. Above 500°C the decrement rises continuously, 
with an activation energy of about 1.1 ev. The low- 
temperature peak is affected to a much smaller extent 
by this strain, the increase in peak height being only 
about 50%. Experiments to elucidate the effect of 
deformation on damping are continuing. 


DISCUSSION 


Kessler used a composite oscillator system to measure 
internal friction, in which the specimen is cemented to 
a silica bar. Thermal stresses are set up in this joint 
during temperature cycling, and since the cement is 
hard these stresses must be relieved mainly by slip in 
the germanium. It is probable that the affected length 
of the crystal will be of the order of its thickness. A 
calculation has been made, assuming a tapered, slipped 
region of constant higher decrement. It appears that 
the contribution of this region to the total loss will be 
of the order of 0.05 times the ratio of local to average 
decrement. 

An estimate of the value of the local decrement can 
be made from the measurements on the distorted crys- 
tal. The crystal reported in this paper had a decrement 
at high temperatures of about twice that of a crystal 
bent to a maximum strain of 10% and then straight- 
ened.' Thus it appears that the decrement does not de- 
crease proportionally to the magnitude of the strain 
suffered by the crystal. Possibly the contribution of unit 
dislocation length to the decrement decreases as dis- 
locations become more interlocked. This interlocking 
occurs in the work hardening region, which sets in, 
depending on crystal orientation, in the 1 to 10% strain 


‘P. D. Southgate, Proc. Phys. Soc. (London) B70, 804 (1957). 














INTERNAL FRICTION IN Ge 


region.® Extrapolation to low strains suggests that the 
high-temperature rise in “unstrained” crystals meas- 
ured by the composite oscillator technique can be attri- 
buted to loss in the joint-stressed region. 

It should be pointed out that these new determina- 
tions do not invalidate the ‘“‘vacancy-drag” model pro- 
posed by Kessler. There are three factors in this model 
causing a variation of internal friction as the tempera- 
ture rises: (i) the decrease of vacancy jump time, (ii) 
dispersion of the vacancy atmosphere from the disloca- 
tration. These results indicate that the first two factors 
dominate the third in undistorted crystals, causing a 
decrease in decrement at temperatures above the “‘freez- 
ing-in” temperature which was postulated. The quench- 
ing experiment shows that, on this model, excess 
vacancies have probably diffused to inactive points 
within 4 minutes. This is in accordance with derived 
values of the diffusion coefficient of vacancies® if it is 
assumed that the maximum diffusion distance is of the 
order 10~* cm. 

The vacancy-drag mode! has the weakness, however, 
that the Peierls force on the dislocation has been 


5H. G. van Beuren (private communication). 
® Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956). 
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ignored. This force is high in diamond-structure lat- 
tices, as is demonstrated by the tendency of dislocations 
to lie in preferred orientations.’ It is probable that a 
dislocation relaxation mechanism such as that devel- 
oped by Seeger ef al." is operating concurrently with the 
vacancy drag. Application of this theory to the lower- 
temperature peak yields an expected activation energy 
of rather less than 1 ev. There is some doubt whether this 
peak can be directly attributed to dislocations, as the 
plastic straining experiments indicate that the high- 
temperature rise is more directly affected by introduced 
dislocations. A more reasonable postulate might be that 
the high-temperature rise is part of a dislocation relaxa- 
tion peak. In this case the theory gives an activation 
energy of 1.2 ev. This is not in disaccord with experi- 
ment as some spread of energies must be allowed for. 
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Interaction of Charged Particles in a Dielectric* 
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This paper is a sequel to an earlier study, from a many-particle standpoint, of the motion of an electron 
(or hole) in an insulator. We consider an insulator (whose nuclei are taken as fixed), including the electron- 
electron interaction. It is then shown that the static dielectric constant « defined in terms of the force between 
two distant point charges immersed in the medium, and the effective dielectric constant «*, which determines 
the force between an extra electron (or hole) and a distant point charge, are equal. These results may be 
summarized by the statement that, if sufficiently distant, external charges in a dielectric interact with each 
other and with the charge of an extra electron or hole as if all charges were renormalized according to the 
prescription Q — Q/x'. The method of proof is to treat the Coulomb interactions between the electrons and 
between the electrons and external charges by perturbation theory and to establish a correspondence, to all 
orders, between the Feynman graphs which define «x and those which define x*. The result is therefore exact, 


at least as long as the perturbation series converge. 


1. INTRODUCTION 


NE of the simplest many-body systems in solid 

state physics is the following: We begin with the 
ground state of a perfect large insulator (of cubic 
symmetry) whose nuclei are regarded as fixed and 
which contains N electrons, moving under the action 
of the Coulomb field of the nuclei and of their mutual 
repulsion. Into this system we introduce a small number 


* This work was supported in part by the Office of Naval 
Research. 

t On leave of absence from Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania. 


of electrons and (or) holes. We are then interested in 
the behavior of the resulting (V+)-electron system 
(n<<N) under the influence of its internal interactions 
and of applied electromagnetic fields. 

It is well known that experiments on such systems 
have been interpreted in great detail and with con- 
siderable quantitative success in terms of an effective 
single-particle model. According to this model the 
system behaves quite analogously to a collection of 
negatively and positively charged particles in a vacuum. 
Only the following modifications are necessary. The 
kinetic energy of these particles must be taken as 
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E,,(k), the appropriate energy band function, and their 
pairwise interaction at large distances as 


V=Q102/xr, (1.1) 


where Qi, Qe are their charges and x is the static di- 
electric constant. In this model the same interaction 
(1.1) is also appropriate when one or both of the charges 
is an “external” charge such as a classical point charge 
or proton. 

Because of its long and successful history, most 
physicists regard this model as plausible beyond 
reasonable doubt. However, the question of why and 
under what circumstances it is a consequence of the 
full Schrédinger equation for the (N+) electrons, 
including all their rather substantial interactions, has 
not yet been fully clarified. 

In a previous paper! we have begun a study of these 
questions. We considered the case of a perfect insulator 
with a single extra electron (or hole) and a small 
external charge g embedded in it. It was shown that 
under the single assumption that g is small, and without 
in any way treating the electron-electron interaction 
as weak, the (N+1)-particle Schrédinger equation 
could be reduced—for the low-lying states—to a single- 
particle equation of the form 


h? eg 
(- ve )P=EF, 


2m* K*r 





(1.2) 


where m* and «x* were certain constants. This is just 
the form one would expect on the basis of the above- 
mentioned single-particle model, which further suggests 
that the constant «* must equal the ordinary static 
dielectric constant x. In reference 1, the identity of « 
and «* was however not completely established. All 
that was done was to give a strong plausibility argu- 
ment? and to prove the identity explicitly in lowest 
order of perturbation theory in the electron-electron 
interaction (Appendix). The bulk of the present paper 
is devoted to a demonstration of the equality, 


*=K«, (1.3) 





(a) (b) 


Fic. 1. Two elementary graphs. (a) shows creation of an 
electron-hole pair, (b) the interaction of an electron with the 
external potential, X. 


1 W. Kohn, Phys. Rev. 105, 509 (1957). 
2 See reference 1, p. 513, footnote 8. 
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to all orders in the electron-electron interaction, H’ 
(Secs. 2 and 3). This demonstration makes essential use 
of Feynman diagrams and the linked-cluster theory of 
Brueckner*® and Goldstone.‘ 

In Sec. 4 we show that the results of Secs. 2 and 3 
apply also to finite external charges, provided they are 
sufficiently distant. In Sec. 5 the results of Sec. 3 are 
generalized to electrons and holes of finite excitation 
energy. Section 6 contains comments concerning con- 
vergence, and Sec. 7 some concluding remarks. 

It is hardly necessary to point out the close relation- 
ship of this paper with recent studies of charge re- 
normalization in field theory.® 


2. DIELECTRIC CONSTANT x 


Consider a perfect insulator with N electrons de- 
scribed by the Hamiltonian 


H=H,+H', (2.1) 


where 


N 
Hoe > (T:+-V)) (2.2) 


t= 


represents the kinetic and interaction with the nuclei 
of the lattice, and 

4dr eK ti—tj 

H'=é> >’-—— 


miK Q Kk? 


(2.3) 


describes the Coulomb repulsion of the electrons. Q is 
the volume of the insulator and }>’ means summation 
with K=0 omitted. 

To define the dielectric constant x we now consider 
the effect on the energy of this system of a long-wave- 
length sinusoidal perturbing potential of the form 


U=U (ppt p-_p), 
where 
N 
Pp= 2 enn. 
Let us call the second-order energy change produced 
by U, AE». Then x is defined by the equation® 





1/x=1+a, (2.6) 
where 
4re? AEF, 
a=lim —— " (2.7) 
Po 2 Ud? 
Our total Hamiltonian can now be written as 
Hr=Hot+ Ai, (2.8) 


*K. A. Brueckner, Phys. Rev. 100, 36 (1955). 

4 J. Goldstone, Proc. Roy. Soc. (London) A293, 267 (1957). 

5 F. J. Dyson, Phys. Rev. 75, 1736 (1949); A. Salam, Phys. 
Rev. 82, 217 (1951); J. C. Ward, Proc. Phys. Soc. (London) 
A64, 54 (1951). 

® It is elementary to verify that this definition of « is identical 
with that given in reference 1, in terms of the interaction between 
two small and distant point charges immersed in the medium. 
See Sec. 4. 
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(a) {b) 


Fic. 2. Lowest order graphs in the dielectric constant expansion. 


where 
H,=H'+U, (2.9) 


and includes both the Coulomb repulsion between the 
electrons and their interaction with the perturbing field. 
To obtain AE, we must find the energy corresponding 
to Hr to all orders in H’ but only to second order in U. 

The total energy shift due to H, can be written 
conveniently by means of Goldstone’s linked-cluster 
perturbation formula’ 


1 " 
AE= r(¥. a(- —n) vs), (2.10) 
Eo Ho | 


where Wp is the ground state (Slater determinant) of 
Ho, with unperturbed energy Eo, and }>°, signifies 
summation over all linked clusters leading from Yo to 
Vo. To obtain AE, we select from these graphs that 
subset in which U acts only twice and denote it by Lo». 


Thus 
1 n 
Atl -t) ve). (2.11) 
E,—Hy 


We shall use the same graphical representation as 
Goldstone, which is exemplified by the elementary 
graphs of Fig. 1. A Greek symbol represents all quantum 
numbers of a one-electron wave function, that is band 
index, crystal momentum, and spin direction. Lines 
with arrows pointing up refer to states which are not 
occupied in the unperturbed state Yo, those with arrows 
pointing down to states occupied in Wo. Figure 1(a) 
shows an electron in the normally empty state a going 
into the normally empty state 8 as a result of a Coulomb 
collision (H’) with an electron in the normally filled 
state y which is scattered into the normally empty 
state 5, leaving a hole in y. Figure 1(b) shows an electron 
being scattered by the external potential (U), from 
which it absorbs crystal momentum p. It is of great 
importance that also graphs violating the exclusion 
principle must be included. For example, 8 and 6 in 
Fig. 1(a) can be identical states. 

The graphs for AE» of zeroth order in the electron- 
electron interaction are shown in Fig. 2. Right to left 
in Eq. (2.11) corresponds to an upward direction in our 
graphs. m and m’ are the indices of bands which are, 


sok (win( 


Le 








7 Reference 3, Eq. (3.3). 
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respectively, filled and unfilled in Vo. Let us denote the 
single-particle normalized Bloch waves by 
(2.12) 


nk = ténxe*™**, 


and their energies by €,.. Then the contribution of these 
graphs to AE, is 


AE, (0) 


- (ve U- Pad — uve) 





(Wx | U in Wm’ 'k+ ) (Wm ‘e+p| U ce? |W) 
=r> 
mm’ k €mk — €m’k+p 


where (p—+—p) means a similar term [corresponding 
to Fig. 2(b)] with p replaced by —p. In the limit of 
small p, and with the use of the cubic symmetry of the 
crystal, (2.13) becomes 











AE, 
=2U 3 > [p- (tm; V ktm’) ILDP- (V ith’; Mmi) | 
, m,m’ €mk — €m’k 
| | (tmnt, OMm’ x/ OR) |? 
=2U ?- (2.14) 


tt, dk 


€mk— €m’k 


The corresponding contribution to a, and hence to 1/x 
is, by (2.7), 


| (thmk,OUm’&/OR1) | 2 
. CaP 





e 
q =— } > 
oa mm’ 


€mk— €m’k 


It is important to note the reason for the factor p* 
in AE,. It arises from the fact that at each vertex 
such as V, Fig. 2(a), where an electron makes an 
interband transition, the corresponding matrix element, 


(Wn a+ ol Uce'?' Vink) -_ 


is linear in p. 
Other types of graphs occur in higher orders, for 
instance those shown in Fig. 3. 


X --------yy' 
p / 


mkepd b-- 


eta 


\ | 


(0) (b) 


Uo Pp: (tn, kV kMn,k), (2.16) 








Fic. 3. Some higher order graphs in the dielectric 
constant expansion. 


8 This corresponds to Eq. (A.17) of reference 1. 
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In Fig. 3(a), the collision at V is intraband and for 
small p the corresponding matrix element is 


(Wimp | U oe??? |Wmx) = Uot+O(p), (2.17) 


i.e., of degree zero in p. The matrix element at V’ is of 
course linear in p, so that this entire graph makes a 
contribution linear in p to AEs. However, when this 
graph is combined with that obtained by replacing p 
by —p, the linear terms cancel and one is left with a 
quadratic contribution to AE». 

In Fig. 3(b), the vertices V; and V,’ are both intra- 
band, so that this graph contributes a term of degree 
zero in p. Now consider the graph obtained from Fig. 
3(b) by replacing the vertex V; by V2, causing an intra- 
band collision at V2. This graph contributes the same 
term of degree zero to AE» as Fig. 3(b), but with the 
opposite sign. For according to the rules of evaluating 
the contributions of these graphs,‘ each must be multi- 
plied by a factor (—1)'*", where / is the number of 
closed loops and / the number of internal hole lines. In 
this way the leading terms of the 16 graphs obtained 
by taking one of the vertices from the group V;---V4 
and the other from V,’---V4’ cancel in pairs. Any 
remaining terms linear in p cancel on replacing p by —p. 

It is clear that these examples are representative of 
all graphs, since any graph is cut by any horizontal line 
in an equal number of electrons and hole-lines. The total 
AE, is obtained by adding up the contributions of all 
relevant graphs, and the dielectric constant « is then 
obtained from Eqs. (2.6) and (2.7). 


3. EXTRA ELECTRON (OR HOLE): EFFECTIVE 
DIELECTRIC CONSTANT x* 

We consider now the system consisting of the perfect 
insulator plus one extra electron. The wave functions 
of this system will be denoted by V,x, where K is the 
total propagation vector and » is an additional set of 
quantum numbers. The corresponding energies will be 
called E,x. The Hamiltonian of the system is given by 


H=H,+H', (3.1) 
where 
N+1 
Ho= > (T;4+- V3), (3.2) 


t=! 





Fic. 4. A typical graph in the perturbation expansion of the 
wave function Vox, Eq. (3.10). 
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and 
4dr eK (ri rj) 


(3.3) 


Let now Wox be that eigenfunction of H which 
corresponds to the unperturbed function Vox de- 
scribing the perfect insulator plus an extra electron in 
the one-electron state Yox of the lowest empty band. 
We shall sometimes call Wox the wave function of the 
“clothed” electron. 

Suppose we want to describe the scattering of the 
“clothed” electron by a small external charge g im- 
mersed in the medium. We then require the matrix 
element 


N+1 eq 
Meas (Yor > --— ver). (3.4) 


| i=l T; 


Now we may Fourier analyze the perturbation and 
write 
1 4 1 
—_—_— = ‘Pp 


tt, €@ Pp 


where p, was defined in Eq. (2.5). Then for sufficiently 
small K and K’, (3.4) becomes 


(3.5) 


(3.6) 
where «* is defined by the following equation : 


1 
—= lim (Wox: pr-xk V% x). (3.7) 
* K, K’—0 


» K+K’ 


The quantity «* is called the effective dielectric con- 
stant. It is the same constant which describes the 
interaction of the “clothed” electron with g in a bound 
state of large orbit [see Eq. (1.2) ]. 

Clearly (3.6) is just the matrix element for the 
interaction of the extra electron and g in vacuum except 
that both charges have effectively been renormalized 
by the factor x*-}. 

We now wish to demonstrate the equality of this 
constant «* and the static dielectric constant « defined 
in the previous section, to all orders in the electron- 


0.0 


Fic. 5. A graph occurring in the normalization sum, Eq. (3.11). 
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Fic. 6. A graph which cannot occur in (3.11) because it violates 
conservation of total crystal momentum. 


electron interaction H’. For this purpose we require 
first the wave functions Vox. Let us imagine that at time 
t=— our system is in the unperturbed state Vox 
and that the interaction H’ is slowly turned on ac- 
cording to the factor exp(nt/h).° Then at time ‘=0, the 
normalized wave function is given by 


4 —i,! 
vor=| 2 (—) frw, - +H" (ts)dt:« ts on 0) 
l= ” 


h<-++<4<0, (3.8) 


where 
Hl’ (1) = e*F o/h F7' eH otiheatin, (3.9) 


On performing the time integrations, one obtains'® 


1 
1=0 Eox — Ho+iln 


1 


Sieaealeces 1 Nex. (3.10) 
Eox — Ho+in 


A typical graph representing one of the terms of (3.10) 
is shown in Fig. 4. 


The normalization of (3.10) is expressed by the 
equation 


(Vox, Vox) 
1 1 
=F ( Vn! H’/— RES , 
u’ Eox —Ho—in Fox — H,—iln 
1 1 
sicher ee ———H]' |W ) 
Eox — Het+il'n Eox —Hot+in 


(3.11) 
=}. 


A typical graph representing one term in the normali- 
zation sum (3.11) is shown in Fig. 5. The dotted line 
indicates the place where the two propagators follow 
each other directly in (3.11). The portion below it is 
one graph in Wox, that above it one graph of Vox* with 
matching external lines. 

9M. Gell-Mann and F. Low, Phys.. Rev. 84, 350 (1951), 
Appendix. 

Tt is well known that because ¥ox™ re-occurs among the 
intermediate states, the phase—but only the phase—of Wox 
depends critically on the value of ». This does not cause any 
difficulties in what follows. 


Fic. 7. A graph of 5, 
class I, occurring in the X------- Vs Vp $Vs 
evaluation of 1/x*, Eq. (K-K) 
(3.12). a 


Ok () ) 
It may be noted here for later use that graphs of the 
structure of Fig. 6, in which one portion (marked A) 
can be completely unlinked by breaking a single inter- 
action line, in general cannot occur. For such graphs 
evidently violate the conservation of total crystal mo- 
mentum during the interactions, except in the special 
case (which will not be relevant in the following) where 
the crystal momentum carried by the linking line just 
equals a reciprocal lattice vector. 
Next consider the expression (3.7) for 1/x* with Vox 
and Wox expressed by means of Eq. (3.10) 


1 | 1 
—= lim > (vox oA ——_____... 
x* K K’-0 | u Fox: . —Hv—in 
1 
XH’ ——_—__—_—px_zX—__—__——_H"- 


Eox: © —Ho—il'n Eox©® — Hot+iln 


1 
arsetnieom serene NI a I ) (3.12) 
Eox —Ho+in 


There are only two classes of graphs which make finite 
contributions to (3.12) in the limit K’-K-— 0: 

Class I is obtained by attaching an external line 
K’—K [representing a Fourier component of the 
external potential, Eq. (3.5) ] at ‘=0 to a normalization 
graph, such as Fig. 5, and adjusting the crystal momenta 
in the latter by the small momentum transfer K’—K 
in accordance with the conservation laws. For example, 
one of the graphs corresponding to Fig. 5 is shown in 
Fig. 7. The interaction at V, is intraband and in the 
limit K’—K — 0, the corresponding matrix element of 
px’_x is 1. Consequently Fig. 7 contributes to 1/«* the 
same as Fig. 5 does to the normalization. The two 
similar graphs, obtained from Fig. 7 by replacing V; 
by Vz and V3, cancel in the limit K’—K — 0 (different 
number of hole lines). Thus clearly all the graphs of 
class I together contribute 1 to 1/x*. 

The second class of graphs is split into two halves, 
classes TIA and IIB. Consider first class TIA. It is 
constructed as follows (see Fig. 8). We take a normali- 
zation graph, such as Fig. 5, which we shall call the 
MN graph, and a dielectric constant graph, such as Fig. 
2(a), with two external lines p= K’—K, which we shall 
call the D graph. The “later” of the external lines is 
attached to the 9% graph at all possible points with 
t>0 [Figs. 8(a) and 8(b)] thus becoming an internal 
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Fic. 8. Two closely related graphs of class ITA, occurring in 
the evaluation of 1/x*, Eq. (3.12). 


line of the graph, while the other external line remains 
external at ‘=0. In contrast to class I, when the external 
line is deleted from one of the present graphs, the 
resulting graph is topologically different from any 
M graph (see Fig. 6). 

The interaction VV» causes an imtraband scattering 
at Vo, with the momentum transfer K’—K. The corre- 
sponding matrix element M’ is therefore 


4re? 1 


M’=—— 


9 |K’-K/? 


(B\e*®’-©) tla), (3.13) 


When we sum over all graphs of class ITA arising 
from a given 3t graph and D graph, by taking all 
possible times (¢>0) for the point of attachment and 
all possible time relationships between the interactions 
occurring in the Jt graph and those occurring in the 
D graph [see Figs. 8(a) and 8(b)], the resulting con- 
tribution to 1/x* is exactly a product of three factors": 


(1) The contribution of the Mt graph to the nor- 
malization sum Eq. (3.11), say C(2). 

(2) The factor (4re®/Q)|K’—K|~* coming from the 
matrix element M’, Eq. (3.13), and describing the 
intraband scattering taking place at V2, Fig. 8(a), in 
the It graph. 

(3) The contribution of the D graph to the second 
order energy AE, encountered in the calculation of «, 
with Uo set equal to 1 [see Eqs. (2.4)ff.]."° 


The product of (2) and (3) is just the contribution 
of the D graph to the quantity a, Eq. (2.7). 

Holding fixed our original Jt graph, we now construct 
the graphs of class IIB, which differ from those of class 
IIA only by having the interaction between the Jt and 
D parts occur at time ¢<0. (A typical D part in class 
IIB will be Fig. 2b, with p=K’—K.) Then, by adding 
all graphs of classes IIA and IIB corresponding to a 
given 3 graph we clearly obtain C(2)a. Now we sum 


11 See reference 3, paragraph 3. 

12 Actually some y’s will occur in the denominators of (3), 
whereas in (2.11) the limit 7 — 0 has already been taken. Since 
this limit is well defined, no difficulty is caused. The important 
thing is that (1) is exactly equal to the contribution of the 3t graph 
to (3.11), including its dependence on 7, which is critical. (See 
reference 10.) 
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over all 3% graphs and since >> C(It)=1, we obtain 
simply a. Finally, by adding the contribution 1 from 
class I we obtain the desired result : 


(3.14) 


The physical meaning of the two classes of graphs 
can be seen from Figs. 7 and 8. Class I is of the structure 
of Fig. 9 which shows a “clothed” electron interacting 
directly with the external potential. [The portion 
marked “clothed” electron does not contain any part 
which can be completely unlinked from it by breaking 
a single interaction line carrying crystal momentum 
K’—K (see Fig. 6). ] 

Class ITA is of the structure of Fig. 10, in which the 
clothed electron is scattered by the electrons of the 
medium which has been polarized by the external 
potential. In class IIB the time order of the two 
momentum transfer lines shown in Fig. 10 is inverted. 

The case of an insulator with a single hole is com- 
pletely analogous to that of an insulator with a single 
electron. We can define wave functions Yox for the 
entire system, corresponding to the functions Vox of 
Eq. (3.10). Graphs representing Yox are similar to 
those for Vox, except that the initial electron line, 
running upwards, is replaced by a hole line, running 
down. In analogy with Eqs. (3.7) and (3.14), one then 
finds readily 


lim (Vox: | px-—x| Vox) = ——, (3.15) 
, K’—0 


ok’ 
The change of sign, which is a direct consequence of 
the algebra of these graphs, reflects the opposite charge 
of this “‘particle.” 


4. FINITE EXTERNAL CHARGE 


In the preceding sections we have restricted ourselves 
to infinitesimal external fields. We shall now show that 
the constant « also determines the interaction between 
finite external charges and between a finite external 
charge and an extra electron (or hole), provided only 
that they are far enough apart. 






“Vocuum” 
Fluctuations 


“Clothed” 






Electron 





Fic. 9. Direct scattering of the “clothed” electron by the 
external potential. 














INTERACTION OF CHARGED 


We begin by considering two finite charges in a 
perfect insulator, g; placed at the origin and gq, at R. 
The resulting perturbing potential is 


1 1 
U=—en Len © — 
‘ %% i \r,—R)} 
4re efpi-ré e ‘pa rigipa R 
prea ees abs a Lt LS’ ——_ | (4.1) 
Q i pl 2 p2 p? 


Let 5E(R) be the energy change of the dielectric caused 
by U. Then the force acting on g2 is of course given by 


9192 


F=—— YR 5E(R), (4.2) 
R 


apart from the irrelevant force exerted by the un- 
perturbed medium on q». 

Now 6E(R) can be calculated by means of the 
linked-cluster perturbation formula, (2.10). Graphs of 
order g,"g2° are independent of R and so do not con- 
tribute to F, and graphs of order g;°g2" are periodic in 
R and describe the interaction energy of g2 alone with 
the medium. They are not of interest here. 

The graphs of order g:g2 are exactly those encountered 
in Sec. 2. (A typical one is shown in Fig. 11.) We can 
write the contribution of these graphs to 6E(R) as 


4arqiqe 
§Ey,(R) =—— ©’ Gir(po)e'?"®." (4.3) 
Q 


For small p2 one obtains, by comparison with the 
definition of a given in Eq. (2.7), 


. : a 
lim Gi: (pz) i, 
pro p?* 


(4.4) 


From (4.3) and (4.4) we see then at once that, for 
large R, 


6Ey,(R) > a(9192/R). (4.5) 


Let us next look at terms of higher order, say of 
order g:°g2. In analogy with (4.3) we may write the 







“ Clothed™ 
Electron 










Polorized” 
Medium 





Fic. 10. Scattering of the “clothed” electron by the medium 
which has been polarized by the external potential. 


13 The subscripts 1; refer to the linearity in g, and qe. 
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->-x 
Fic. 11. A graph Pe 
of order gig2 re- 
ferring to the inter- 
action energy be- 
tween the charges 
qi and qe. 
X-—----1 
Pe 
contribution of these terms to 5E(R) in the form 
: 4mqi'qe _ | 
5E2,(R) =— } Go (po)e*??'®. (4.6) 
Q 


A typical graph contributing to G2:(pz) is shown in Fig. 
12. For fixed pe, all graphs of this structure contribute 
to G2(p2) for which (to within a reciprocal lattice 
vector) 


pi’ +p’ =p». (4.7) 


In adding up their contributions an integration, say 
over p;’—p,’’, remains. Thus, whereas the vertex V in 
Fig. 11 contributed a singular matrix element of order 
pz", pairs of vertices such as V and V’ in Fig. 12 do not. 
Consequently one finds that 


lim p2°Go1 (po) =(), (4.8) 
p20 
and hence 


Rx 


In other words, the terms of order g,*g2 give an inter- 
action of shorter range than those of order gig2. The 
same is true, for similar reasons, of all higher order 
terms. 

Therefore (on neglecting terms periodic in R) we 
obtain for large R 


which, when combined with (4.2) and the definition 
«x '=(1+a), gives . 
9192 
r-“(-). 
cR?\R 


The case of a finite external charge interacting with 
a distant electron (or hole) is exactly similar. For small 
momentum transfer K’—K, the graphs linear in q give 
a matrix element of order | K’—K)|-, all higher order 
graphs being less singular. 


(4.11) 
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One remark should however be made. The arguments 
just given depend of course on the covergence of the 
power series in the q’s. The following physical con- 
sideration shows that this power series must have a 
finite radius of convergence. For as we increase the 
magnitude of g there will come a point when the electric 
field produced by it is so large that the dielectric will 
break down. For example, the vicinity of an As impurity 
in silicon may be considered as such a broken-down 
dielectric, produced by placing a charge of (Z4,—Zsi)e 
on a silicon nucleus. The results we have proved will 
then not be applicable. 


5. ELECTRONS (OR HOLES) IN STATES 
OF FINITE EXCITATION 


In Sec. 3 we have considered an electron or hole in 
states infinitesimally near the lowest possible state 
(n=0, K, K’—> 0). Those were the states which were 
encountered in the discussion of impurity states in 
reference 1. However, while our arguments in Sec. 3 
depended criticaily on the assumption of small mo- 
mentum transfer, 


K’—K— 0, 


no explicit use was made of the fact that »=0 or that 
K and K’ are separately small. 

For sufficiently highly excited states a delicate 
difficulty arises, because the unperturbed state V,.x« 
describing a perfect insulator and one fairly highly 
excited electron then becomes degenerate with other 
states V,x describing a perfect insulator, a con- 
duction electron, and one or several electron-hole pairs. 
This situation requires separate discussion into which 
we do not want to enter here." But certainly our results 
continue to hold at least up to energies where this 
difficulty occurs. Thus we can write, instead of (3.7) 
and (3.14), the somewhat more general result 


1 
lim (Wyx’ | px-—x|Vnx)=-, 
K’—K-0 K 


(5.1) 


(5.2) 


for all m and K for which (E£,x—Eo) is below some 
critical value. 


6. CONVERGENCE OF THE EXPANSION IN THE 
ELECTRON ELECTRON INTERACTION 


In Secs. 2 and 3 we expanded the eigenfunction of our 
system in powers of the electron electron interaction, 
H’. It is doubtful if such an expansion would converge 
for any real dielectric. However, since the equality of 
x and x* was proved to all orders of perturbation theory, 





14 We believe that (5.2) holds for any states in which the number 
of electron-hole pairs is sufficiently small compared to NV. 
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it is likely that it holds even beyond the radius of con- 
vergence. Thus if the analytical behavior of our wave 
functions in their dependence on the electron charge e 
were known, the general equality of « and «x* might be 
proved by analytic continuation. 

Another, and simpler, method of extending the proof 
of the equality of x and x* is the following well-known 
procedure. Instead of writing H=H +H’, as in Eqs. 
(2.1) and (3.1), we introduce a one-particle potential 
V’, such as the Hartree-Fock potential, which simulates 
the effects of H’ as well as possible, and then write 


H=A,+h’, (6.1) 
where 
Ao=XATAVitV?2), (6.2) 
and 
A’=H'->. Vi. (6.3) 


The graphical analysis given in the preceding sections 
can be readily extended to cover the new perturbation 
HI’, and since V;’ does not have divergent long-wave- 
length components, the result is as before that «*=x. 
The radius of convergence is, however, much larger 
now and probably includes real dielectrics. 


7. CONCLUDING REMARKS 


While this paper accomplishes its immediate purpose 
of establishing the equality of x* and x, it falls short of 
proving the following general charge renormalization 
theorem for a dielectric. Any pair of extra charges, 
provided they are sufficiently far apart, and whether 
carried by electrons, holes, foreign particles (e.g., 
protons), or classical charge points, interact with each 
other via the same Coulomb interaction as in a vacuum, 
except that each charge Q must be replaced by an 
effective charge 


Qett=O/k', (7.1) 


where « is the static dielectric constant. We have treated 
only those cases in which at least one of the charges is 
classical. The case where both are dynamical particles 
is complicated by problems of self-energies, adiabatic 
hypothesis, etc.,!® and must await further elucidation. 
From what has been done here, however, there can be 
little doubt that a general proof of (7.1) must be 
possible. 
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The chemical shifts, the spin-lattice relaxation times, the 
isotropic exchange coupling A, and the pseudo-dipolar exchange 
coupling B between cation and anion nuclear spins have been 
determined in a single crystal of CsBr. The results are: oc, 
= (—1.9+0.4) X10, op, = (—2.540.3) K10™, (71) cs=1050+40 
sec, (7:)p,=0.105+0.020 sec, 4|A|=55 sec, 4*B=15 or 
—89 sec"!. Similar, but less complete, data have been obtained 
for a single crystal of CsI and a CsCl powder. 

The results are discussed in terms of existing theories for the 
chemical shift and exchange interactions in solids. An average 
of 25% covalent bonding per ion is deduced. 

The large ratio of 7; for Cs and Br, respectively, sets an upper 
limit to the quadrupole moment of Cs“: |Q| <0.004X 10"** cm*. 


I. INTRODUCTION 


T is well known that nuclear magnetic resonance 

techniques can help to elucidate the electronic 
structure of molecules and solids. In particular, the 
chemical shift'* and electron-coupled nuclear spin 
interactions** can give useful information about the 
electron wave functions of ground and excited states. 
In solids these quantities can only be measured with 
reasonable accuracy, in the presence of the dipolar 
interaction between nuclear spins, if the isotopic species 
are heavy. Especially in the alkali halides these quanti- 
ties should be rather small, because of the large for- 
bidden gap between the valence and conduction band 
and the small amount of covalent character of the 
predominantly ionic bonds. 

This investigation was undertaken to find out, by 
nuclear spin resonance methods, how much the elec- 
tronic structure deviates from the ideal ionic type, and 
CsBr and CsI were chosen for the reasons stated above. 
Furthermore, single crystals were commercially avail- 
able from the Harshaw Company. It soon appeared 
that the Cs spin-lattice relaxation time in these rather 
pure crystals was extremely long, between 10 and 20 
minutes, at room temperature. The halogen spin-lattice 
relaxation time was ten thousand times shorter. The 
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This large difference in the spin-lattice interactions between the 
nuclear species is responsible for some new effects. The decay 
time T,, for the transverse Cs* magnetization is proportional to 
H (vcs) for a wide power range of the radio-frequency field at 
the Cs! Larmor frequency. It is furthermore possible to build 
up a transverse Cs" magnetization by applying, simultaneously 
with H(vcs), a radio-frequency field H,®"(v) at a frequency 
v=vprtycsll ;°*/2xr. Here vp; is the bromine precession frequency. 

A theory of these effects shows that the relatively weak inter- 
action constants A and B between cesium and halogen spins can 
be determined with much higher accuracy than would have béen 
possible from the usual second moment determinations. 


long relaxation time for Cs™ is a direct consequence of 
its fortuitously small quadrupole moment. It made 
ordinary steady-state measurements of the resonance 
line impractical. Pulse techniques were used to measure 
the longitudinal and transverse decay times of the 
cesium polarization. It was discovered that the trans- 
verse decay time depends on the amplitude of the 
resonant radio-frequency field in a manner which is 
different from what is predicted by Redfield’s theory.’ 
He pointed out that in the presence of a radio-frequency 
field of saturating strength the Zeeman energy yhH,°* 
in this field must not be ignored and that the transverse 
decay time for the dispersive component should become 
about equal to the longitudinal time 7). It is shown in 
this paper that a second spin system with a much 
shorter relaxation time (e.g., the halogen spins) can 
create a regime where the transverse decay time is 
intermediate between 7; and 7). In this regime the 
transverse (dispersive) cesium polarization can also be 
influenced by a second radio-frequency field precessing 
near the halogen spin resonance. 

A phenomenological theory of this new transverse 
type of Overhauser effect in the rotating, effective field 
H,°° is presented after a description of the experimental 
methods. From the observed transverse decay times the 
indirect electron-coupled interactions between halogen 
and cesium spins can be deduced. 

In the final section the experimentally determined 
quantities are compared with the existing microscopic 
theories for the chemical shift and nuclear spin exchange 
in solids. An upper limit for the Cs'* quadrupole 
moment is also derived. 


Il. EXPERIMENTAL 
A. Samples 


Two single crystals of CsBr were obtained from the 


Harshaw Company. They were cylinders, about 1 cm? 





9 A. G. Redfield, Phys. Rev. 98, 1787 (1955). 


865 














866 N. 


TABLE I. The chemical shift in alkali halide crystals. 











Sample Nucleus o X10 

CsCl Cs —1.7 +0.4 
CsBr Csi —1.9 +0.4 
Csl Cs —2.5 +04 
CsI y237 —5.0 +0.3 
Rbl [37 —1.7 +0.3 
KI ys —1.0 +0.3 
Nal [27 —1.2 +0.3 
CsBr Br? —2.5 +0.4 
KBr Br” —0.22+0.3 
NaBr Br” +0.58+0.3 








in cross section and 2 cm long. The second crystal was 
oriented with the aid of a Laue x-ray pattern, after 
the surface had been cleaned with a wet cloth. It could 
be rotated around the [110] axis in the radio-frequency 
coil. Two similar crystals of CsI were obtained from the 
Harshaw Company. Other samples were in powdered 
form, chemical reagent grade of the Fisher Company. 
They included CsCl, CsF, Cs2SO4, Cs2CO3, and CsNOs. 


B. Steady-State Apparatus and Measurements 


A radio-frequency bridge spectrometer of the kind 
first used by Soutif*® and others was constructed to 
detect the Cs resonance at a low-power level, because 
it was expected that the spin-lattice relaxation time 
would be rather long in analogy to earlier results for 
Li’ and Na” in pure halide crystals." From observed 
transients it was soon concluded that 7; for Cs™ in a 
Harshaw crystal of CsBr was at least ten minutes at 
room temperature. Since the time required to pass 
through the resonance was usually shorter than this 
and the radio-frequency field was clearly of saturating 
strength, it was expected, according to Redfield’s 
theory, that an adiabatic rapid passage signal would 
be observable. This was not the case with H,=0.5 
oersted and a passage time of 15 sec, used in the first 
experiments. The reason for this failure will be discussed 
in Sec. III of this paper. It will be shown there. that 
somewhat higher values of H; are necessary (or shorter 
transit times). For a CsCl powder sample a good 
adiabatic rapid passage signal of Cs with the above 
values of the parameters can be obtained. 

The chemical shift of Cs" in the chloride, bromide, 
and iodide had been determined by Gutowsky and 
McGarvey? from steady-state signals. Apparently his 
samples must have had much shorter relaxation times 
due to imperfections. We have tried to reduce the 
relaxation time by irradiation of our crystals with 
x-rays at room temperature. This attempt was not 
successful, although a marked coloration occurred. The 
Cs" resonant frequency in our samples was therefore 
determined as the symmetry point in the pattern which 
results in the superposition of (imperfect) rapid passage 


10 Grivet, Soutif, and Buyle-Bodin, Compt. rend. 229, 113 


(1949). 
11 R. V. Pound, Phys. Rev. 81, 156 (1951). 
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absorption signals from the high-field side and the 
low-field side, respectively. Aqueous ionic solutions 
served as references for the chemical shift. In these 
solutions as well as for all halogen resonances ordinary 
steady-state signals could be obtained with the bridge 
spectrometer. 

The bromine and iodine resonances showed effects 
of quadrupolar broadening. Second moment measure- 
ments are therefore unreliable. In fact, in the second 
CsI single crystal the I'® resonance was unobservable, 
and the Cs resonance was much weaker in this same 
crystal, apparently because of internal strains. The 
Cs'* resonance in powdered sulfate, carbonate, and 
nitrate was also unobservable due to quadrupolar 
broadening. Perhaps this is also the reason for the 
failure to observe the Cs resonance in powdered 
CsF, in which sample the F"’ was observable and had 
a relaxation time of less than one hour. 


C. Chemical Shift Data 


The experimental results for the chemical shift 
o=—AH/H, in alkali halide crystals with respect to 
the corresponding aqueous solutions are tabulated in 
Table I. The results for Cs are in agreement, within 
experimental error, with the data of Gutowsky and 
McGarvey.” The results for Br” and ['”’ in the cesium 
salts have not previously been reported. They are 
considerably larger than the shifts for Br” and [)”? 
in the sodium and potassium salts. These were reported 
first by Kanda* and have been confirmed by us. 


D. Pulse Techniques 


The difficulties mentioned in paragraph B, inherent 
in the steady-state technique, indicated the use of 
pulse methods to determine the longitudinal and 
transverse relaxation times. A block diagram of the 
apparatus is shown in Fig. 1. Only a brief outline of its 
operation will be given here.!? 

The nuclear induction head contains three mutually 
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Fic. 1. Block diagram of system to measure transient nuclear 
magnetic resonance phenomena in cesium halides. 

















(DOUBLE 
RESONANCE ) 
TRANSMITTER #2 


PULSER] 














Further particulars and circuit details may be found in 
P. P. Sorokin, thesis, Harvard University, 1957 (unpublished), 
and in Cruft Laboratory Technical Report No. 269 (unpublished). 
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Fic. 2. Free induction 
decays of the Cs resonance 
in CsBr with Ho||[111] left, 
H||[100] right. One divi- 
sion on the horizontal time 
axis corresponds to 2 10™ 
sec. 


perpendicular coils. The x coil is driven by transmitter 
No. 1, providing a radio-frequency field H; near the 
Cs™ resonance, which can be made as large as 30 
oersteds. The y coil is driven by transmitter No. 2, 
which provides a radio-frequency field H,;’ near the 
halogen resonance. In the remainder of this paper 
primed quantities will refer to the halogen spins, 
unprimed quantities to the Cs spins. 

The z coil is driven by the audio-oscillator, which can 
provide a modulation of the dc magnetic field Ho. It 
was used in a rotary saturation experiment’ for the 
accurate determination of H. 

The receiver was constructed to amplify free induc- 
tion decays with optimum signal-to-noise ratio in one 
of the following three situations. 

(a) After 90-degree pulses, either single shot or re- 
peated at variable time intervals. Transmitter 1 is 
activated by the pulser, which also triggers the hori- 
zontal linear sweep of the Tektronix scope. The receiver 
recovers completely only after 10~ sec, but the free 
induction decays last considerably longer. A simple 
way to improve the recovery time would have been to 
connect transmitter 1 to the y coil in this experiment. 
This proved not to be necessary. 

(b) After an adiabatic rapid passage into the center 
of the resonance, which was accomplished by sweeping 
the magnetic field Ho. After the center has been reached, 
the large radio-frequency field H,; may be turned off. 

(c) After the buildup of a transverse magnetization 
by the double resonance method. In this new method 
a large rf field H, is applied at the Cs resonance. In 
this steady state the Cs magnetization is zero. 
However, it was found that a transverse Cs’ magnet- 
ization, in phase with H,, could be created by simul- 
taneous application of a field H,’ near the halogen 
resonant frequency v,. The frequency of H;’ should be 


v =vtYesH (vcs) Qn. (1) 


The Cs magnetization can be built up in a time 7)’ 
which is much shorter than 7;. After the buildup the 
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field Hi(vc,) may be turned off, and the free induction 
decay observed. 

While the field H;(vc,) is on in methods (b) and (c), 
the receiver is protected by a large negative bias. An 
electronic switch turns off H, activates the receiver 
by removing the bias, and triggers the horizontal 
oscilloscope sweep for observation of the free induction 
decay. 


E. Experimental Data for Relaxation Times 


1. The transverse relaxation time can be determined 
from the free decay following any of these three methods. 
A few characteristic oscillographs of the free decay are 
reproduced in Fig. 2. The steady-state absorption line 
shape is given by the Fourier transform of these decays. 
The line shape with Ho||[100] crystallographic axis 
has a decidedly rectangular character. 

Such decay curves in solids were first observed and 
analyzed by Lowe and Norberg® in CaF». There the 
dipolar interaction between the F"* nuclei situated on a 
simple cubic lattice is responsible for the line shape. 
The decays for the Cs“ in CsBr are remarkably similar 
to those in CaF;. The reason is probably that the 
Cs—Cs dipolar interaction determines the line shape, 
although the Cs—Br interactions are by no means 
negligible. 

Therefore the following approximate method to 
determine the second moment of the Cs resonance 
suggests itself. This quantity is equal to the initial 
curvature (d*f/di*),.o of the free decay, which is 
unobservable, and the steady-state absorption line is 
also unobservable. But the Cs second moment may 
be estimated by multiplying the second moment of the 
F® line in CaF: by a’, where a is the factor by which 
the time scale of the Cs decay must be multiplied to 
achieve a coincidence with the F" decay. In this way, 
experimental values for total second moment are ob- 
tained. These are listed in the last column of Table IT. 
The contribution to the second moment from the 


13]. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957). 
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TABLE II. Contributions to the second moment (Av)? of the 
Cs" resonance in CsBr in 10® sec™?. 
Cs—Cs Cs —Br dipolar (Av)? 
Orientation dipolar and exchange Sum (free decay) 
H,||[100) 0.11 0.035 0.145 0.17 
H,|\[111] 0.02 0.055 0.075 0.06 








Cs—Br interaction can be determined by an independ- 
ent experimental method, as explained in Sec. II, and 
is listed in the third column. The dipolar interaction 
between the Cs—Cs nuclei which are on a simple cubic 
lattice gives a contribution to the second moment which 
may be calculated with Van Vleck’s formula.* The 
results are compiled in Table II for two orientations of 
H. It is seen that the method is certainly self-consistent 
for H,||[100]. One may conclude that the effect of 
indirect isotropic and anisotropic spin exchange be- 
tween Cs-pairs is small and may be put equal to zero 
within the experimental error. For Ho)|[111], the six 
nearest Cs neighbors do not contribute to the second 
moment, and the assumption that the decay curve has 
the same shape as for CaF: is more questionable. 
Nevertheless the agreement exists within the experi- 
mental error and the approximate procedure is self- 
consistent. 

2. The spin-lattice relaxation 7; may be determined 
by giving a sequence of 90-degree pulses with variable 
time interval /. The initial amplitude of the free induc- 
tion decay is an exponential function of the time /, 
elapsed since the preceding 90-degree pulse. The experi- 
mental results are collected in Table III. The dominant 
relaxation mechanism for Br* and Na® is certainly 
quadrupolar interaction with the lattice vibrations.’ 
For Cs'* a contribution to the relaxation mechanism 
from paramagnetic impurities cannot be excluded. A 
small angular dependence of 7; was found in CsBr, 
but not in NaCl. The relaxation time for Cs in CsBr 
at 77°K was a factor three longer than at room temper- 
ature. More data on the temperature dependence 
simultaneously with those for Br“ would be needed to 
draw further conclusions about the details of the 
relaxation mechanism. Nevertheless, an upper limit for 
the quadrupole moment of Cs’ can be derived from 
the ratio (7,/7T;’), as will be discussed in the final 
section of this paper. 

3. The “transverse” relaxation time can also be 


TABLE ITI. Spin-lattice relaxation times at room temperature. 








Crystal Sample Orientation Nucleus 7: in sec Error in 71 
CsCl powder tee Csi = 1230 +20% 
CsBr  Harshaw crystal 1 unknown C183 700 + 4% 
CsBr Harshaw crystal 2 100 C138 840 
CsBr Harshaw crystal 2 111 Cs §1050 
CsBr Harshaw crystal 2 111 Br& 0.105 +20% 
CsI Harshaw crystal 1 unknown C33 600 
NaCl Harshaw iiiand100 Na*™ 14.5 + 5% 


14 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
16 J. van Kranendonk, Physica 20, 781 (1954). 
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measured as a function of H;(vc,). Redfield has shown 
that the Zeeman energy with respect to H; has to be 
taken into account, when H, is of saturating strength. 
For H,;-, the “‘transverse”’ relaxation time 7», can 
be expected to approach 7), since it becomes essentially 
a longitudinal relaxation in the effective field in the 
rotating coordinate system. The measurement of T2, 
was carried out in the following manner. Transmitter 1 
produced a large field H; exactly at the Cs resonance 
frequency. A transverse magnetization is build up by 
the double resonance method, described above. At 
t=0 the double resonance field H,’ is turned off. After 
a variable time interval ‘=¢ the field H, is turned off 
and the initial amplitude of the subsequent free induc- 
tion decay is measured as a function of ¢. The process 
is repeated for different values of H. 


0 ds 
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Fic. 3. Transverse relaxation time 72, in the presence of a 
radio-frequency field H, as a function of power level, for Cs in 
CsBr with Ho/|[111]. T2.=yc.2H?T;'/42*(Av)*. (In the abscissa 
label, y with a slash through it means y/2z.) 72, will approach 
T, in a roughly Gaussian fashion as H,->0, and T», will approach 
T, for very large H,. There are no experimental points to verify 
these predictions. 


The absolute magnitude of H, is determined by the 
method of rotary saturation. At /=0 the audio-oscillator 
is turned on, producing a field modulation H»,(vm) 
when H’ is turned off. At ‘=¢, both H,, and H, are 
turned off. The initial amplitude of the free induction 
decay is measured as a function of v». It shows a 
pronounced minimum for 2rv,,= yA. 

Figure 3 shows that T>2, is proportional to H,* over 
a considerable range. The values of J», for Ho!|[100] 
are a factor 1.52 longer than those for Ho||[111], 
represented in Fig. 3. For H;-0 one has, of course, 
T2—T2, and for Hy, T2->T;. It was hitherto 
assumed that a rapid transition between these limits 
took place around the value yH,=7;". This would be 
for yH,~1 kc/sec in our case. It is seen that 7», does 
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not abruptly approach 7, above this value. 
intermediate regime will be explained in Sec. II. 

To satisfy the requirements of adiabatic rapid passage, 
the field H, must be of saturating strength and the time 
of passage must be shorter than 7»,. This last condition 
is more stringent than Redfield’s assumption, that the 
time of passage be shorter than 7). 


F. Overhauser Induction 


The buildup of the transverse magnetization by the 
double resonance method is a kind of Overhauser effect 
in the rotating coordinate system, in which H, is 
stationary. Professor Purcell aptly proposed the name 
“Overhauser induction.”’ The magnitude of the trans- 
verse Cs! magnetization is again measured as the 
initial amplitude of the free induction decay, after the 























Fic. 4. Magnitude of the transverse Cs" magnetization as a 
function of the frequency of the double resonance field H,'(»’ 


in CsBr with Ho!|[111]. 


field H, is turned off. It is a function of H,(v) and 
H,'(v’). Some results for CsBr are plotted in Figs. 4 
and 5. Similar results were obtained for a polycrystalline 
CsI sample. ‘ 

The sign reversal of the transverse polarization with 
respect to the direction of H, around v’= vp, cannot be 
determined from the decay photographs. It was estab- 
lished by creating a transverse magnetization of known 
sign by the adiabatic rapid passage technique. Then 
this process was repeated in the presence of a double- 
resonance field H,’. The transverse magnetization was 
enhanced when v’ < vg, and the rapid passage occurred 
from a high field H) downward. Therefore a transverse 
magnetization parallel to the effective field H, is 
established for »v’<vg,. For v’>vp, the magnetization 
is antiparallel. The extrema occur for values of »’ 
given by Eq. (1). This relation was checked by varying 
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is shown. 


the magnitude of H,. It also holds for CsI. The fre- 
quency v of H; was not varied, but always kept equal 
to vcs. The theoretical discussion in Sec. III predicts 
how the effect would depend on ». 

The character of the curves becomes more complex 
and subsidiary maxima appear, when the amplitude of 
H,' is increased. A qualitative explanation for this, in 
terms of multiple quantum transitions induced by the 
double resonance field H,’ will also be given in Sec. III. 
The transverse polarization was calibrated in terms of 
the thermal equilibrium magnetization in the field Ho, 
by simply giving a 90-degree pulse after establishment 
of such equilibrium. This calibration is indicated in 
Fig. 5. 

Ill. THEORETICAL 

Since H,(v) is of saturating strength and cannot be 
treated as a small perturbation, a transformation to a 
coordinate system rotating with frequency » is used. 
In this system H, is stationary. Redfield has already 
carried out this transformation for a solid with two 
magnetic ingredients with dipole and exchange inter- 
action between the spins. His result!® for the effective 
Hamiltonian in the rotating coordinate system is 
K.-=yhH.,- > Lj+y'hH.,’-> 1 

2 


j’ 


F(A lB 4 Bel Tih+ 3 Crd pds 
i’.k 


k>j 


4:3" {Anedy det Deel edad. 


The coefficients are defined by 
Ax= A pth (yhr jx 34+ B,)(3 cos’6;,—1), 
Bye= —3 (hr jn 34+ B,)(3 cos’ ;,—1), 
Cyn=A jt (yy hr x +B,.) (1—3 cos8;x), 


16 See reference 9, Eq. (53). 
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where A and B are exchange and pseudo-dipolar cou- 
pling constants respectively, and where 0;, is the angle 
between the radius vector rj, and the z direction. Non- 
secular terms have already been neglected in this 
Hamiltonian, i.e., those terms which are responsible 
for spin-lattice relaxation. If combined with the lattice 
motion they give rise to a small secular perturbation 
described by the relaxation times 7; and 7,’. The 
effective fields are respectively 


H.,= (Ho—w/y)2+Ai2, 
H.,’= (Ho—w/y’)2+ Mit= (Ho—w/Y’)2. 


The last approximation follows, if y’ is sufficiently 
different from y and w is near the resonance value yH» 
for the unprimed nuclei. Assume that H,, makes an 
angle © with the z axis, at resonance O=90°. Write 
the unprimed spin operators in terms of J,,, 7,, and 
I_,, where J,, is the component parallel to effective 
field H,.,, and the others are raising and lowering 
operators with respect to the tilted coordinate system. 


w 
KRer=yh > 1;..Hi cscO+yh > 15: (4-*) (3a) 
i “if Y 
+ DO (A jel j- Le +B jug jepl kz} (3b) 
k>j 
+4 sin? Do (Bie (L 54 leo +1 jpli—p) (3c) 
i>k 
+4 sin@ cosQ )¥ By] jep( Ts p+] e_,) 
j>k 
tT izp(Tj4o4+1;-p)} (3d) 
~ os Cy {1 je] kes cos 
i,k’ 
+3(i4,+];—,)Ter2 sinO} (3e) 
iE Lill tlietnded, (3f) 


k’>j7’ 

with . 
A jxp=A rt} (3 cos?O—1)(A jx—A ju), 
Byp=}(3 cosr*O—1) By. 


A. Relaxation in the Effective Field 


The terms containing the operators /,, and J_, 
become nonsecular perturbations when y#H, cscO>A, 
B, and C, i.e., when the radio-frequency field is large 
compared to the internal fields. The terms (3c) and 
(3d) will then give rise only to small secular pertur- 
bations when combined with the lattice Hamiltonian, 
which provides a time dependence of r and 6. These 
terms would then give rise to a transverse relaxation, 
parallel to the effective field, of the order of 7. 

At first sight the same argument seems to apply to 
the term (3e). This is, however, not true, if the primed 
spins have a much stronger coupling to the lattice than 
the unprimed variety. The term (3e) may then provide 
a more potent relaxation mechanism and the relaxation 
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time with respect to the effective field will be sub- 
stantially shorter than 7). 

As far as the unprimed spins are concerned, the 
operator /,-.(¢) in (3e) may be considered as a random 
time-dependent quantity with a correlation time equal 
to T,’. The spectral density of this operator is conse- 
quently 


9 (v) = 31’ ('+1)27)' (1 +497 ,")-, (4) 


and the relaxation time of the unprimed spins, deter- 
mined by the reciprocal transition probabilities between 
levels m, and m,+ 1 in the effective field, is consequently 
given by 

T2.1=h- sin?O >> Cj? 


ak’ 


Kal (I +1)T 1 (14+49'*»,.77;")4, (5) 
with 
2rver=yH, cscO. 

A similar argument had been used to explain nuclear 
spin relaxation by paramagnetic impurities.'’ There 
the z component of the electronic spins had a time- 
dependence because of the electron spin-lattice inter- 
action. 

The condition 2rv,,>>(7,')-! must certainly be ful- 
filled, because of the earlier assumption that H; csc 
be larger than the internal fields. Equation (5) therefore 
reduces to 


T2.= YH? csc#OT | (Av*) pv (24)~?, (6) 


where (Av*),, is the contribution of the primed nuclei 
to the second moment of the unprimed resonance. 
Since 7;'<<7T, there exists an interval of H; values in 
which 7,;’<T2,<T,, where Eq. (6) is applicable. The 
experimental proof is given in Fig. 3. 

From the measured values of 7,’ (see Table III) and 
T2., (Av*)p. can be determined for different crystallo- 
graphic orientations. The results were given in the third 
column of Table II. Owing to the body-centered cubic 
structure of the cesium halides, when Ho!|[100], the 
dipolar interactions between cesium and the nearest 
halogens do not contribute to the observed value. The 
classical dipolar interactions of further halogens con- 
tribute only 0.005X10** sec~*, while exchange-type 
interactions with further neighbors are negligible. One 
may therefore conclude that the contribution of the 
exchange interactions between nearest neighbors to 
the second moment is 


sh-*A{ 41’ (I'+1) ]=0.030X 10° sec’, 
or 
kA =55+5 sec". 
From the second moment (Av?),, with Ho||[111], it 
can further be deduced that 
Aol’ (1'+1)h-*(B+yy'h'r)%((1—3 cos’)?)w 
= 0.021 10~* sec~*. 





17 N. Bloembergen, Physica 15, 386 (1949). 
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Thus, 


hk B=1545 sec? or —89+5 secm. 


The rather accurate determination of these interactions 
in the presence of rather large dipolar interactions would 
not have been possible from second-moment measure- 
ments. The interactions between unprimed spins have 
been eliminated in this new technique. 

The total second moment of the Cs resonance was 
evaluated with the approximate technique described 
in Sec. II. It turns out that the exchange interactions 
in Cs—Cs pairs are an order of magnitude smaller than 
those in Cs—Br pairs. An upper limit of 10 sec~ for 
kh Acyc, and kh Bec, can be assumed. 

The question should be raised whether the term (3f) 
which is responsible for simultaneous flip-flops in the 
halogen spin system does not provide a more potent 
time variation of J,-, in (3e) than the halogen spin- 
lattice interaction. For the transitions of the jth 
Cs spin, the interest lies in the time variation of 


Of = Se Cyarly s(t). (7) 


At very low frequencies the spectral density of this 
operator may indeed be determined by the flip-flop 
mechanism rather than Eq. (4). The collective behavior 
of the primed spin system creates a normalized spectral 
density which we may approximate by a Gaussian, 


$ (Viow) = (#(Av))~§ exp(— v*/2(Ay)*). (8) 


The appropriate second moment is determined by the 
diagonal sum method**: 


(Av*)= — Tr[ (3CO’—0’%)*]/Tr[O"}. 


is a truncated Hamiltonian which in this application 
takes the form 


K= DY Apyl,-Iy(+terms commuting with 0’). 
ror 


The first term does not commute with O’ because the 
coefficients C;, decrease rapidly with the distance 
between k’ and j. One thus finds 

(Av*)=$h?I' (I' +1) > Avr? (Cie —Cyr)?/X Cre*. (9) 

k’>l’ id 

Equations (8) and (9) replace Eq. (4) at low frequencies 
where the expression (8) is larger. This will lead to a 
Gaussian dependence of T2, on H;, when yH,; becomes 
comparable with {(Av),.*}!. The chain of processes 
described here is already implicated by Redfield, who 
says that the primed spin system can take up the effec- 
tive energy of the unprimed spins. Eventually, also, 
the interactions between the unprimed spins (3b), 
(3c), and (3d) will make contributions to 7:,~!, which 
tends to T; for H;>0. 

No experimental data have been taken to confirm 
the existence of the Gaussian region, which is indicated 
with the dotted line near the origin in Fig. 3. Simple 
automation of the pulse timing equipment will make 
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such measurements possible. They are of considerable 
interest to elucidate the relaxation behavior in the low- 
field region. Some such experiments have been done by 
an adiabatic demagnetization method.'* These measure- 
ments are restricted to systems with rather long 
relaxation times. The use of rotating effective fields 
has some experimental advantages and will yield more 
precise results, if the relaxation times in low fields are 
rather short. The low rotating effective field is of course 
not suitable for illustration of fundamental questions 
of thermodynamics,'* because the statistical principles 
in the presence of a time-dependent Hamiltonian, 
postulated by Redfield and used in this paper, lack a 
rigorous foundation. 

For very high effective fields the nonsecular terms 
omitted from the Hamiltonians (2) and (3) become 
dominant. If one considers the crystalline lattice as 
isotropic and the temperature high enough, so that 
Raman processes with phonons of very high frequencies 
determine the relaxation processes, these will be es- 
sentially the same in the rotating coordinate system as 
in the fixed system. 72, will therefore approach a 
limiting value of 7 for very high A. 


B. Overhauser Induction 


In the low effective field, higher-order transitions are 
likely to become important. The experimental buildup 
of a transverse magnetization at a frequency given by 
Eq. (1) suggests a process in which a halogen spin and 
a cesium spin flip simultaneously in the rotating 
coordinate system. 

Consider for simplicity the case in which H is 
exactly at resonance. The Cs-spins are then quantized 
along a horizontal field H.,=H, and are characterized 
by a magnetic quantum number m,. The halogen spins 
are quantized in the z direction with quantum number 
m,'. 

When a field H,’ is applied at a frequency v’ in the 
laboratory system, this corresponds to a frequency 
Yer =v'—vc, in the rotating system. The resonant 
frequency of the primed spins in the rotating system 
is va— vcs. A frequency »’ given by Eq. (1) is therefore 
off the halogen resonance exactly by the Cs resonance 
frequency in the effective field. A secular perturbation 
will only result if both m, and m,’ change by unity. 
Second-order perturbation gives, for the matrix element 
between initial and final state, 


Si= (m,+1, m,'+1 BC jue] ja pl era| My, m,'+1) 
X (m,, me’ +1) yl Hy’ |m,, m,’)/yhH,. 


Note that the term (3e) of the quasi-secular Hamil- 
tonian (3) provides exactly the process in which the 
halogen quantization is unchanged, but the cesium 
left-right polarization changes by +1 or —1. The 
energy difference between the intermediate and final 
state is the effective Zeeman energy of the Cs spins 


18 A. Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958). 


(10) 
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yhH,. Because this energy denominator is small, the 
double spin flips can become important. Assume that 
H,’ is of sufficient strength to saturate these second- 
order transitions. This will be the case if 


hy" Ay C 5x°T 2T 2/YHY>|, (11a) 


because T2, corresponds to the relaxation time with 
respect to the effective field. With T2, substituted from 
Eq. (6), the condition (11a) becomes 


y?H,?T2Ty'>1. (11b) 


In other words, if H,’ is of sufficient strength to saturate 
the halogen spins at the halogen resonance, then it will 
saturate the double transitions, if applied at the 
frequency given by v’=»+7H,. Then detailed bal- 
ancing of the double transitions in the saturated steady 
state leads to 


n(m,)n' (m,')=n(m,+1)n’ (m,'+1). 


On the other hand, the halogen relaxation mechanism 
is potent enough to keep these spins in thermal equi- 
librium with the lattice. This is not a contradiction of 
Eq. (11b), because the field H,’ is not at resonance 
with the simple halogen transitions provided that H, 
is not too small. The result is a large transverse Cs 
magnetization described by 


n(m,+i)  n'(m.’) 
—=————-=exp(+-7hH/kT). 
n'(m.'+1) 


(12) 


(13) 


n(m,) 





The transverse rotating magnetization is consequently 
as large as the static magnetization in an external field 
—v7'Ho ‘y. 

If the frequency »v’ is equal to »,—7yH; rather than 
v+yH,, one has transitions from the initial state 
|m,,m.') to a final state |m,—1, m.’+1). The left-hand 
side of Eq. (13) is then inverted and the Cs polarization 
has the opposite sign. 

For small values of H,’, which do not produce com- 
plete saturation, the effect will of course be smaller 
than indicated by Eq. (13). On the other hand, for 
high values of H,’ triple and higher order processes 
will also become important. 

It is, for example, possible that two quanta hy’ are 
absorbed, two halogen spins are flipped Am,.,’= Amy,’ 
= +1, and simultaneously one cesium spin Am,,=+1. 
The resonant frequency for these processes will be 
vy’ =y+37H,/2r. 

Multiple quantum transitions have been reported 
extensively in molecular beam and optical pumping 
experiments,” accompanied by theoretical discus- 
sions.”!,2 It is reasonable that they should also occur 
in solids. A description in terms of a higher order, 


19 Brossel, Cagnac, and Kastler, J. phys. radium 15, 6 (1954). 

2” P. Kusch, Phys. Rev. 101, 627 (1956). 

21 Besset, Horowitz, Messiah, and Winter, J. phys. radium 15, 
251 (1954). : 

2H. Salwen, Phys. Rev. 101, 623 (1956). 
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time-dependent perturbation theory, as given by 
Frenkel,” is adequate for our purposes. The time- 
proportional probability for a double photon absorption 
in a triple spin transition in a system consisting of two 
halogen and one cesium spin in the rotating coordinate 
system is 

|_ SpuSns|? 


w=h-*!> 


| ® Wni—@| 





Here g(v) is a normalized line shape function. The 
matrix element S;, between the final state and the 
intermediate state m is given by an expression of the 
type Eq. (10). The matrix element to the initial state is 


Dui = (m.y" | Ty \mev'+1)y'hHy’, 
and 
a syAi. 


The role of S;, and S,; should also be interchanged, 
whereby the denominator changes its sign. Because of 
this sign reversal the higher order process appears to 
be forbidden. If, however, the dipolar interaction By» 
between the two halogen spins is taken into account, 
this exact cancellation is no longer true. Similarly, 
two consecutive transitions of a single halogen spin 
Am,= +2 would give a vanishing result, unless there 
is a quadrupole interaction, which would make two 
consecutive halogen levels nonequidistant. 

One therefore arrives at a transition probability for 
processes at the frequency w=onatdyHi: 


VHC x? Bey? 
y*h'H {6 


(v). 


Similarly quadruple spin transitions with triple photon 
absorption at the frequency w=wpa+t4yH; have a 
probability proportional to 


YAY jp? Buy? 
99 99) 
y*htH§ 


with g(v)« T». 

Since By-y is not very small compared to yhH,, the 
higher order processes become of the same importance 
as the double transitions when y’H,;’~7yH,. It is indeed 
for about this value of H,’ that the additional structure 
of the Overhauser effect shown in Fig. 5 becomes 
evident. Perturbation theory breaks down, of course, 
exactly when these higher order processes become 
important. Only a qualitative understanding of the 
phenomena for high values of H’ is claimed. It would 
be of interest to vary the parameter H, over a wider 
range to obtain a better insight in these multiple 
transitions. 

It is instructive to reconsider the new kind of Over- 


7. I. Frenkel, Wave Mechanics, Advanced General Theory 
(Oxford University Press, New York, 1934), p. 226 ff. 
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hauser effect discussed above for a simple system of two 
spins, /=1/’=}4, and to compare it with the Overhauser 
effect for a paramagnetic ion with hyperfine structure, 
previously discussed by Abragam.™ His notation will 
be followed. The retained secular part of the Hamil- 
tonian in the rotating coordinate system (H,,<H,,’) is 


Kep=—yh! Heep —Vh| Ae’ |1,/+Cl,,1, cosO 
+4C(1,,1,'+I_,I,') sinO. 


Denote four eigenstates of the system by |+ +), 
+ +), jo), where the first + or — 
denotes a quantization of the unprimed spin parallel 
or antiparallel to H,, and second + or — a quantization 
parallel or antiparallel to H,,’, which coincides with 
the z direction. 

The last term will mix these four states. The first- 
order wave function with their first-order effective 
energies are given by 


a)=p|+ +)—q|— +), 


—-—) 


b)=p|— +)+q\t+ +), 
a’)=p|+ —)+q\-— +), 
|b‘)=p|— —)—g/+ —), 


Ea= — ¥vhH—4y7 hl. +4C cosO, 
E,=+4yhH..—47'hH_.,’ —}4C cosO, 
Eu = —4yhH+4y7 hl.’ —iC cos, 
Ey =+4yhH +47 hl.’ +4C cos, 
pl, P+g=1, g= iW sinO/yAH,,. 
The fast spin-lattice relaxation mechanism of the 
primed spins produces transitions between levels | a) 
and |a’) and |b) and |b’) at a rate of 7,' per second. 
In reality the short 7,’ in our case is due to the large 
quadrupole moment of the primed spins, and the model 
with /’=} is purely artificial in this respect. The same 
relaxation mechanism will, however, also induce transi- 
tions between |a) and |}’), and |) and |a’) at a rate 
reduced by a factor 4g”. This leads again to Eq. (6) for 
the relaxation time 7», in the effective field for the 
unprimed species. 

When the primed spins are saturated at their reso- 
nance, no Overhauser: effect will occur, as has already 
been shown by Abragam. When, however, second-order 
transitions are induced at a rate w between the levels 
|a) and |b’), at a frequency (Ey—E,)k'+y in the 
laboratory system, then the following rate equations 
for the populations of the four levels apply: 


dny /dt= (ng— ny w+ (2T2.)1{ —ny exp(1+A+6) 

+n, exp(1—A—85)} 

+ (2T,'){ — ny» exp(1+A)+m, exp(1—A)}, 
dng /dt=+ (2T2,){ —na exp(1+A—85) 

+n, exp(1—A+5)} 

+ (27)')"{—nw exp(1+4)+n, exp(1—A)}, 
‘a A. Abragam, Phys. Rev. 98, 1729 (1955). 
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dn» /dt=+ (2T2,)1{ —ny exp(1—A+4) 

+n, exp(1+A—5)} 

+ (2T;')“{ —n, exp(1—A)+ny exp(1+A)}, 
dn,/dt= — (na—ny wt (2T2,)"{ —n, exp(1—A—8) 

+ny exp(1+A+6)} 

+ (2T;')"{ —n, exp(1—A)+nq exp(1+A)}, 
with 


A=YhHo/2kT, 5=(E,—Eq)/2kT 3. 


A is a measure of the thermal equilibrium magnetization 
of the primed spins. This magnetization is the same in 
the laboratory system as in the coordinate system 
rotating near the Larmor frequency of the unprimed 
spins. 6 or T.4¢ is a measure of the equilibrium magnet- 
ization of the unprimed spins. It should be calculated 
with Redfield’s theory. 6 is essentially zero when the 
unprimed spins are exactly at resonance. 

A steady-state solution is obtained by putting the 
left-hand sides equal to zero and solving the resulting 
four homogeneous equations. One finds to first order in 
g, A, and 6, 

Nata w(l1—A+4g*)+T72,(14+8) 


mtn, w(l+A+4q)+T72-71(1—8) 


When the double transition is completely saturated, 
w>>(T»,), then the result, Eq. (13), is again obtained. 


IV. COMPARISON OF EXPERIMENTAL RESULTS 
WITH THEORY OF ELECTRONIC STRUCTURE 


The observed chemical shifts and nuclear spin 
exchange interactions should be interpreted in terms of 
the electronic structure of the cesium halides. The 
general theory of these interactions in molecules has 
been given by Ramsey.' The same principles are 
applicable to crystalline lattices. 

Yosida and Moriya‘ have used the model of isolated 
alkali halide molecules with a partially covalent bond 
to interpret the results of chemical shifts and indirect 
nuclear interactions in ionic crystals. The same ap- 
proach was used earlier by Kanda.’ Their work is an 
extension of Saika and Slichter’s** calculation for the 
HF molecule. If Yosida’s model is adopted with a slight 
generalization to allow for some s character of the 
covalent wave function on the halogen ion and also in 
the excited state, the following expression for the 
chemical shifts result : 


(14) 
(15) 


Here uaz is the Bohr magneton, Xz is the total covalent 
character, and z(=8) is the number of nearest neigh- 
bors; |@mp{? and |a,>|? are the relative amounts of 
p-character of the covalent wave function around the 
metal and halogen nuclei, respectively. The primed 


~ 28 A. Saika and C. P. Slichter, J. Chem. Phys. 22, 26 (1954). 


o,= — (8/3 \Azun(r)ap| Gap 2! aap |?(AE)", 


Om= — (8/3)AZuB Xr) mp | Omp|?| mp |?(AE). 
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quantities have similar definitions in the excited z- 
bonding orbital, which is a distance AE above the 
ground state. Assume AE=6.5 ev, which is the width 
of the forbidden energy gap in CsBr derived from 
optical absorption spectra. Semiempirical values for 
(r-*) in the 6p-orbital of atomic cesium and the 4p- 
orbital of atomic Br have been listed by Barnes and 
Smith’ in terms of the inverse cube of the Bohr radius 
ao. Taking |aap|?=|aay'|?=% and (r*),=13.55a0%, 
one obtains agreement with the observed chemical 
shift o,= —2.5X10~, if dz is 23%. 

If one substitutes |@mp|?=|@mp |?= % and (r~*)e, 
=1.29a,; into Eq. (15), one obtains ¢,,= —0.24X10™. 
To get the observed value ¢,,=— 2.0810, one must 
take (r~*)m,=11.4a¢*. It is somewhat surprising that 
the value of (r~*),,, in the crystalline lattice should be 
increased by such a large factor over the free atomic 
orbital. One might express this result by saying that 
there appears to be a considerable configurational 
interaction on the cesium, admixing lower p orbitals. 
The very large quadrupole interaction for the alkali 
nuclei, observed by Honig ef al.”’ in the alkali halide 
molecules, also indicates anomalously large value for 
(7) mp: 

The electron-coupled nuclear spin interactions are 
calculated in this model by assuming a triplet state 
with the same orbital character an amount AE’ above 
the ground state. Since 25% s character of the wave 
function has been assumed on both ions, the exchange 
and pseudo-dipoiar nuclear spin interactions are given 


DY 
A = (1282?/9)dup*y nmi? | bns(0) |?|ms(O) |? 


X |ame|?|ane|2(AE’), (16) 
B=— (324/15)\usyn¥mht? 
X {|n2(0) 127) mp | de |?| Omp|? 
+ | dms(0) (1) np| Gnp|?| Ome |*} (AE’)". (17) 


The contributions to A and B from the p-type hyperfine 
interactions on both ions have been ignored, because 
these are relatively weaker in the assumed s-p mixture.’ 
The following values are assumed |am,|*=|a,,|?=4, 
AE’ =AE=6.5 ev, \=0.03. The value of |¢¢,(0)|?=6.8 
X10" cm-* can be derived from the observed hyperfine 
structure of atomic cesium. The value for |@,,(0)|* for 
bromine is not known. Hartree-type calculations do 
not give reliable values for ¢(0) and the multiplicative 
factor to go from the atomic wave function to ¢(0) in 
the crystalline lattice is also uncertain. One obtains 
the experimental value 4*A=55 cps for |¢,,(0)|? 
=8.5X 1075 cm-, which is reasonable. 

Substituting the above-quoted values on the right- 
hand side of Eq. (17), one finds “B= —8 cps, whereas 
the experimental value is +15 cps or —89 cps. This 


26 R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
27 Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629 
(1954). 
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discrepancy should not be taken too seriously in view 
of the unwarranted simplicity of the molecular model. 
Even the prediction of the sign may be incorrect. 
Another possible starting point is offered by Bloch- 
type wave functions, which have been discussed for 
ionic crystals by Shockley*’ and by Slater and Shockley.” 
A wave function in the valence band is assumed of 
the form 


Vu(r) =D eR" { an stms(L— Rm) +idmptmp(t— Rm)} x 
+E ef Raf ay 4n¢(1— Ry) +ianpttnp(r—Rp)} x. 
h 


Although this function will have a large amount of 
4p character around the bromine ion, there are never- 
theless very sizeable admixtures. It was shown above 
that the electron spends Az= 25% of its time on the 
metal ion. The coefficients am, and dm, are therefore 
of the same order of magnitude as a,, and a,,. The 
functions “(r) satisfy certain boundary conditions on 
Wigner-Seitz spheres around each ion. Wave functions 
with d character, etc., could also be included in WV. 
Wave functions of similar form are used for excited 
states in the conduction band. 

The calculation of the chemical shift with Bloch-type 
functions extending throughout the whole crystal runs 
into the usual difficulty of the divergence of the vector 
potential of the external magnetic field. This problem 
has been solved by one of the authors (P.P.S.) by 
transforming to localized Wannier functions. A related 
gauge transformation was recently used by Pople*® to 
calculate the chemical shift in large molecules. The 
resulting expressions® for the chemical shift are so 
complicated that they will not be reproduced here. 
They give of course the same order of magnitude as 
Eqs. (14) and (15). 

The electron-coupled interactions in terms of the 
Bloch-type functions of an insulating crystal have been 
calculated previously.’ Explicit results can only be 
obtained if drastic simplifications in the integrations 
over the bands are introduced. The model then suffers 
from as much a lack of reality as does the molecular 
model. One would get expressions for A and B which 
are similar to Eqs. (16) and (17), although the numerical 
factors are different. 

The exchange couplings between metal-metal and 
halogen-halogen pairs will not be zero with Bloch-type 
wave functions, but will drop off exponentially for far 
neighbors due to interference of Bloch functions with 
different wave vectors. It may be expected that the 
indirect cesium-cesium interactions are smaller than 
10 sec. Therefore they would contribute negligibly to 
the second moment of the Cs resonance in agreement 
with experimental observation. 








28 W. Shockley, Phys. Rev. 50, 754 (1936). 

* J. C. Slater and W. Shockley, Phys. Rev. 50, 705 (1936). 

% J. Pople, Proc. Roy. Soc. (London) A239, 541 (1957). 

3. P. P. Sorokin, thesis, Harvard University, 1957 (unpublished). 
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It is worthwhile in this connection to point out the 
large difference in the exchange interaction constant in 
CsBr and InSb, 55 sec~! and 1800 sec™', respectively, 
although the hyperfine interactions in the two sub- 
stances are comparable. Whereas in InSb good agree- 
ment may be obtained* even by using a free-electron 
model, the much larger energy gap in the ionic crystal 
causes a substantial reduction of A and B in CsBr. 
The information obtained from these physical quantities 
does not allow conclusions about details of electronic 
structure. Only some global conclusions about the 
average character of the wave functions can be drawn. 
The electron near the top of the valence band spends 
about 25% of its time on the metal ion. The wave 
functions contain large percentages of both s and 
p character on both ions. 

Finally, the observed values for the relaxation times 
T; must be discussed. According to Yosida and Moriya,‘ 
the dominant contribution to the relaxation process 
arises from a modulation of the covalent character by 
the lattice vibrations. They calculate relaxation times 
T, which are about a factor five larger than the experi- 
mental values. A relaxation time 7,~10~' sec as 
observed for Br* in CsBr is entirely reasonable. 

Another possible quadrupolar relaxation mechanism 
is caused by the vibrating ionic charges,’®*” although 
Yosida and Moriya estimate this to be of lesser im- 
portance. The electric field gradient at the nucleus is 
enhanced by a factor (1+-y) by ion core deformation. 
Sternheimer and Foley® have calculated that y= —143 
for the Cs* ion. No numerical calculation is available 
for the Br~ ion, but it may be estimated that y for 
Br~ is 1.5-2.0 times larger than for the isoelectronic 
Rb* ion, which has yrn»=—71. There is order-of- 
magnitude agreement between our experimental results 
and the formulas of Das and co-workers.” 


® Das, Roy, and Roy, Phys. Rev. 104, 1568 (1956). 
% R. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 (1956). 
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More can be said about the ratio of 7,’ and 7;. If 
both quantities are attributed entirely to quadrupole 
interactions, it follows that the model of modulation 
of the covalent bond gives 


T (r)rp| Grp | "Oar \? 
—= ( ' — “- “) f(D). 
Ty’ (r * mp | mp *0cs 


(18) 


The model of modulation of the interionic distances 
with antishielding factors gives 


T; (1+7')*Opr\? 
— -(- =) fs). (19) 
Ty’ (1+¥)*Qes 

The function f of the halogen and cesium spin values 
depends on the detailed transition probabilities between 
the various m; and my, levels. It depends on whether 
T, is determined under steady-state conditions or in a 
transient regime, whether only the central component 
m;=}—+ —4 or all halogen transitions participate. 
With f=1, 7,/=0.105 sec, T;=1050 sec, Qpr=0.33 
<10-* cm? and previously mentioned values of (r~*) 
and |a,?|, one finds from Eq. (18), |Qcs| =0.004X 10-™ 
cm?. Equation (19) gives, within the uncertainty of the 
value y’, the same value for |Qcs|. Thus, 0.004 10-4 
cm® should be regarded as an upper limit for |Qcs!, 
since it is possible that relaxation via paramagnetic 
impurities contributes to T;'. A systematic study of 
the temperature variation of 7; and 7,’ would be neces- 
sary to decide how important the paramagnetic relax- 
ation is. The upper limit of |Qcs|, which is established 
regardless of the details of the quadrupolar relaxation 
mechanism, is consistent with the determination™ of 
Qcs from the hyperfine structure in an excited state of 
the Cs atom, Qc.= (—0.003+0.002) X 10-4 cm’. 


*K. Althoff, Z. Physik 141, 33 (1955). 
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New data on the spectral dependence of the photoelectric yield from AgBr corroborate the threshold 
energy near 6 ev found in early work by Fleischmann. At higher energies, the yield rises in a reasonable 
way to plateau values above 10™? electron/incident photon. The emission is accordingly interpreted as 
originating in the valence band. Since the electron affinity of the crystal is then 3.5 ev and the band gap a 
comparable 2.5 ev, AgBr is an interesting type of photoemitter in which scattering of excited electrons by 
valence-band electrons (as in avalanche processes) is incipient near the threshold energy. AgBr is compared 
to extreme examples of strong and weak valence-band scattering. 


1. INTRODUCTION 


N an early investigation of several nonmetallic photo- 
emitters, Fleischmann! studied films of AgBr ob- 
tained by exposing silver surfaces to bromine vapor. At 
photon energies slightly less than 6 ev, photocurrents 
rose sharply with increasing hv. They reached values a 
little over 10~* electron/incident photon at hy=6.7 ev, 
the limit of the measurements; at that point the yields 
were still rising rapidly. These results are of considerable 
interest. At the present stage in the understanding of 
photoemission, the electronic energy structure of AgBr 
is particularly intriguing. Further, there is a direct 
bearing on the theory of the photographic process.’ In 
both cases, one wishes to know the position of the val- 
ence-band edge in AgBr relative to the vacuum level. 
This is equal, of course, to the threshold photon energy 
for photoemission from the pure salt, unless there are 
complications such as serious valence-band distortion 
near the surface. 

To obtain more information about AgBr, we have 
investigated the material over an extended spectral 
range. The results corroborate Fleischmann’s value for 
the threshold photon energy. In addition, the external 
photoelectric yields at higher photon energies rise well 
above 10~* electron per incident photon before leveling 
off. The general character of this initial rise and the 
subsequent leveling off is similar to that for valence- 
band photoemission from alkali halides.’ It is consistent 
with the general form expected for photoelectric emis- 
sion from the valence band of a crystal like AgBr. We 
believe, then, that Fleischmann was measuring an emis- 
sion of this intrinsic type rather than photoelectrons 
from extrinsic sources such as electrons in defects or 
impurities. Thus, we conclude that the valence band of 
AgBr lies about 6 ev below the vacuum energy. Since 


+ Presented in part at the meeting of the American Physical 
Society, Boulder, September, 1957 [| Taft, Philipp, and Apker, 
Bull. Am. Phys. Soc. Ser. II, 2, 313 (1957) ]. 

1 R. Fleischmann, Ann. Physik 5, 73 (1930). 

2 J. W. Mitchell, J. Phot. Sci. 5, 49 (1957); Reports on Progress 
in Physics (The Physical Society, London, 1957), Vol. 20, p. 435, 
and cited references. We wish to thank Dr. Mitchell for discussions 
of this subject. 

3H. R. Philipp and E. A. Taft, J. Phys. Chem. Solids 1, 159 
(1956); E. A. Taft and H. R. Philipp, ibid. 3, 1 (1957). 


the electron affinity of the crystal is then comparable 
with the band gap, AgBr as a photoemitter is an inter- 
esting intermediate case between alkali halides (or 
Cs;Sb) and semiconductors like Ge and Si. 


2. EXPERIMENTAL DETAILS 


The procedure in this work was similar to that used 
in previous photoelectric experiments on compounds in 
this laboratory.*~> The AgBr was measured in several 
different forms. Specially purified thin crystalline sheets 
were kindly supplied by J. W. Mitchell and P. V. McD. 
Clark of the University of Bristol. These were mounted 
in contact with a platinum base. In other tubes, a thin 
layer of reagent grade AgBr was melted on to a platinum 
substrate. Efforts to evaporate the AgBr in the evacu- 
ated phototube were not very successful. Although the 
general character of the results was similar to those for 
bulk samples, the thresholds were frequently more than 
1 ev higher and were not reproducible. In two tubes 
with the thin bulk samples, a Pt filament to evaporate 
AgBr was included (in a shielded region) to investigate 
the behavior of the sample surface when decomposition 
products were released by the evaporating salt. 

For work in the vacuum ultraviolet, windows of LiF, 
1 mm thick, were used. These were sealed to the Pyrex- 
glass phototube body with sealing wax. This technique 
is admittedly questionable vacuum practice, but result- 
ing effects are troublesome primarily in the threshold 
region. Here it is a simple matter to assess the difficulties 
by comparison with tubes having thin bubble windows 
of fused silica, which are transparent beyond hy=7 ev 
and which may be baked out during evacuation. For 
the alkali halides, effects of contamination from wax 
seals are surprisingly small and are, in fact, hard to 
detect.* For AgBr, the photoelectric threshold energies 
varied by several tenths of 1 ev, but the results were 
otherwise reproducible. (There were no erratic, large 
shifts in threshold such as occurred with evaporated 
samples.) Thus, although we did not obtain a unique or 
highly accurate threshold value, the results seem to be 
intrinsic to AgBr. 

* Apker, Taft, and Dickey, Phys. Rev. 84, 508 (1951) (BaO). 


5 E. Taft and L. Apker, J. Opt. Soc. Am. 43, 81 (1953) (Rb2Te); 
Apker, Taft, and Dickey, ibid. 43, 78 (1953) (CssSb). 
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Fleischmann! has shown that the irradiation of AgBr 
during the measurement has no significant effect on 
results of this kind. 

To obtain a rough idea of the effect of optical reflec- 
tivity on the photoelectric yield, approximate measure- 
ments were made in the range Av<6.7 ev by sealing a 
thin plate of AgBr in vacuum behind a tilted quartz 
window (the assembly was baked at 150°C during 
evacuation). Corrections were made for reflection losses 
at the quartz surfaces. The procedure was that previ- 
ously used for alkali halides.’ 


3. RESULTS 


Figure 1 shows the approximate optical reflectivity 
of AgBr in the range Av <6.7 ev. The structure in the 
curve is generally consistent with the extensive investi- 
gation of structure in the optical absorption as carried 
out by Okamoto at Géttingen.* The point of interest 
here is that the magnitude of the reflectivity does not 
exceed about 30%, especially in the range near 6 ev 
(where the external photoemission sets in). It was not 
feasible to carry these measurements to higher photon 
energies with our equipment, although data in this 
range would naturally be of interest. If the reflectivity 
continues the general behavior exhibited in the range 
measured here, however, it will have no important in- 
fluence on the photoelectric yield. 

Figure 2 shows the photoelectric yield in electrons 
incident photon for two typical samples of AgBr. The 
lower curve in the threshold region is in excellent agree- 
ment with the early data of Fleischmann. Ten samples 
were measured and all gave results of this same form. 
The extreme variations in the threshold region were 
such that yields of 10~ electron/incident photon 
occurred at hy values from 5.8 to 6.3 ev; results for 
most samples grouped near Fleischmann’s data. Higher 
threshold values were correlated generally with lower 
yields in the plateau region above 8 ev. When AgBr 
was evaporated from a source in a shielded part of a 
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Fic. 1. Spectral dependence of the reflectance of AgBr. 


®Y. Okamoto, Nachr. Akad. Wiss. Géttingen, Math.-physik. 
Kl. Ila. Math.-physik.-chem. Abt., No. 14 (1956); see also S. 
Tutihasi, Phys. Rev. 105, 882 (1957); for an earlier review and 
discussion of energy structure, see F. Seitz, Revs. Modern Phys. 
23, 328 (1951). 
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Fic. 2. Spectral distribution of the photoelectric yield 
from two typical samples of AgBr. 


sealed-off tube, the threshold energy increased in a 
typical case from 6 ev to 6.3 ev. In the course of a day, 
it returned to within 0.1 ev of its original value. We 
suppose that this shift was due to released bromine or 
other vapor that reached the Agbr surface. The effect 
was smaller than we expected it to be. 

Data for mixed crystals containing 1% and 5% of 
AgI in AgBr were not significantly different from the 
results for pure crystals. This, of course, indicates only 
that effects due to dissolved AgI were smaller than the 
variations obtained here for pure AgBr. In this connec- 
tion we note that Fleischmann’s! data on AglI indicate 
a threshold only slightly lower (0.1 ev) than for AgBr. 


4. CONCLUDING REMARKS 


The salient point of this work is that the spectral 
distributions for the photoelectric yield from AgBr, as 
given here, corroborate the threshold, value near 6 ev 
found by Fleischmann. The yield rises in a reasonable 
way (as compared, for instance, with alkali halide data) 
to values above 10~* electron/incident photon. Accord- 
ingly, we believe that these threshold yields are intrinsic 
to AgBr.’ Thus, we locate the valence band about 6 ev 
below the vacuum level. 

We avoid a more precise interpretation, since this 
would require a quantitative theory for the form of the 
yield (which, of course, would require more information 
about the valence-band structure of AgBr). The varia- 

7 This remark may not apply to two or three noncritical points 
at extremely low yields on some of Fleischmann’s curves. 
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tion in the experimental thresholds, while not very 
serious for the purpose of this paper, shows that the 
surfaces obtained here were not as reproducible as ob- 
tained for alkali halides in previous work. It seems to 
us that Fleischmann’s approach, using the reaction of 
bulk Ag with Br vapor, might be better in this respect 
(the tubes used here were unfortunately not suited for 
use with Br), and that this point might well deserve 
further investigation. 

In locating the valence band 6 ev below the vacuum, 
we have assumed that the band structure is not dis- 
torted in the vicinity of the surface (by electrostatic 
fields arising in surface states, for example). Under this 
assumption, variations in threshold energy must be 
ascribed to variations in the height of the surface bar- 
rier, such as would be produced by a variable surface 
dipole layer.® 

The optical absorption® and the photoconductivity’ 
of AgBr indicate that the gap between the valence and 
conduction bands is close to 2.5 ev. Combining this 
with a value 6 ev for the photoelectric threshold, we 
estimate 3.5 ev for the electron affinity of AgBr. Thus 
the electron affinity is comparable with the band gap. 
From a photoelectric viewpoint, this situation is an 
interesting intermediate case between the alkali halides 
on one hand and semiconductors like Ge and Si on the 
other. In Ge and Si, the band gap is well known and 
comparatively small, about 1 ev; the electron affinity 
is about 4 ev.’ In order to escape, an excited photo- 
electron must have an energy well above the threshold 
for scattering by valence-band electrons as deduced 
from avalanche breakdown and related phenomena." 
The depth from which excited electrons may escape is 
thus limited and the photoelectric yield is smaller than 
10~ electron/incident photon. 

In contrast, the alkali halides have electron affinities 
that are small, of order 1 ev. The first fundamental 


8 A conceivable alternative involves distortion of the band edges 
upward (more p type) or downward (more m type) at the surface. 
In the latter case a “tail” might appear on the spectral distribution 
of the photoelectric yield in the threshold region. Its magnitude 
would be determined in a complicated way by the depth from 
which photoelectrons escape and by the form of the band distor- 
tion. For the former case, involving a p-type surface, effects on 
the spectral distribution would be more subtle and might be diffi- 
cult to detect. We feel that discussion of these complications are 
best deferred until energy distributions of the photoelectrons are 
studied in greater detail. Effects of this general type are usually 
not reproducible, of course, among different samples. For an 
earlier remark by J. Bardeen on this subject, see Apker, Taft, and 
Dickey, Phys. Rev. 74, 1462 (1948), reference 28. 

® For a review covering band gap measurements see H. Brooks, 
Advances in Electronics and Electron Physics (Academic Press, 
Inc., New York, 1955), Vol. 7, p. 85; see also J. A. Dillon and 
H. E. Farnsworth, Phys. Rev. 99, 1643 (1955); F. A. Allen and 
A. B. Fowler, J. Phys. Chem. Solids 3, 107 (1957); Apker, Taft, 
and Dickey, Phys. Rev. 74, 1462 (1948). 

1 A. G. Chynoweth and K. G. McKay, Phys. Rev. 108, 29 
(1957), and cited references to earlier work; P. A. Wolff, Phys. 
Rev. 95, 1415 (1954); Jan Tauc, Revs. Modern Phys. 29, 308 
(1957), part 1.3 and cited references. Interesting information may 
also be deduced from the external electron emission associated 
with avalanche breakdown; see J. A. Burton, Phys. Rev. 108, 
1342 (1957); Jan Tauc, Nature 161, 38 (1958). 
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optical absorption band" lies at about 5.6 ev for the 
iodides and the band gap is higher in energy.” For photon 
energies within a few electron volts of the intrinsic 
photoelectric threshold, excited electrons thus interact 
only with the crystal lattice. The depths of escape are 
presumably large,” and the photoelectric yield exceeds 
10~ electron/incident photon. A well-known, less ex- 
treme example of a similar kind involves compounds 
like Cs;Sb" discovered many years ago by Gérlich.'® In 
this case, the transition from lattice scattering to 
electron-electron scattering, at a critical photon 
energy, drastically changes the photoelectron energy 
distributions.!® ; 

Thus it is interesting that for AgBr, in which the 
energy structure is intermediate between the extremes 
mentioned above, the photoelectric yield is also inter- 
mediate in magnitude. Surfaces with higher threshold 
energies appear to have lower yields, a phenomenon 
consistent with the variable dipole layer mentioned 
above as a possible cause for threshold variation. It 
would not be surprising to find that the variation of 
yield with electron affinity is especially pronounced for 
a material in which avalanche is just possible at the 
photoelectric threshold. It is conceivable that a decrease 
in yield such as occurs above hy~8 ev in Fig. 2 could 
arise in this way. It would be premature to do more 
than suggest these possibilities, however, until detailed 
studies of energy distributions are made with this point 
in mind.* 


See W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957), 
and earlier references cited there; for theoretical discussions see 
A. W. Overhauser, Phys. Rev. 101, 1702 (1956), and D. L. Dexter, 
ibid. 108, 707 (1957). Photoelectrically, BaO is closely related to 
alkali halides in that the electron affinity is smal] and the band 
gap is relatively large; see references of footnote 3; see also E. A. 
Taft and L. Apker, Bull. Am. Phys. Soc. Ser. II, 3, 46 (1957). For 
earlier discussion of the small electron affinity in BaO, see E. B. 
Hensley, J. Appl. Phys. 23, 1122 (1952). 

2 See references of footnotes 3 and 11; K. Teegarden, Phys. 
Rev. 108, 660 (1957) has recently found new structure at higher 
photon energies in KI. 

48 We have not found any direct measurements of these depths 
for alkali halides. Careful work has been done for Cs;Sb (reference 
14). Recently, some very elegant experiments have been done on 
alkali metals; H. Mayer and H. Thomas, in Ergebnisse der Hoch- 
vakuumtechnik, edited by M. Anwarter (Wissenschaftliche Verlag, 
Stuttgart, 1957); H. Mayer and H. Thomas, Z. Physik 147, 419 
(1957); H. Thomas, Z. Physik 147, 345 (1957); S. Methfessel, Z. 
Physik 147, 442 (1957). 

4 N. D. Morgulis, Compt. rend. acad. sci. U.R.S.S. 52, 675 
(1946); J. A. Burton, Phys. Rev. 73, 531(A) (1947) (for the data 
of this paper see V. K. Zworykin and E. G. Ramberg, Photoelec- 
tricity and Its A pplication (John Wiley and Sons, Inc., New York, 
1949), p. 58; W. E. Spicer, Bull. Am Phys. Soc. Ser. II, 1, 285 
(1956); 2, 343 (1957). 

16 P. Gorlich, Z. Physik 101, 335 (1936). 

16 See Hisao Miyazawa, J. Phys. Soc. Japan 8, 169 (1953), and 
the references of footnote 5. The data in these papers are in good 
agreement ; the first reference gives a different interpretation from 
that used here. 

* Note added in proof.—F¥. C. Brown [Phys. Rev. 97, 355 (1955) ] 
has found for AgCl that the average energy for electron-hole pair 
production by beta radiation is 7.5 ev. This value lies in the range 
of interest here. L. P. Smith [Semiconducting Materials, H. K. 
Henisch, editor (Academic Press, Inc., New York, 1951) ] estimates 
the electron affinity of AgCl to be 3.4 ev. We wish to thank 
F. C. Brown for discussions of these points. 
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Antiferromagnetism of CuF,-2H,O and MnF; 


R. M. Bozortu Anp J. W. NIELSEN 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received January 20, 1958) 


The molar susceptibility, xm, of CuF:-2H,O has been measured from T=1.3 to 260°K. It is antiferro- 
magnetic with a Néel point of @y=26°K. Above T=@y the Curie-Weiss law, xm=Cn/(T—6,), is obeyed 
with 0,=—37°K and pers=1.9. Data for MnF; also show antiferromagnetism with 06y=47°, and with 


Cn = 3.10, 0,=8°, and perr=5.0 above the Néel point. 


HE compound CuF;-2H,O was prepared by add- 

ing reagent grade copper carbonate to an excess 

of 40% hydrofluoric acid.'! This solution was kept in a 

polyethylene beaker and allowed to evaporate slowly 

at 71.5°C until a large number of crystals had formed. 

An x-ray diffraction photograph of freshly crushed 

crystals agreed with that reported by Wheeler and 
Haendler’ for CuF;-2H,0. 

Measurements were made with the pendulum 
magnetometer previously described. The sample of 
CuF,-2H,0 was a coarse powder of about 1 g prepared 
from an agglomerate of freshly grown crystals. It was 
mounted in the apparatus in a gelatine capsule and 
placed next to the carbon resistor used for measurement 
of temperature. 

The specimen of anhydrous MnF;‘ was purchased 
from the Allied Chemical and Dye Corporation. The 
first measurements were made with the specimen en- 
closed in a gelatine capsule, and no antiferromagnetism 
was detected. It was pointed out to us by W. C. 
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1 Kurtenacker, Finger, an dHey, Z. anorg. allgem. Chem. 211, 
83 (1933). 

2C. M. Wheeler and H. M. Haendler, J. Am. Chem. Soc. 76, 
263 (1954). 

3 Bozorth, Williams, and Walsh, Phys. Rev. 103, 572 (1956); 
R. M. Bozorth and D. E. Walsh, J. Phys. Chem. Solids (to be 
published). 

4The material was identified by Dr. S. Geller by x-ray 
diffraction. 
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Koehler and E. O. Wollan of Oak Ridge National 
Laboratory that their neutron diffraction measure- 
ments® showed antiferromagnetism in this material with 
a Néel point near 45°K, and that our specimen may 
have hydrolyzed in contact with moisture. A fresh 
specimen was then carefully transferred to glass in a 
dry atmosphere and sealed. Antiferromagnetism was 
then found, as described below. 

The field strength normally used was 10 800 oe, but 
higher and lower fields were used to test the proportion- 
ality between the field and magnetization. 

Results for CuF,-2H,O are given in Fig. 1. The 
material becomes antiferromagnetic at 6y=26°K. The 
Curie-Weiss law, xm=Cn/(T—6,), is obeyed above the 
Néel point, with the Curie constant per mole of C,,= 0.46 
and paramagnetic Curie temperature of @,=—37°K. 
The effective Bohr magneton number is pers= 1.9, in 
good agreement with results for other Cu** salts.* The 
Néel point is higher than for the other hydrated halides 
of iron-group elements (2 to 4°K) but lower than for 
most of these compounds in the anhydrous form (25 to 
80°K, but 2° for MnCl,).? The ratio 6y/@, is —0.7, not 
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Fic. 2. Molar susceptibility of MnFs, and its reciprocal, 
as dependent on temperature. 


5 Wollan, Child, Koehler, and Wilkinson (to be published). 

® American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), pp. 5-241. 

7 Reference 6, pp. 5-226. 
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greatly different from this ratio for most of the other 
iron-group halogenides. 

Data for MnF; are shown in Fig. 2. The Néel point 
is 47°K with a possible error estimated at 2°. Above 
50°K the Curie-Weiss law of the form xm=3.10/(T—8) 
is obeyed, in fair agreement with the results of Klemm 
and Krose* for temperatures above 90°K. The increase 
in Xm With decreasing temperatures below 20°K in- 
dicates that a small part of the MnF; may have de- 
composed, with the decomposition products obeying the 
Curie law to low temperatures. Measurement of the 
material not protected from contact with moisture 
showed that it followed the law xm=2.97/T to tempera- 
tures below 4°K, with a small irregularity, within the 
experimental error, near 50°K. The results on both of 
the specimens can be explained by the presence of the 
order of 90% decomposition in the first specimen and 
10% decomposition in the second. 

The value of pers for MnF; is 5.0, to be compared 





sw. Klemm and E. Krose, Z. anorg. allgem. Chem. 253, 226 
(1947). 
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with the value of 4.9 observed near room temperature 
by Hepworth, Jack, and Nyholm.® 

It is surprising to find 6y so much greater than @, in 
absolute magnitude, in this compound. 
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Note added in proof.—Examination of a single crystal 
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structure determined by Geller and Bond (to be 
published). 





® Hepworth, Jack, and Nyholm, Nature 179, 211 (1957). 
10 R. G. Shulman and V. Jaccarino, Phys. Rev. 109, 1084 (1958). 
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Oscillatory Galvanomagnetic Effects in n-Type Indium Arsenide* 


H. P. R. FREpDERIKSE AND W. R. HOSLER 
National Bureau of Standards, Washington, D. C. 
(Received January 30, 1958) 


The Hall coefficient and the resistivity of n-type InAs, measured as a function of magnetic field strength 
at low temperatures, reveal de Haas-van Aiphen type oscillations. The period is in good agreement with 
theoretical predictions. An electron effective mass of the order of 0.02 mp is calculated from the field and 





temperature dependence of the amplitude. 


INTRODUCTION 


UANTIZATION of the orbital motion of electrons 
in a magnetic field gives rise to a quasi-periodic 
variation of the density of states as a function of 
energy.! Consequently the magnetic susceptibility and 
also the transport phenomena will show an oscillatory 
behavior as a function of the magnetic field strength. 
Such oscillations were first discovered in bismuth?* and 
later in several other metals.*:® 
A recent study of the magnetoresistance of InSb ® 
has shown that this oscillatory behavior can also be 


* Research supported by the Office of Naval Research. 

1L. Landau, Z. Physik 64, 629 (1930). 

2 W. J. de Haas and P. M. van Alphen, Commun. Kamerlingh 
Onnes Lab. Univ. Leiden 212a (1930) (susceptibility). 

3J. Babiskin, Phys. Rev. 107, 981 (1957) (galvanomagnetic 
effects; this paper contains a rather complete reference list). 

4D. Shoenberg, in Progress in Low Temperature Physics, edited 
by C. J. Gorter (Interscience Publishers, Inc., New York, 1957), 
Vol. 2 (review of oscillatory susceptibility). 

5 See, e.g., N. M. Nachimovich, J. Phys. U.S.S.R. 6, 111 (1942) 
(magnetoresistivity of Zn). 

6H. P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1136 
(1957). 


observed in degenerate semiconductors. An additional 
interesting feature in the case of InSb is the fact that 
the conduction band is isotropic as opposed to the 
energy bands of all metals studied so far. 

We have investigated the possibilities of observing 
the de Haas-van Alphen oscillations in other semi- 
conductors. The conditions for observation of quanti- 
zation effects in the transport phenomena are: 


wr>1, (1a) 
hw>kT, (1b) 
fo>kT, (1c) 


where w=eH/m*c=cyclotron frequency, 7=collision 
time, and {9= Fermi energy in the absence of a magnetic 
field. In germanium it is difficult to fulfill all three 
conditions. A high mobility [condition (1a) ] requires 
a rather pure material; in that case, however, the 
electrons will condense in the impurity levels at low 
temperatures. It is perhaps possible to obtain ger- 
manium which is still degenerate at hydrogen tempera- 








OSCILLATORY 


ture and has at the same time a sufficiently high 
mobility ; for an effective mass of 0.1 mo, magnetic fields 
of more than 20 kilogauss are then required to satisfy 
condition (1b). 

Even higher fields would be needed in the case of 
silicon because of the higher effective mass. 

Another class of semiconductors which could be 
explored is the lead series (PbS, PbSe, PbTe). These 
materials have very large mobilities at low tempera- 
tures’ and remain degenerate down to the temperature 
range of liquid helium. Assuming an average effective 
mass of* 0.3 mo and an impurity concentration of 
5X 10'®/cc, one should observe the first oscillation at 
about 50 kilogauss. The damping of the subsequent 
oscillations towards lower magnetic field strength 
would be very large. Such measurements could yield 
important information concerning the band structure 
of the lead compounds. 

In the group of III-V compounds several members 
beside InSb should be considered. The effective mass 
of electrons in GaAs is apparently rather small and the 
mobility reasonably high.’ If one can obtain sufficiently 
pure material, it is possible that oscillatory behavior 
could be observed. 


TABLE I. Sample characteristics. 


R o “ 
NOL-5 em? /coul ohm cm™ cm? / v-sec 
77°K 311 114 35 500 
1.7°K 290-310 68.5 21 300" 
®* The mobility (Re) is calculated on the basis of the Hall coefficient at 
77°K. 


An obvious material to investigate is of course indium 
arsenide, because of its similarity to InSb. We have 
chosen, therefore, to study this semiconductor and we 
report on the results in the present paper."® 


EXPERIMENTAL 


The samples of indium arsenide used in this investi- 
gation were obtained through the courtesy of Mr. J. R. 
Dickson of the Naval Ordnance Laboratory (NOL). 
One specimen (NOL-5) was cut from a crystal prepared 
in the NOL laboratories, the other came from a boule 
grown at the Battelle Memorial Institute. The purity 
and properties of these two polycrystalline samples 
were nearly identical; hence we will discuss only the 
results obtained on specimen NOL-5. 

For details concerning the measuring techniques we 


7R. S. Allgaier, Bull. Am. Phys. Soc. Ser. IT, 2, 141 (1957). 

8 T. S. Moss, Proc. Inst. Radio Engrs. 43, 1860 (1955). 

9 L. Pincherle and J. M. Radcliffe, in Advances in Physics (Phil. 
Mag. Suppl.), edited by N. F. Mott (Taylor and Francis, Ltd., 
London, 1956), Vol. 5, p. 271. 

0 Just before submitting this article for publication the authors 
received a preprint of a manuscript by R. J. Sladek describing 
similar measurements concerning magnetoresistance oscillations 
in indium arsenide. 
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refer to a recent paper on InSb.* The Hall coefficient 
and the resistance were measured as a function of 
magnetic field strength in fields up to 22 kilogauss." 
Measurements of the Hall coefficient were made at 
77°K and 1.7°K, while the magnetoresistance was 
determined at these two temperatures and also at 4.2 
and 3.05°K. Results are shown in Figs. 1-4. Some 
characteristic values are given in Table I. 


DISCUSSION 


Recent theoretical and experimental investigations 
of InAs *-" indicate that the effective mass of con- 
duction electrons at the bottom of the band is of the 
order of 0.02 or 0.03 mo. Hence, if ¢=¢(H) is the Fermi 
energy in the presence of the magnetic field, the value 
of ¢/kT at 77°K for a sample containing 2X 10" carriers 
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4 Thanks are due the Cryogenics Physics Section of the National 
Bureau of Standards for making an A. D. Little magnet available 
for this work. 

2 W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 

18 R, J. Sladek, Phys. Rev. 105, 460 (1957). 

4 F, Stern, Bull. Am. Phys. Soc. Ser. II, 2, 347 (1957). 
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Fic. 3. Magnetoresistance at 1.7°K ; —-——— transverse, 
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per cc is about 1 or 2, and such a sample is nearly 
completely degenerate at this temperature. The ex- 
pected field dependence of the Hall coefficient R'® is 
then in agreement with the results shown in Fig. 1: 
the saturation value at high fields is 1/mec and Ry» is 
somewhat higher, depending on the relative contri- 
bution of lattice and impurity scattering. 

The magnetoresistance at 77°K, Fig. 2, shows a 
behavior very similar to that of InSb.* At very low 
fields the transverse effect approaches a quadratic 
dependence on H; in the region of higher field strength 
a linear dependence is observed, while at very high 
fields Ap/po again tends to be proportional to H*®. The 
longitudinal effect is very much smaller, in agreement 
with the commonly accepted idea of an isotropic con- 
duction band. The somewhat sinuous behavior above 
10 kilogauss may very well be attributed to quantiza- 
tion effects; Eq. (1b) will be satisfied when H reaches 
values of 10 to 15 kilogauss. The highest maximum 





























coincides closely with that observed at helium 
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Fic. 4. Temperature dependence of the magnetoresistance ; 
4.2°K, 3.05°K. 


18 AH. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), p. 239. 
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Measurements at 4.2°K and below show clearly the 
oscillatory field dependence of both Hall coefficient and 
resistance (Figs. 1, 3, and 4). As discussed in reference 
6, the minima of the magnetoresistance will occur when 
¢=(n+4)hw or fo=ahw where a has the values 1.33, 
2.36, 3.38, 4.40, etc. Knowing the number of carriers, 
we can then compare the values of afo/8* (where 6* is 
the double effective Bohr magneton, e/m*c) with the 
experimentally observed period (1/H),,n4: (see Table 
II). The agreement is very satisfactory. 

The oscillations in the Hall coefficient are also clearly 
distinguishable (Fig. 1). A comparison with Figs. 3 and 
4 indicates a zero phase difference between the Hall 
effect and the magnetoresistance. 

So far we have been concerned only with the period 
of the oscillations. In order to discuss the amplitude, 
we need the complete expression for the magneto- 
resistance. Zilberman'® has recently derived such a 
formula pertaining to semimetals at low temperatures, 
when scattering is due to impurities. For one energy 
band his expression has the form: 


of) -o(2) 


2r?°kT 2xt 
xexp(- ) oos(——") + | (2a) 
hw hw 4 


This result holds under the following assumptions: 
exp(27’kT/hw)>1, 
kT < ho<fo. 





(2b) 
(2c) 


The author introduces the impurity scattering of the 
electrons by means of a perturbation on the periodic 
potential of the lattice; he assumes that this pertur- 
bation can be represented by a 6 function. 

Lifshitz’? has used a more sophisticated approach 
involving the density matrix. He simplifies the treat- 
ment considerably by assuming that the scattering 


TABLE II. Period of oscillation. 
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1 1 1 -) st ( -) 
— Pa — {ae e- {a 
n An ( =)... Hn ( AJ anor fo Af ane 





(10-* gauss“) (10-5 gauss~) (1075 gauss) 
long. trans. calc. 

1 5.00 4.83 5.65 
4.25 4.2 4.51 

2 9.26 9.02 10.16 
4.15 4.2 4.41 

3 13.42 13.25 14.57 
4.3 4.6 4.39 

4 17.70 17.87 18.96 
4.5 4.3 4.32 

5 22.20 22.20 23.28 





16 G. E. Zilberman, J. Exptl. Theoret. Phys. U.S.S.R. 29, 762 
(1955) [translation : Soviet Phys. JETP 2, 650 (1956) }. 

177. M. Lifshitz, J. Exptl. Theoret. Phys. U.S.S.R. 30, 814 
(1956) [translation: Soviet Phys. JETP 3, 774 (1956)]. 








OSCILLATORY GALVANOMAGNETIC 


TaBLe III. Values for effective mass, ‘Dingle temperature,” 
and mobility. 





transv. long. 
m*/m 0.018 0.017 0.030,* 0.020, 0.024° 
Tay’ (°K) 15.2 16.8 


u(cm*/y-sec) 1.57K10* = 1.5* 108 2.13 104 4 


® Reference 12.» Reference 13. ¢ Reference 14. 4 See Table I. 


mechanism can be described by a classical collision time 
independent of the magnetic field. His result indicates 
a different power (3) of (/w/f) in the coefficient of the 
oscillatory term. 

Several years ago Dingle'® discussed the energy level 
broadening due to collisions. He showed that this 
broadening influences the damping of the oscillations; 
the form of the damping term remains the same except 
that the actual temperature 7 in the exponential is 
replaced by a somewhat higher temperature (7+7"), 
where 7” =h/22°*kr (r=collision time). 

We have analyzed our data in terms of Eq. (2a) in 
which T is replaced by T+7’. It is evident that the 
coefficient of the cosine in the third term represents 
the amplitude A of the oscillations. Plotting In(AH') 
vs 1/H, one expects a straight line with a slope of 
—2nk(T+T")/8*.% From data at different tempera- 
tures 7” and §* can be calculated. Such a plot is shown 
in Fig. 5 and the results are listed in Table III. The 

18 R. B. Dingle, Proc. Roy. Soc. (London) A211, 500 (1952). 

19 It was mentioned before that there is some doubt with regard 
to the power of H in the proportionality factor of the amplitude. 


It was impossible, however, to make an unambiguous decision on 
the basis of our data. 


' 
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accuracy of the values obtained is small due to the 
relatively large value of 7’ (causing very little difference 
in the slopes). The last column contains for comparison 
the effective masses reported in earlier experimental 
and theoretical work and the observed Hall mobility 
Ro. The mobility values agree much better than is 
commonly found in metals.‘ 
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The thermal conductivities of several impure tin specimens have been measured at liquid helium tempera- 
tures. Impurities of antimony, bismuth, and indium between 0.1% and 6% were used to lower the electronic 
conductivity. The conductivities are found to be consistent with the equation K =a7+ T*, where the first 
term may be ascribed to the electronic conductivity and the second to the lattice conductivity. For impurities 
of 3% or less the values of a, combined with measurements of the residual electrical resistivity, agree to 
about one percent with the prediction of the Wiedemann-Franz law. For the same samples 8 is approximately 
constant with a mean value of (3.50.4) X 10~ watt/cm deg*. The comparative constancy of this value of 8 
indicates that it is characteristic of the intrinsic conductivity of the tin lattice. 





INTRODUCTION 


HIS paper will describe and discuss measurements 
of the thermal and electrical conductivities of 
several impure tin specimens between 1.7°K and 4.2°K. 
? Based “on a Ph.D. thesis submitted by M. Garfinkel to 
Rutgers University. This research was supported in part by the 
Office of Naval Research and by the Rutgers Research Council. 
t Socony-Mobil Fellow 1955-1957. Present address: Physics 
Department, University of Illinois, Urbana, Illinois. 


The investigation was carried out in order to obtain a 
measure of the lattice contribution to the thermal con- 
ductivity of tin. 

The theory of thermal conductivity has been ex- 
tensively treated in the literature’ and we merely state 


1A summary of the theory and an exhaustive bibliography are 
given by P. G. Klemens, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1956), Vol. 14, p. 198. 
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some relevant results. In a metal both electrons and 
lattice waves carry energy. The total heat current may 
be considered as flowing along two parallel paths, so 
that the thermal conductivity K may be written as the 
sum of an electronic conductivity K, and a lattice 
conductivity Ky. 

For temperatures below one tenth of the Debye 
temperature the electronic thermal conductivity may 
be written in the form 


1/K.= (aT)"+AT?. (1) 


The first term represents the thermal resistivity arising 
from collisions of electrons with impurities; the second, 
for which the symbol 1/K; is usually used, represents 
the thermal resistivity caused by collisions of electrons 
with phonons. The parameter a is related to the residual 
electrical resistivity po by the Wiedemann-Franz law 
apo=Lo, where Lo is the Lorenz number 2.445 10-8 
volt? deg~. 

Ina well-annealed metal the most important resistive 
process for lattice waves is the scattering by electrons. 
For temperatures far below the Debye temperature, the 
conductivity Kg determined by this process varies with 
the square of the temperature. The lattice waves may 
also be scattered by dislocations. For the conductivity 
resulting from this process a variation with 7° is also 
expected. 

In pure metals the lattice conductivity is much 
smaller than the electronic conductivity. By adding 
impurities to the metal the electronic conductivity is 
reduced so that the lattice conductivity will be a greater 
fraction of the total thermal conductivity. Furthermore, 
the term AT? in Eq. (1), which at liquid helium tem- 
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peratures is smaller than (a7)~ even for pure samples, 
becomes less important with the addition of impurities. 
For sufficiently impure specimens, therefore, the ex- 
pected expression for the thermal conductivity becomes 


K=aT+$T°. (2) 


APPARATUS 


Most of the samples used (2.9% Sb, 3.1% In, 6% Sb) 
were obtained from Budnick, Lynton, and Serin,? who 
describe their preparation. The other two specimens 
were made according to the same procedure. Their 
diameter was about 4 mm and their length between 8 
and 13 cm. Annealing times ranged from two to sixteen 
months. 

The calorimeter, with a specimen in place, is illustra- 
ted in Fig. 1. The samples were melted into collars (G) 
of tellurium copper (99.5% Cu, 0.5% Te). This material 
may be machined easily and has a thermal conductivity 
of the same order of magnitude as commercial copper.’ 
Two thermometers (J, J) and a heater (H) were 
attached to the sample. The heater consists of about 
200 turns of 0.0025-inch diameter, Formvar coated 
Advance wire, wound directly on the sample and 
secured in place with Glyptal lacquer. The thermome- 
ters are 3-watt, 56-ohm, Allen-Bradley carbon composi- 
tion resistors. They were cemented into copper holders 
with Araldite resin after most of the insulation was 
ground off. The holders were soldered to the sample 
with Rose’s metal. 

The sample collar is bolted to the cap of the calorime- 
ter with a gold gasket (K). To complete the adiabatic 
enclosure a brass can (A) is bolted to the cap with a 
second gold gasket (B). The calorimeter is evacuated 
through a 3-inch diameter 0.010-inch thick stainless 
steel tube (L). This tube does not connect directly into 
the calorimeter. It is soldered to a tellurium-copper 
tube (C), 3 inch thick, which passes through the 
calorimeter cap and extends down for about 4 inches. 

Electrical connections to the heater and thermome- 
ters are brought out of the calorimeter in the following 
manner: Two Advance wires, 0.0025 inch diameter, 
10 inches long, are carried from each thermometer to a 
terminal strip (£), molded of a mica-filled epoxy resin.‘ 
Two niobium wires 0.004 inch diameter, 40 inches long, 
connect the heater to the terminal strip. Niobium is 
used for these leads because of its superconductivity 
over the entire liquid helium range. As a result, even 
though the wires carry appreciable current, no heat is 
developed in them and there is no potential drop across 
them. Advance wires, 0.004 inch in diameter, are used 
for the connections from the terminal strip to the out- 
side of the apparatus. About 2} feet of each wire are 
wrapped around the tellurium-copper pumping tube to 


2 Budnick, Lynton, and Serin, Phys. Rev. 103, 286 (1956). 

3 Powell, Roder, and Rogers, J. Appl. Phys. 28, 1282 (1957). 

‘Epocast PRH 103, Permacel Tape Corporation, New 
Brunswick, New Jersey. 
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TABLE I. Resistivity and resistivity ratio. 





Composition, pur p200 sei 
Sample atomic percent ohm cm ohm em p300 — pare 
1 0.11% Bi 0.0721K10~* 1.169K10~§ 0.00621 

2 11% Bi 0.758 K10~* 1.261K10-* 0.0639 

3 3.1 % In 1.591 K10~* 1.226105 0.1492 

4 2.9 % Sb 2.142 K10°® 1.605K10~° 0.1538 

5 6. %Sb 3.483 K10°° 1.491K10°° 0.3047 


establish thermal contact with the helium bath. The 
wires are brought out of the calorimeter through a thin 
stainless steel tube (D), and through a wax seal at 
the top. 

A water-cooled Helmholtz coil surrounded the Dewar 
assembly. This coil provided a field of about 560 gauss 
at the sample during all measurements in order to keep 
the sample in the normal state at all temperatures. No 
evidence was found that this field had a measurable 
effect on any of the conductivities. 


THERMAL CONDUCTIVITY MEASUREMENTS 


Power was supplied to the heater from a storage 
battery. It was measured by determining the current 
and voltage with two potentiometers. 

Temperatures were determined by measuring the 
resistances of the thermometers with a Wheatstone 
bridge. Current through the resistors was kept at 4 
microamperes. For the more impure samples, however, 
in order to keep the power dissipated in the thermome- 
ters much smaller than that in the heater, the current 
was, at low temperatures, reduced to 0.8 microampere. 
Since the resistance of the thermometers depends on the 
current, a separate calibration had to be made for each 
current. 

The resistance values were converted to temperatures 
by using the equation® 


1/T*= A*/logR+ B* logR+2AB. 


The constants A and B were calculated from two 
calibration points, one at 4.2°K and one just below the 
lambda point, with the absolute temperature 7 given 
by the T755E temperature scale. Measurements of the 
vapor pressure and of the resistances at other tempera- 
tures were used to construct correction curves of 7—T7* 
vs T*. Such a curve is shown in Fig. 2. From these 
curves, each value of 7* was converted to absolute 


temperature. 


ELECTRICAL CONDUCTIVITY MEASUREMENTS 


Subsequent to each thermal conductivity run a 
measurement was made of the electrical conductivity 
at 4.2°K. The brass can (A) was removed and copper 
wires were attached to the sample with Rose’s metal. 

5 J. R. Clement, in Temperature, its Measurement and Control in 
Science and Industry (Reinhold Publishing Corporation, New 


York, 1955), p. 382. 
6 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 
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A current lead was soldered to the free end of the 
sample and potential leads were soldered to the copper 
thermometer holders. In this way the geometry for the 
electrical measurement was the same as that for the 
thermal one. The current and voltage were measured 
with potentiometers. The electrical resistivities are 
listed in Table I. 
ERRORS 


It is important to guard against heat flow into the 
sample along the leads going to the top. A carbon 
resistance thermometer was therefore taped over the 
wires wound on the tellurium-copper pumping tube, and 
thermal conductivity measurements were not started 
until this thermometer indicated that the leads in the 
calorimeter had cooled to 4.2°K. Heat conduction from 
the sample to the bath along the leads was less than 
0.1% of the conduction along the sample and could 
therefore be neglected. 

Uncertainties in the distance between thermometers 
arise by virtue of the finite width of the thermometer 
holders. The holders made contact with the sample 
over a distance of about 0.5 mm. For a typical distance 
of 5 cm this leads to an error in K at most equal to two 
percent. This error and the error in the measurement of 
the area (less than one percent) are constant for each 
sample and therefore do not contribute to the scatter 
of the data and have no effect on the Wiedemann-Franz 
ratio. 

The power is known to about 0.1%. The sensitivity 
of the thermometers was such that at 4°K, d7/dR was 
about 2X10-* deg/ohm, rising to 7X10~° deg/ohm 
near 2°K. The uncertainty in R at 4° was about 0.3 
ohm and at 2° about 10 ohms so that the error in 7* 
was about 7X10~ degree. We estimate that the tem- 
perature difference AT was known to about 10~ degree. 
The values of AT’ were greater than 0.1 degree so that 
the error in AT was always less than one percent. More- 
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Fic. 2. Correction curve for 56-ohm 4-watt 
Allen-Bradley resistor. 
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Fic. 3. Thermal conductivity of specimens 1 and 2. 


over, in error in K introduced by the finite size of AT is 
negligible for our specimens because of their nearly linear 
variation of thermal conductivity with temperature. 


RESULTS AND DISCUSSION 


In general, the data are consistent with the theory 
outlined in the introduction. Sample 1, containing 
0.11% bismuth, has a thermal conductivity (Fig. 3) 
varying linearly with the temperature. Evidently the 
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Fic. 4. Thermal conductivity of specimens 3, 4, and 5. 
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electronic conductivity is determined by scattering from 
impurities, and is sufficiently large to mask the lattice 
conductivity. 

The curves of K versus T for samples 2 to 5 (Figs. 3 
and 4) deviate from straight lines. In each case equation 
(2) may be used to describe the data. Figure 5 shows 
graphs of K/T versus T for these specimens. Straight 
lines were fitted to the points by a least-squares 
analysis. The values obtained for a, 8, and Lo/po are 
shown in Table II. 

For specimens 1, 2, 3, and 4, a and Lo/po agree to 
about one percent. For specimens 2, 3, and 4, the results 
are consistent with a value for equal to (3.5+0.4) X 10“ 
watt/cm deg’, constant within the accuracy of this 
experiment. 

In the introduction it was pointed out that a lattice 
conductivity proportional to 7? may arise from the 
scattering of phonons by electrons or from the scattering 
of phonons by dislocations. The relative constancy of 
6 in samples 2, 3, and 4 with respect to the nature of the 
impurity and with respect to the concentration indicates 
that for these samples the conductivity 87° arises from 
the first mechanism, which is inherent in the metal, 
rather than from the second, which depends on circum- 
stances which are difficult to control. 

The most impure specimen (No. 5) has a lattice 
conductivity significantly lower than the others. The 
increase in the thermal resistance is of the same order 
of magnitude as that observed for silver-palladium and 
silver-cadmium alloys by Kemp, Klemens, Sreedhar, 
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Fic. 5. K/T for samples 2, 3, 4, and 5. 
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and White,’ and for indium-thallium alloys by Sladek.* 
This extra resistance was ascribed by Kemp et al. to 
dislocations associated with the impurity. The density 
of single dislocations necessary to explain the extra 
resistance’ of sample 5 is of the order of 6X 10" per cm?. 
This seems improbably high for an annealed specimen. 
It is possible that, as suggested by Kemp ef al. for their 
strained samples, the scattering is due to clusters of 
dislocations. Further experiments would be necessary 
to clarify this point. 

For sample 5, the values of a and Lo/po differ by 
about three percent. It is conceivable that the 6% 
impurity raised the transition temperature sufficiently” 
for superconducting threads to be present in spite of 
the applied magnetic field.? Such threads might have 
resulted in an erroneously low measurement of the 
electrical resistivity. 

Other measurements of the thermal conductivity of 
dilute tin alloys at liquid helium temperatures have 
been made by Hulm and by Shiffman. Hulm" measured 
a sample of tin with four percent mercury. The lattice 
conductivity varied as 7°, and at 4°K was an order of 
magnitude higher than the one which we measured. 
His specimen consisted of two phases so that the result 
probably does not represent a property of the pure 
metal. Shiffman'? measured a number of specimens with 
indium impurities over a much wider temperature range 
than that of this experiment. His data in the liquid 
helium range are not, however, sufficiently accurate to 
allow a quantitative comparison with the results of this 
experiment. 

Both the electronically limited phonon conduction 
Ke and the phonon-limited electronic conduction K;, 
depend on the strength of the electron-phonon inter- 
action. Klemens"*:' has developed an equation connecting 
these two conductivities, in which the electron-phonon 
interaction parameter does not appear: 


Kg=313(T/0)'No'K;,. (3) 


TABLE IT. Summary of thermal conductivity and 
resistivity data. 








8X10 a X10 (Lo/po) X104 

Sample watt/cm deg* watt/cm deg? watt/cm deg? 

1 0.11% Bi ree 3410 3380 

2 11 %Bi 3.2 +03 321.0 +0.9 322 

3 3.1 %In 3.65+0.28 151.8 +0.8 153.7 

4 29% Sb 3.47+40.18 114.7 +0.6 114.2 

5 6 %Sb 2.83+0.02 68.24+0.08 70.23 

7Kemp, Klemens, Sreedhar, and White, Proc. Roy. Soc. 
Ppa, A233, 480 (1956). 


®R. J. Sladek, Phys. Rev. 97, 902 (1955). 

9P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 
10 W. F. Love, Phys. Rev. 92, 238 (1953). 

J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950). 

2 C. A. Shiffman (to be published). 

13 P. G. Klemens, Australian J. Phys. 7, 57 (1954). 
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TABLE III. Parameters entering into Eqs. (3) and (4) for 
Cu, Ag, In, and Sn. 


Na 1/KiT? cm/watt deg Ke/T? watt/cm deg? @deges E D 





Oe 2.55X 10-5 1.8X10-%¢ 339 2 6.2 
Ag 1 6.4 X107~5> 2X 10-*4 < ~ i ae 
In 3 18.5 K10~*° 6X 10+! 109 2.2 7.7 
Sn 4 3.9 X10~*» 3.5 10~ 189 3.5 18 


*P, H. Keesom and N. Pearlman, Encyclopedia of Physics (Springer- 
Verlag, Berlin, 1956), Vol. 14, p, 382. 

» See reference 1. 

¢ G. K. White and S. B. Woods, Can. J. Phys. 33, 58 (1955). 

4 See reference 7. 

eH. M. Rosenberg, Trans. Roy. Soc. (London) 247, 441 (1955). 

! See reference 8 


Here N, is the number of conduction electrons per atom 
and 0 is the Debye temperature. 

We may describe the success of Eq. (3) by calculating 
a number £ defined by the relation E=(1/313)N.! 
X (0/T)*Ke/K;. This number is equal to one when the 
experimental values of Kg, K;, and © are consistent 
with Eq. (3). In Table III we list the pertinent data 
and the resulting value of £ for tin and for three other 
metals whose lattice conductivities have been measured. 

Similar comparisons of experiment and theory are 
often made by combining the measurements of K, and 
K,,, the high temperature limit of the thermal conduc- 
tivity, using the equation! 


K,,=64N,'K,(7T/0)’. (4) 


Klemens! tabulates the number D=64N,!(K;/K.,) 
X(T/0)? for the monovalent metals to show the 
consistency of the data with this equation. The relevant 
values for D are also listed in Table III. It is seen that 
the agreement with Eq. (3), in the few cases where 
sufficient data exist, is significantly better than the 
agreement with Eq. (4). This is expected since Eq. (3), 
in contrast to Eq. (4), compares data taken in the 
same temperature range. As has been pointed out by 
Klemens," differences in the phonon spectrum at differ- 
ent temperatures could lead to differences in the sound 
velocity and in the electron-phonon interaction parame- 
ter which are neglected in the derivation of Eqs. (3) 
and (4). Furthermore, umklapp processes, which are 
also neglected, should have a greater effect at high 
temperatures. 

The two equations are derived on the assumption of 
spherical energy surfaces and close agreement can 
certainly not be expected for the polyvalent metals. 
The data listed in Table III suggest that Eq. (3) may 
nevertheless be used with some confidence. 
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The time dependence of an electron-phonon system described by means of Born-Oppenheimer states is 
shown to be the same to first order in the coupling as the usual Bloch theory. 


INTRODUCTION 


N important problem in transport theory is the 
separation of the scattered part from the other 
deformations of the conduction electron state due to 
lattice vibrations. In the treatment due to Bloch the 
scattering is calculated in first-order time-dependent 
perturbation theory. The unperturbed states are prod- 
ucts of perfect-lattice electron states and lattice oscil- 
lator states. The perturbation is the change in potential 
produced by the lattice deformation. No other effects of 
the perturbation are considered. 

It has been suggested’ that it would be better to start 
with adiabatic states of the Born-Oppenheimer (B-O) 
type since these already include a correlation of the 
electron and lattice motions. Ziman and Haug have 
shown independently by direct calculation that the 
matrix elements of the nonadiabatic part (H4) of the 
Hamiltonian are closely related to those of the Bloch 
theory. Thus the effect of H’4, treated as a perturbation, 
is not smaller than in the Bloch theory so that it is not 
obvious that the B-O states are a better starting ap- 
proximation. It is shown in this note that the time 
dependence of states calculated by the B-O and Bloch 
methods is the same to first order in the electron-lattice 
coupling. This result, of course, has no bearing on the 
utility of the adiabatic approximation in an inter- 
mediate- or strong-coupling calculation. 


CONSTRUCTION OF THE B-O FUNCTIONS 


The B-O functions have some peculiar properties in 
perturbation calculations because of the definition of 
H*4, We briefly review them here for the electron- 
lattice problem. Complex normal coordinates (), specify 
the displacement of the modes g=(q,c). The Hamiltonian 
is 


H=HetH +H, 
=Hg+} La(P ed Patw7Qe'Qa) 
+N*D g Va(rie'*'"Qy. (1) 
It is split up in two different ways: 
AotW, =(Het+H1)+A1, 
Ao +HAy =(HetH14+H1)+H™*4, B-O method ; 


Bloch method; 


< 


* Supported in part by the Office of Naval Research. 

1J. R. Ziman, Proc. Cambridge Phil. Soc. 51, 707 (1955); H. 
Stumpf, Z. Naturforsch. lla, 259 (1956); A. Haug, Z. Physik 146, 
75 (1956). 


where H,“ and H%4 are defined for the product func- 
tions b=¢(r; Q0)x(Q) by 
H L“ox = oH LX, 
H* 46x = (H—H 1*)ox 

=} i af (P 'o)(P x )+ (P @)(P,'x) 

+(Po'P @)x}. (3b) 

Here ¢ and x are the normalized eigenfunctions satis- 
fying 


(3a) 


(4a) 
(4b) 


(Het+H7)oi(r; QO) = 6(Q)oi(t; Q); 
[H1+ 61(Q) xv(Q)=Enxn(Q). 


The customary running-wave operators, a= ((+iP") 
v2, etc., are not used because Q and P are treated 
differently in the adiabatic approximation. 

The ©),=¢x» form a complete orthonormal set, and 
by expansion the linear operations H;,4 (and H%4) can 
be defined for the general state V= >> ¢,,#,,: 


H1AW=D cr 14%». ( 


This operation is Hermitian because the E;, are real. 
H*4=H,—H,A is also Hermitian. It is thus possible 
to do the usual perturbation calculations with Ho’ and 
H,’ but the calculation is constrained to be done ex- 
plicitly in terms of the ®;, (B-O representation). The 
latter restriction mars the formal similarity to pertur- 
bation theory since the functions ®,, are not known 
exactly. Suppose v, » are approximations to @, x, 
respectively : 


wn 


) 


o(r;Q)=> 1 a(Q)oi(8; Q), 


a(Q)n(Q)=L, anxn(Q); 
so that 
n= ee ly a p®? p. 
In H,4(o)=vH ry the lattice coordinates in a;(Q) are 
not differentiated, but they clearly are differentiated in 
> ay 14%,,. The separation H ,4+H4 can be defined 
only to the accuracy of the approximate B-O functions. 
The electronic functions will now be calculated to first 
order in terms of the Bloch functions: 


Vin=Ux()]] ung(Qq); 
q 
AW, n= EnV en; 
Eun =e(k) + E,=e(W+D o(gt})hw,. 


To this order k, ” will be good quantum numbers so 
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that the transformation from the Bloch to B-O repre- 
sentation is 


Dyn = UV en. (6) 


In a familiar manner the electronic part is first found in 
(4a) to some order in A, where H, is replaced by \Hy, 
and &&(Q)=6.+A6,%+--+ is put in (4b) [6 
=e(k) ]. Since H, is linear in Q4, 


O&, 
&Q=CO—| , (7) 


a@ OQ0,)aq=0 


and similarly for &,, etc. For the electronic part, the 
lowest order terms are® 


Arex 
ox(r;Q)=u (r+ > —— Ueto: ; (8) 
k’#k €(k’)— e(k) 
rex (ty,H uy) =N-WU ,(k’,K)O,, q=k’—k; 
U q( kk) = (tue, U g(r) tx) © bx nrg) 
&x(Q) =e(k)+AH rex 
> |U,(k+q, k)|? 
O‘Qet:::. (9) 


N a e(k+q)—e(k) 


Since Hrxx « N~*Qo, the term linear in ) is negligible for 
large NV. The N~ before the quadratic term is canceled 
by the terms « NV in the summation. There is no first- 
order change in the lattice motion: 


Xin =XanO +r Yun + oa he =|] tung (Qg)+ eg? (10) 
q 


where téng’ is ung with w, replaced by 
\? |U,(k+q, k)|* 
AN «(k+q)—e(k) 


W¢’ =wWet 


The change in #n, is of order N~: 
5tén g =} (bw g/wa){ — (mg t1)!(mg+2) hun g+2 
+n} (ng+1) un g-2}, 


but the change in x is of order unity or more precisely of 
order 


d?x(| U g|?/hw al €(K-+-q) — €(k) ])m. 


Writing the transformation operation in (6) as 
V=V0+AL0+ ---, then, since in first order only ¢x 
changes, the matrix Varn, xn=(WVirn'Pen) is, to first 
order in A, 


Vern’, kn” = burn’, kny 
and for k’n’~ kn 


Vern’, en =[e(k’) — (kt) OA rien’, ery (11) 


The possibility of a reciprocal lattice vector here is understood. 
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where only ,’ differs from m, so that 
A rw, n= NU q(k ,k)O g(1 qn). 


The diagonal elements of UO are zero. It is convenient 
to write U also as a matrix in the electronic states only. 
Then 


Vern (OQ) =N-WU 7o( x’, k)Le(k’) — e(kK) 10, (12) 
Din =(tatrA Dove Vierx™ (Q)ue: +0(d*)} 
X {xun+O(r)}. (13) 


H*# will operate on the Q, in U®(Q) and will thereby 
have a comparable effect to Hr. 


TIME DEPENDENCE 


In terms of the separation H=H,'+H,’, the time 
dependence of the Schrédinger state vector is 


W(t) =exp(—iy't/h) 


t 
xexp.(—if H*4(s)dr/h 0), (14) 
0 


where the operations are all defined in the B-O repre- 
sentation and 


H%4(r)=exp(iHo'r/h)H™4 exp(—iHy'r/h). 


The ordered exponential’ exp, (- - -) is not used seriously 
since we are only interested in first order terms in A. 
Because of the proviso in the definition of H™4, it will 
be better to work explicitly in the B-O representation. 
The column vector for ¥ will be denoted by © here and 
by @’ in the Bloch representation. According to (6), 
Pin=>. Vern unVurn’ SO that C’=VC where V is the 
matrix (11). Then 


eC’ (t)=V exp(—iH't/h)U“V exp,(---)e@(0). (15) 


Again @(0) is kept on the right side because H' is 
defined in that representation. To first order in A, 


t t 
ep,(- if HNA4(r)dr, r) ==] -if HNA4(r)dr/h, 
0 0 


since H*4 operating on the XU term in (13) is of 
order \. The identity in the above gives in (15) the 
term, 


U exp(—iHy't/h)U0“e’ (0), 
which is just the evolution of unperturbed (by H%4) 


B-O states as seen in the Bloch picture. 
Upon using the B-O matrix, 


exp(—1H0't/h) xn en= Seen’ sen CXP(—1E gn Ot/h), 





*R. P. Feynman, Phys. Rev. 84, 108 (1951). 
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this part of (15) is 
Cyn) =exp(—iB yw! t/h) 


| exre"(O)+A \ 2 rn’ sen 


kn=k’n’ 





‘ pee n]-1 
e(k’) — e(k) ) 


X Cxn‘(0) | +008), (16) 


This resembles closely the form of the Bloch theory 
but for the appearance of the electronic energy in the 
denominators of the transition terms while the total 
energy appears in the numerator. The difference in the 
two is the energy of a phonon, so that in the limit of very 
low-frequency phonons or static lattice deformations the 
scattering is described as the “spreading” of Bloch- 
state wave packets constructed out of stationary B-O 
states. 

The H%4 matrix elements in (15) are 


t 
(%~, —j f exp(iHo'r/h)H™4 
0 


Xexp( —i's/W)ar/t.) 





exp[ (Brn — Exn™)t/h|— 1 
=—) 
( Ey — Ey, ) 


XK (Pr nr,H%40© (Q)¥ an). (17) 

Now Q appears linearly in 0 (Q) according to (12), 
and by (13) and (3b) the quantity H¥40(O)Win 
contains terms like [P,0 (Q) ][Pq'Wn |, [P40 (Q)] 
XP Men], and [PtP,0(Q) Win, the last term 
vanishing. Now P,U®(Q)=—ih(d/0Q,)0(Q)  re- 
moves Q, which is replaced by —ihP,' operating on 
Vin. But —ihP t=[H 1,0, | so that 

H®4U® (O)Wien=0® ([H 1,0] Van. 


Neglecting all other terms of order \ in (15) which 
multiply H%4 gives as the additional first-order con- 
tribution to (16): 


—r exp(—1E x» t/h) z VO" ((A1,0 en, kn 
kn 
on “ae Exn)t/h]— 1 
x 


Ex'n' —Exn® 





Jen") (18) 
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Now using (11), we have 


VU" (CH1,0 ]) nen’, kn— (Ew — En) Vern, kn 





(Ew — E,) (19) 
a “A rie’ n’, en 
e(k’) — e(k) 


This matrix element, which is just the matrix element 
of H*4 in (17) in the B-O representation, was given by 
Ziman and Haug.' The “nonadiabatic” terms (18) can 
be combined with (16) if the resonance denominator is 
put in the latter by writing 


[e(k’)—e(k) J = { (Earn —Exn)/[Le(k’) — €(k) }} 
x (Ex: nr — Fy.) 5% 
Then (16) and (18) combine through 
Ew—E, 
- _ = 1, 
e(k’) — e(k) 


Exrn' —Enn™ 


“e(k’)—e(k) 





to give the first-order term of the Bloch theory. 


DISCUSSION 


It is not surprising that when all contributions of 
order \ are accounted for, the result is the same for 
different separations into time-independent (Vin vs 
#,,) and time-dependent (H; vs H%4) parts. This 
should be true for any order in a strict reduction to 
powers of A. There seems to be no advantage, then, to 
using B-O initial states in first order nor any significance 
attached (in disagreement with Ziman) to the mixing of 
states of the same electron energy through the denomi- 
nator in (19). In fact, in the construction of the B-O 
states the degeneracy in (8) was ignored and it is the 
energy denominators there that are responsible for (19). 
The reduction to the Bloch theory shows that there is a 
cancellation of these terms and that the mixing which 
does occur is between states Ey: = Eun. 

Transport phenomena which depend on the lowest 
order of the electron-phonon coupling areappropriately 
described by the Bloch theory. This is in agreement 
with the general arguments of Van Hove‘ in his de- 
velopment of the quantum-mechanical transport equa- 
tion where the lowest order interaction effects are shown 
to be dissipative.® 


4L. Van Hove, Physica 21, 517 (1955). 
5 The author wishes to thank Professor Van Hove for pointing 
this out to him. 
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The direct and exchange scattering amplitudes for helium (1s)? with antiparallel spins in a three-body 
approximation, and for hydrogen 1s, are treated. The fundamental differential and integral equations are 
arrived at by using a simple atomic model given by Allis and Morse. Analytical formulas for differential 
elastic cross sections are derived for the collisions of an unpolarized electron wave with helium and hydrogen 
atoms in the above-mentioned quantum states. The second Born approximation is given, and distortion and 
exchange effects are taken into consideration. The exchange effect is calculated in the second Born approxi- 
mation and the perturbed exchange integral is calculated analytically to a good degree of approximation. 

The analytical formulas derived for higher scattering angles are in qualitative agreement with experimental 


results in the low-energy range. 


I. INTRODUCTION 


PROBLEM of basic importance in the quantum 

theory is the theoretical explanation’ of phe- 
nomena occurring in electron collisions with atoms in 
the low-energy range. Especially noticeable discrep- 
ancies between the theoretical and experimental data 
appear in atomic systems of light elements such as 
helium and hydrogen, in which a large number of effects 
occur for this energy range. A number of papers are in 
agreement that the Born approximation method appears 
suitable for higher energies of the incident electrons, 
though these papers possess differences in the number of 
summands included in the perturbed member of the 
Schrédinger equation, which is then solved with the 
help of different methods. However, the Born approxi- 
mation neglects the indistinguishability of the electrons. 
The use of the first approximation in perturbation 
theory and the neglect of the indistinguishability of the 
electrons appear to be very substantial faults in calcula- 
tions at lower electron energies (distortion and exchange 
effect). 

One might therefore suppose that in the solution of 
the complex problem some progress may be achieved 
(1) through specialization of all expressions on the 
basis of broad energy intervals of a proved atomic 
model (Allis and Morse‘), (2) through the inclusion of 
the distortion effect corresponding to a given number 
of summands in the perturbed member of the Schréd- 
inger equation according to successive approximations 
(with regard to convergence in a closed analytical 
form), and (3) by including the exchange effect by the 
Oppenheimer method in lower energy ranges in corre- 
sponding analytical (if possible closed) expressions. 

On this basis—besides deriving formulas for the 
individual effects—the aim of this paper is to find the 
corresponding extension of the validity of analytical 
relations for lower energy ranges. 

1H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A136, 289 (1932); 139, 187 (1932); 140, 613 (1933). 

2 B. L. Moiseiwisch, Proc. Roy. Soc. (London) A219, 102 (1953). 


8S. Borowitz, Phys. Rev. 96, 1523 (1954); 101, 1835 (1956). 
4W. P. Allis and P. M. Morse, Z. Physik 70, 567 (1931). 


Il, FUNDAMENTAL EQUATIONS; DIRECT 
SCATTERING 


The Schrédinger wave equation describing the in- 
cidence of an electron wave on a helium atom in the 
ground quantum state, assuming that the infinitely 
heavy® nucleus is at rest at the origin during the 
collision, may, by using the simplified atomic model, 
be written in the form 


sph? ie 6 ¢ 
{=| ( )ve+ _ |+e}y-o (1) 
t=] 2m i iw 


where suffix 1 denotes the incident electron, suffixes 2 
and 3 denote the orbital electrons, and #’ denotes 
always the nearest higher suffix to 7 in a cyclic suffix 
permutation (1,2,3). 

Let the total energy of the system E be given as the 
sum of the energy Zp of the orbital electrons and the 
kinetic energy of the incident electron. Then the func- 
tion W may be expressed in the form 


V(rutan)= (E+ f va(oordPa(), (2) 


where the symbol (}>+/) signifies summation over 
the wave functions of the discrete spectrum and inte- 
gration over the wave functions of the continuous 
spectrum and y, is a set of orthonormalized helium 
functions. 

Multiplication of Eq. (1) by ¥.*(t2,rs), with the form 
of W given in (2), and integration over the space of 
the orbital electrons with the help of the orthonor- 
mality of helium wave functions, lead to the expression 


{V+ kn?} Fn(ti) = Vonko(r), (3) 
where 
k,?= (2m/h’) (E—E,), 


5 The corrections for a nucleus of finite mass are not considered. 
For the corresponding transformation equation, see S. Borowitz 


and B. Friedman, Phys. Rev. 89, 441 (1953); 93, 251 (1954). 
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and 


2é 

Set) 

Ti2 713«O71 
XwWo(te,%3)Wn*(ro,rs)dredrs. (4) 


By including known approximate auxiliary condi- 
tions, according to which the asymptotic form of the 
function Fo represents an incident (plane) wave and a 
scattered (spherical) one, whereas the function F,, (n¥0) 
represents scattered waves only, we may, by deter- 
mining the Green’s function of the given problem, pass 
to the integral equation 


F (8) =8n0 exp(ik,, . r) 


exp(ik,| m—11'|) 
-fv on(ts )Fo(01')—_———dr'. (5) 


An | rm—r;'| 


From the asymptotic form of (5) (r>>n’), it may 
immediately be seen that the amplitudes of the scat- 
tered waves are of the form 


Fal 6,0)=—— f Venn) (ry')Fo(ri’) exp(—ik,-n’)dr,’. (6) 


An expression formally identical to (6) would have 
been obtained in the case of an electron wave incident 
hydrogen atom in the ground quantum state, with the 
difference that Vo, in (4) is now 


Von = ~((-- “ow ro )Wn'*(t2)dt2} (4’) 
12 


i.e., for hydrogen we denote the corresponding quantities 
in (4) with a prime. The functions y,,’ here represent a 
set of orthonormal hydrogen functions which—unlike 
those of helium—may be obtained in exact analytical 
form. 


Ill. EXCHANGE SCATTERING 


If E>E,, i.e., for small energies of the incident 
particles, there is always the possibility that in the mth 
quantum state the incident electron will be captured 
and the orbital electron ejected. Equation (1) will then 
be satisfied for parahelium by the functions V(re,r3,1) 
and W(r;,r,r2). Analogously to the preceding part, 
with the difference that the asymptotic forms deter- 
mining the boundary conditions are here in the form 
of scattered waves only, we get from the asymptotic 
form of the integral equation the amplitudes of the 
scattered waves: 
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*g (0, ¢:) ~*~ 


1 
“of J Qon(11/,4i)Fo(t’) 
dor 


oe ik,-r,’)drj‘dr,’, 


(7) 
Qon(ri’ =f (5 . ee Yt (r,’ t;') 
Vij Vij 
Xvo(ni’,x; dr’; i, j7=2,3; iAj 
for helium, whereas for hydrogen we have only 
1 
g (92', g2')= —— J fico ev sneyFa(n) 
4a 
Xexp(—ik,- ro’)dr,'dr2’, 
(7’) 


2mfé é@ 
Qon’ (1 ,t2') -—(—- , 9 oe ri’ )Wo( 2’) 
h? Toy" r¢' 

The exchange with incident electrons may, however, 
take place only in accordance with the Pauli principle 
which requires in Eq. (1) an antisymmetrical wave 
function. For parahelium this function must be an 
antisymmetrical wave function for each of the electron 
pairs. With the help of the spin functions it is possible 
to write such an antisymmetrical wave function which 
is in agreement with this formalism in the separate 
form 


(a283—as82)a1 
- (=+ f)[ra(snr.(n9 eth 2 
- V 


(a381;—a183)a2 


+¥,, (3,1) °G,, (2) 
v2 


(a82 — Bar 
a =| (8) 
v2 


where 2-4(a@28;—a382)a1 is an antisymmetrical spin 
function with regard to electrons 2 and 3, F, is given 
by expression (5), and the functions *G, and *G, are 
analogous solutions of Eq. (3) with the asymptotic 
forms given in (7) for helium. 

For hydrogen the antisymmetrical wave function is 


eS) 


X Ln’ (12) FP n(11) B20 — Wn (11) Gale) Bias |, 


in which the G, are solutions of Eq. (3) with the asymp- 
totic forms (7’). 

As we consider neither the emission nor the absorp- 
tion of electrons, we have the scattering coefficient in 
the form 


+n(11,82) *Ga(ts)- 


(8’) 


F0n= (k’/ko) | (0,ko| V| n,k’) i, (9) 














SCATTERING OF 


where (0,0! V | ,k’) denotes the transformation matrix. 
For the incident electron beam, which is considered 
unpolarized, both polarization states must be admitted. 
Symmetrical spin functions are then obtained with 
threefold degeneracies (s=1), whereas the antisym- 
metrical spin functions correspond to singlets with 
lower energy states than triplets. The corresponding 
scattering coefficient® is 


Fon (R’ ko) {ws Sat8n 2+We Sn En “ (10) 


where the statistical weights related to spin states may 
be determined with the help of spin functions in (8) 
and (8’), respectively. We thus get w,=0,w.=1 for 
parahelium, and w,= 4, wa=} for hydrogen. 


IV. DISTORTION EFFECT 


For the functions F,, we have derived the differential 
equation (3), the right-hand side of which is negligible 
for high velocities of the incident particles. The ‘exact 
solution of the differential equation (3) with regard to 
the boundary conditions (5) is given formally with the 
help of Green’s theorem in the form of the integral 
equation (6). When the right-hand side of Eq. (3) is 
negligibly small, the second term of this formal solution 
is also negligibly small. This represents a zero approxi- 
mation for the function F, in the solution of the integral 
equation (6) from the point of view of successive 
approximations. Thus, 

Fo(r;)=exp(ik,-1:), Fr=0, (n#0). (11) 
Using (11) in (6), we get the first Born approximation. 
We may thus say that in this approximation we neglect 
the influence of scattered waves for all values of n. 
With regard to the fact that the probability of inelastic 
collisions relative to elastic collisions is negligibly small 
for all energy values except those which approach the 
resonance potential and correspond to atomic polariza- 
tion by the electron wave, we may not, considering 
polarization, neglect the functions F, even for n>1. 
Likewise, the probabilities of the exchange effect are 
negligibly small' (G,~0) in elastic collisions. Thus it 
may be expected that the leading terms for higher 
approximations will involve only the function Fo. To 
solve the differential equation (3) for n=0, we express 
Fy by zonal Legendre polynomials in the form 


1 
Fo(r,)= ‘ fi(r:) Pi(cosé). (12) 
r, =0 
By substituting (12) into (3), we get 
th 1l+1)]_ 
+k V oo(r1) — ffir =o, (13) 
dr? ry 


®N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, London, 1949), second edition. 
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where, in the asymptotic form, 


flrs) ~Ci sin(kri—4lr+m)), (14) 


m denoting a phase constant. The asymptotic solution 
of Eq. (3) for n=0 is thus given by the series (12), 
where the f; are given by expression (14). We again 
substitute suffix / for m, since this will not lead to mis- 
understanding. If we include the boundary condition 
in the solution, we get, as is known from the quantum- 
mechanical problem on scattering, a relation between 
C,, and the phase constants 7, in the form 


C,=1"(2n+1)e™. (15) 


The phase constants in expression (15) for m > 1 assume, 
for energy values smaller than 200 ev, especially small 
values in comparison with mo.’ Therefore, if we compare 
Fy in (12) with the known expansion of the plane wave, 


eit = (9/2kr)? > i"(2n +1) nig (kr)Pn(cosd), (16) 


we may identify all the terms in the series (16) for 
n> 1 with terms in the series (12) for m>1. Then 


Fo(r) =exp(ik- 1) —a’ (kr) exp (ikr;), (17) 


where 


—a’= (1/2i)[exp(2ino) —1]=4 sin(2no)+i sin’mo. (18) 


In the same manner, we may take into account even 
higher approximations in the series (12); however, as 
already mentioned, these will not be considered further. 
Let us define here the constant a, such that 


a’=1a. (19) 


Let us consider more closely the formal solution of 
Eq. (3) given in the form of the integral equation (5) 
for n=0. In the asymptotic form, it is possible to write 
this solution 


Fo(r,:)= exp (iko-11)—fo(81, ¢:)rv exp (tkor1), 


where fo is given by (6). Taking note of the remarks in 
the text preceding Eq. (12), substituting into (6) for 
Fy only the leading term from the series (12) (/=0), 
and using in (4) the Hylleraas functions,* we see that 
in the first approximation (the term which is only a 
function of &) we obtain after the integrations exactly 
expression (17). In the sense of successive approxima- 
tions, the expression (17) for Fo represents the first 
approximation of such a rearranged integral equation 
(5). 

The distortion effect appears considerably more 
strongly in an incident electron wave than in the scat- 
tered waves, and therefore in the future we shall assume 
only the incident electron wave to be in the form of a 
perturbed wave function. 


7T. MacDougal, Proc. Roy. Soc. (London) A136, 549 (1932). 
SV. A. Fok, Izvest. Akad Nauk Ser. Fiz. S.S.S.R. 18, 161 
(1954). 
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V. SECOND BORN APPROXIMATION 


For the calculation in the second Born approximation 
it is necessary to know only the function fo. This func- 
tion for helium, after substitutions using the perturbed 
wave function (17), is 


fulte) =e f f f (-+-- ~) exp[—26(r2-+r:)] 


Xexp(—ik- r,) exp(ike r:) “ exp(iter) 


1 


Xdridredrs, (20) 


where the constants ¢ and 6 are given by 
3H-*H8 b=Zes.do?. 


Dividing the potential term into two parts, integrat- 
ing over rs; in the first part, over rz in the second, and 
using the gamma function 


c= —me2 7 


vo] 


f i” exp(—xt)dt=x-"T (n), 


0 


(21) 


we get, after suffix change and addition of the two parts, 


fo,e)=e=f f(—- *) exp(— 2bre) exp(—ik- r:) 
Ti2 


a’ 
x exp(ik r1)— oS exp(ity) finds, (20’) 


ori 


which, apart from the factor 2rb-*, is exactly the same 
form as would have been obtained for hydrogen by the 
above substitutions with the corresponding constants 
c’ and 0’: 


=—me2 x hh", b'=ac". 

In order to carry out further integrations, let us 
choose the axis of the polar coordinates along the direc- 
tion of the vector kp and let the y axis lie in the plane 


of the vectors kp and k’. Then 


ko- r;= kor; cos8;, 


k’- r;= k’r;(cos0; cos+sinO; sin@ cosg;), (22) 


where 6 is the angle formed by vectors kp and k deter- 
mining the angular distribution of the scattered 
electrons. 

Integration of that part of (20’) involving the first 
term in the second bracket gives the first Born 
approximation : 


dI,p= —d(x2/b5)[2-+-2? sin?(0/2) ]/[1+2? sin2(6/2) ?, 
=k/b for helium, z=k/b’ for hydrogen, (23) 


where the constant d is equal to 2rcb~ for helium and 
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to c’ for hydrogen. The square of the absolute value of 
expression (23) is the well-known Born formula. 

For the calculation of the perturbed part in Eq. 
(20’) (deleting the constants before the integration 
sign), we have 


tome f (XS eot—an9 
Tio 7 


exp(ikor1) 
Xexp(—ik’-r,)————dridr,__ (24) 
ori 
we use the expansion 
| +58 
—=—-=)0 LY 44(11,72) Py? (cos) 
12 «67, 1 P71 ; 
X P,?(cosb2) cos[p(y2—¢1)], (25) 
where 
bo= (1-—Z)/nr1,  re<ry 
=1 —Z ’ 2> ; 
To 7;, Lal (26) 
6,=9727/n7, re<ry 
=7)7/reT |, re> 74}. 


where in our case Z=1. Substituting (25) into (24) and 
integrating over ¢2, we see that in the second summation 
sign only the term with p=0 is different from zero. 
By further integration over ¢, using 


2 


f exp(ik’r, sin®, cos; sin8) exp(—imeg:)d¢1 
0 


=2ri"J_(k’r; sind; sinf), (27) 
and over #2 using® 
f exp(i¢ cos8; cos) 
0 
XJ,—-4(¢ sin#, siny)C,7(cos6;) sin’+46,d0, 
= (2r/ ye)" sin? WC,7(cosp)J44-(¢), (28) 


we find that also all integrals for y#0 vanish. For the 
only nonzero term of the series, in which we again 
integrate over 3; with the help of (28), we get 


=a’ (164) f f 50(r1,72) exp(— 2bre) 


exp(tkor1) sin(h’ 1) 
k’ rT) 


—r"dryredro, 
ang 


where 4o is given by (26). Through the influence of the 
potential terms this integral is not identically equal to 
zero if r2>r;, and we may therefore still rearrange it 


®G. N. Watson, Theory of Bessel Functions (Cambridge Uni- 
versity Press, New York, 1944), p. 379, Eq. (1). 

10 E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, New York, 1952), fourth 
edition, p. 329. 
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to the form 


167° 7 "(11-1 
-«(—)f exp(—2br)ra f (= ) 
Rok’ 0 0 r\ 


Xexp(ikor:) sin(k’r,)dridre. (29) 


Considering the fact that we treat only elastic 
electron collisions, the law of conservation of energy 
(ko=k’=k) must be satisfied. Let us introduce in (29) 
the substitutions kr;=.2x, and kr,= x2; then we can find 
the integral over x, by elementary integrations: 


see X1— Xs 
f (—) exp(ix,) sinaydx,= —}[exp(2ix.)—1] 
0 


*) 


— hixe[ Ci(2x2)—1nb222—i Si(2x2)—1], (30) 


d=expC, 


where C is Euler’s constant (6=1.781072---). By 
substituting (30) into (29) using (21), by differentia- 
tions with respect to the parameter with the help of 
the expressions for the cosine integral and sine integral: 


wn 1 p 
f exp(— pt) Ci(gt)dt= —- in( 14+), 
0 p g° 


« 1 p 
f exp(— pt) Si(gt)dt= —— arc tan( ), 
0 p g 


we get after integrations of the contributions of in- 
dividual terms in (30) the perturbed integral in the 
closed form 


(31) 


Qn? 1 1 a’ 
=— {— =| ~e-32-2)+a(1+29| 
B® 212(1+27)*Lz 


1 tg 1 1 
al ar tan( )—"] +f in (1+ )-zI. (32) 
Z 2° &. 


where z= k/b. 

Thus, if the exchange effect is not considered, the 
scattering intensity in the second Born approximation 
is given by 


1(9)=d?|Iigt+hip)?, (33) 


where dye=2mc/b* and dy=c’ and where J, is given 
by Eq. (23), Jip by Eq. (32). We have thus included in 
the calculation the distortion effect in the second Born 
approximation; its influence in exchange scattering 
will be shown in the next section. 


VI. DISTORTION EFFECT IN EXCHANGE 
SCATTERING 


The amplitudes of the scattered waves in exchange 
scattering ‘go are, as has been shown for helium, equiva- 
lent for both superscripts i, so we may limit ourselves 
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to the calculation of the integral 


.- Rag 
wired f fC) 
T12 «13)—«Oo11 


Xexp[—b(ri+re+2r;) ] exp(—ik’- 1) 


exp(ikor2) 
x exp(ike-1s)—e - — ‘finders (34) 
of2 


By dividing the potential term in the first parentheses 
into two parts and by integrating the first part over 
r:, we get two integrals 


g0(9,¢) = 3d (I21+1 22). (35) 


The first of these, 


: “9 
tu- f f( - ) expt —b(r++r2)] exp(— ik) 
Tie 1) 


exp(tkor2) 
x{exn iko-t2)—a’ drdr, (34’) 


kore 


is identical with the expression which would have been 
obtained for hydrogen. The corresponding constant for 
hydrogen (d=c’) is given by Eq. (20). The second 
integral is equal to the product of two independent 
integrals, 


8 exp(tkro) 
Io9= - J eon) exp(iho-1) a" - ir 


T kro 


Banas 
xf f( = ) expl—8(r+2n)) 
Fig. FB 


xXexp( —_ ik’ - r;)dr,drs, (36) 
and need be taken into consideration only for helium. 

First we shall show the method for calculating the 
exchange integral J», which we again divide into two 
parts: the part originating from the unperturbed wave 
function in Fo, which will further be denoted J2,;*, and 
the part giving the distortion of this wave function, 
which will be called J1”. 

For reasons to be indicated later, we shall first deal 
with the second part of the exchange integral, J2,?. 
The orientation of the axes will be chosen identical to 
that in the preceding part of the calculation of the 
Born second approximation. Substituting into /»,” for 
the potential term the expansion (25), we find by 
integration over ¢; that p=0. By integration over 4, 
we see that y must also be equal to zero in order to 
obtain a term of the series which is not identically 
equal to zero. If, after the thus executed rearrange- 
ments, we use Eq. (27) for the integration over ¢2, 
and Gegenbauer’s integral, Eq. (28), for the integration 
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over 62, we get 


16n°a’ 7* 7? 
Iy?=— J f 5o(r1,72) expL— (ri: +12) ] 
kok’ Jo Yo 





Xexp(ikor:) sin(k’re)ridriredre, 


where 6p is again given by Eq. (26) for Z=1. Therefore, 
after the substitutions 2’=kre,x=kr,, and having 
satisfied the law of conservation of energy (ko=k’=k), 
the nonzero part of the integral J.” is 


16ra’ 7” 1 *. 
To)? =———— }_ exp(—x«x) exp(ix) (-)f (x’—x) 
ke RI J, 


0 


Xexp(—xx") sinx’dx’dx, (37) 
where x=b/k=1/z. By differentiation with respect to 
the parameter x in the second integral, we get the 
result that the second integral in x’ is, with the excep- 
tion of the factor k~*, expressed by elementary integra- 
tions in the form 


‘8 \ fexp(—xx) 1 . 
(+-)[=—"« sinx+cosx) —— =| (38) 
Ox r+1 r+1 


Substituting the integration result (38) into (37), we 
see that for integrations over x we get special cases of 
integrals of the Lipschitz-Hankel type, i.e., the integral 


. (26’)"T (y+) 
f exp(—al)J,(b't)itdt=— —, (39) 
0 (+B) thy /a 


and the integral 


. 1 r+P+e 
f exp(—x)Jy(@a)dr=——0,(— -— ). (40) 
0 a (86)3 266 


For y=}, the Legendre polynomial of the second order 
on the right side of (40) is equal to 


Qo(u)=3 In@u+1)/(u+1). 


For values x>e, €>0 (z<2/e) in which we are particu- 
larly interested in dealing with the slow collision of 
electrons with atoms, the convergence of this integral 
presents no difficulties. With the help of the special 
case of the Lipschitz-Hankel integral (30) and (40), 
after rearrangement, we get 





4? 1 2a’ 
Io? =—- ——a""s-2)4+—|, (41) 
5 (1+27)8 a 


“ 


which is the required evaluation of the integral belong- 
ing to the perturbed wave function. The constant a” is 
here equal toa. 

The calculation of the unperturbed exchange integral 
In is very tedious and difficult. An approximate 
solution of this integral was obtained by Massey and 
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Mohr," by making an infinite series expansion, neglect- 
ing the contributions from the minima in the individual 
terms of the integrand, and considering that the ex- 
pressions in the integrand replace the approximate 
terms. Massey and Mohr give a very detailed analysis 
of the contributions of the individual terms of the series 
and show in this connection, for slow electrons, the 
method of calculation of four terms of the thus-formed 
series. According to the analysis, two terms of the 
series for slow electrons already give a quite close 
approximation. Further, we are going to calculate these 
two substantial terms more accurately. 

As shown in the Appendix, it is suitable to include 
in the integral J2,” the first term of the series [see 
(A2) ]. Let us therefore introduce in the exchange 
integral J2, a division into parts, 


In=Iny?' +I’, (42) 


where J»;”’ is the integral J»)? including the first term 
of series (A2) and J,’ is the integral Jo; without this 
term. Then, as derived in the Appendix, the first part 
of the integral /2; is obtained in the form (41), where 
the constant a””’ is 


a”’=at+1. (43) 


For the second part of the integral J, only an 
approximate solution may be given. Neglecting the 
influence of the terms of series (A2) in which y>2, we 
get the part J2,*’ expressed in the form of an infinite 
series. The first terms ot this series are then given as 


Io,’ = 164°b-* P (cos6) (1+-2")-* 
X (0.625—0.32+1.5392?— 1.9062?-+0.3772'— - --), 
(44) 


where the first two terms are given exactly and the 
others with accuracy 10~*. 

Now let us introduce the method of calculation of the 
integral Je. given by form (36). The first of the inde- 
pendent integrals, containing also the perturbed term, 
may be expressed by elementary integrations, using in 
the integration over r differentiation by the parameter 
b. If we include in this integral the factor b’/z, then we 
get the result of the integration for the unperturbed 
term in a simple form, 


8/(1+2°)2, 


where z is again k/b. Also the integration of the per- 
turbed term may be performed by elementary integra- 
tions and with the help of differentiation with respect 
to the parameter 6, so that we get 


8 a’ , 
- & - a2) 
(1+27)? 22 


It remains, therefore, to evaluate the second inde- 


11H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A132, 605 (1931). 
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pendent integral containing the potential term. For 
this purpose we use again the expansion (25), first 
substituting in the integral the index 2 for index 3. 
After substituting the expansion (25), by an integra- 
tion over ¢2 we see that p=0; by integration over ¢; 
with the help of (27) and over #2 with the help of (28), 
we find also the y=0. Using again Gegenbauer’s in- 
tegral (28) for the integration over 0), we then get, by 
the same rearrangement as for integral (24), the part 
of the integral which is not identically equal to zero for 


Test; (Ro= hk’ =k), 


16n° 7” de 
— f exp( —26r:)rif (r1—12) 
k 


0 0 
Xexp(—br;) sin(kri)dridrs. 
Let us introduce the notation xe= kro, x; = kr:; then we 
may write 


167 7” 1 #3 
_— exp(— dena )f (41— X2) 
BB J, RIS 


Xexp(—x«x)) sinaydx,dxo, (45) 
where x=b/k=1/z. The integral over x; is therefore 
identical with the integral given in (37). The result of 
this integration is given by Eq. (38). By substituting 
(38) into (45), we get by elementary integration and 
with the help of (21), 


=| 1 | 
55 Ls(9+-2°) . 


We have therefore the result for the integral J». in the 
closed form 


T22= — 169°b-*s'[2(1+a) —a’ (1—2*)27*] 


X (1-+-27)-7(9+27)-". (46) 


With the given integration results (41), (44), and 
(46), we have thus obtained all the terms necessary for 
the expression of the amplitudes of scattered waves for 
exchange scattering, and thus the required formulas 
describing all effects which need be taken into con- 
sideration for collisions of unpolarized electrons with 
helium and hydrogen atoms. Let us state that with the 
exception of the higher terms (y >1) of the series (A2) 
for the unperturbed exchange integral, in which the 
terms >2z, as already mentioned," are negligibly small 
in comparison with the other terms, we have expressed 
all the given integrations in a closed form. The 
convergence of the terms of the series y=1 in the ex- 
change integral, which we have in turn expressed by a 
series, will be better for small values of z, i.e., for small 
energies of the incident electrons. 


VII. SUMMARY AND DISCUSSION OF RESULTS 


For the intensity J(3) of electrons scattered by 
helium and hydrogen in ground quantum states, we 
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have derived the formulas 


1(0)=|f-—g\?, f=dhethp), g=3d(In+I22) (47) 

for helium; 

1(0)=4| f’—g' \?+3) f'+2'\*, f'=cUiethp), 
g'=4c'In (47’ 


for hydrogen. The constants d (=2mcb~*) and c’ were 
given for Eqs. (20) and (20’) respectively. The Born 
approximation, J;,, and the influence of distortion 
effects, J:p and J, were developed in a closed form 
by analytical expressions (23), (32), and (46). The 
exchange integral J», which we divided in (42) into 
parts Is?’ and J2,%’, was determined by Eq. (41) in 
which a” is equal to a+1, and the approximate part 
T,%’ was given by Eq. (44). 

For Eqs. (47) and (47’) to become complete formulas 
for intensities of scattered electrons, it remains to deter- 
mine the parameter a’, including the first approxima- 
tion in the zero quantum state, which we had hitherto 
considered as known. The accurate values of this 
parameter are given by the absolute terms in ex- 
pression (6). 

In the first approximation we have determined a’ 
by Eq. (18), in which the phase factor mo had been con- 
sidered as known. This phase factor, as is known, is in 
the required approximation given by the Mott formula 


rm pf” 
m=——— [Vin se(dryir, 


fe 


which for our case, in which we use the above atomic 
model, acquires the form 


no= me (2h?)—'b [2 In(1+2*) +2/(1+2°) ]. (48) 
The intensities of the electrons scattered by helium 
and hydrogen in the ground quantum states are then, 
in the approximation considered, given by formulas 
(47) and (47’) and the expressions for the parameter by 
(18) and (48), valid for greater scattering angles 
($45°). 

In special cases the derived analytical formulas may 
be considerably simplified. For high energies of incident 
electrons (above 200 ev), this simplification lies in the 
neglect of the exchange amplitudes g or g’ in (47) or 
in (47’). The small contribution of the distortion effect 
is here then introduced by the part J;p. If we do not 
neglect the exchange amplitudes, it is necessary to 
determine a greater number of terms for extremely high 
energies, with respect to the convergence of the series 

(44). A good approximation for the parameter a’ 
may be obtained, in cases in which a’ assumes extremely 
small values, by the expression 
(49) 


_ 
“—€@ “Re, 


where mo is given in (48). 
A comparison with the experimental results, which 
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TaBLe I. Differential cross section X 10"8 (theoretical) (units cm*). 











25 ev 700 ev 50 ev 7S ev 
65° 7.87 60° 0.234 67° 5.81 67° 4.69 
90° 5.96 90° 0.086 90° 3.61 90° 3.39 
125° S73... 120° 0052 127° 197 127° 2.78 
135° 0.018 








includes also inelastic collisions, for the angular dis- 
tribution of scattered electrons, will be carried out for 
helium in the ground quantum state. Experimental 
results for the energy interval 25-700 ev have been 
reported by Hughes, McMillen, and Webb” and for 
incident electron energies 25 and 50 ev by Bullard 
and Massey. These results have been obtained by 
normalizing on the basis of Mott’s theoretical curve 
for 700 ev. For the analysis of the obtained results for 
greater scattering angles ($45°) we list in Table I the 
values of the differential cross sections, determined by 
Eq. (47), for 25 and 700 ev. The values for 700 ev, 
which were partly used for the normalization, were 
obtained here without the inclusion of the exchange 
effect and are marked in the left half of Fig. 1 by 
crosses. 

The stronger continuous line in this figure represents 
the experimental curves obtained by Hughes et al. 

With regard to the fact that we have not considered 
the polarization of the electrons and with regard to the 
extent of the energy interval, it is possible to consider 
the analytical results obtained in this way, which are 
equivalent to the numberical results of Massey and 
Mohr, to be satisfactory. 

The possibility of using Eq. (47) with the first two 
terms of the series of the unperturbed exchange integral 
(nonclosed analytical form), with the influence of the 
exchange effect thus taken into account, is investigated 
for incident electron energies of 50 and 75 ev. For these 
energies the condition z<1 introduced in the Appendix 
in the calculation of the terms of the series of the un- 
perturbed exchange integral is not satisfied. Neverthe- 
less, the influence of the exchange effect for these 
energies drops considerably. The values for the dif- 
ferential cross sections obtained in this way are also 
included in Table I and are compared with the experi- 
mental data in the right half of Fig. 1. From the figure 
it is evident that for 75-ev maximum with a corre- 
sponding difference this method is acceptable. For 
energies of incident electrons, for which z>1, it is 
therefore better to use the unperturbed exchange in- 
tegral in another approximation, cited in the literature, 
e.g., in reference 11. 

The results (not including the polarization effect) 
which were obtained for the atoms in the ground 
quantum states may also be used for molecular hydro- 
gen. Likewise the total effective cross sections cites’ in 
the experimental works of Ramsauer and Kollath are 





12 Hughes, McMillen, and Webb, Phys. Rev. 41, 155 (1932). 
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determined through our results in a broad energy 
interval. 


APPENDIX. CALCULATION OF THE INTEGRAL /,,% 


For the calculation of the integral J2;" we use again 
the development (25). Then by integration over ¢2 we 
get p=0; the integration over ¢; may then be carried 
out with the help of (27). If we use further the special 
case of the Gegenbauer-Poisson integral, 


x\'* 
Juuls)=(—I*(=) f exp(ix cos#) 


X P,,(cos@) sinédé, (Al1) 
for the integration over #2, and the Gegenbauer integral 
(28) for the integration over 3, we get 


I*% =16r + CH(oost) f fo, (1,72) 
y=0 


Xexp[— b(rit-re) |7_(R’r1) jy (Rore)r2redridre, (A2) 


where 


ja (x) = (9/2) 8T 44.4 (x) (A3) 


and 6, is given by Eqs. (26) for Z=1. We can easily 
check that the first term of series (A2) is, for y=0, 
apart from the constant —ia’(=a), identical with the 
imaginary part of J2;”; and this means that in the 
result for the integral Jz,” one may simply write a+1 
instead of a” in Eq. (41). We have thus included the 
first term of the expression /;”. This arrangement of 
terms in the integral J; will be denoted in the individual 
summands from now on with a prime on the upper 
right of the symbol. 

Taking into account the fact that the contributions 
of the other terms of the series for y>1 are negligibly 
small even for small electron energies, we shall give 
only an approximate expression for J2,., namely, 


_ 167? i 
T% -—" Pr(cos)| f exp(—«a1) ji (x1) 
0 


x f exp(—ans)jldatdende+ f exp(—x«x)) 
0 0 


a) 


xjutear f exp(—ar)jlas)dradn (A4) 
z1 


where x=b/ky (R=ko=k’), a1=hri, x2=khro. By ele- 
mentary integrations in the first integral over x2 and 
by using repeated differentiations with respect to the 
parameter to obtain derivatives of higher order, we may 
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transform this integral into the form 


[ (3x2—Kx9") exp(—xx2) sinxedx, 


0 ;exp(—xx,) 


— {((2- 2X1) (x2+ 1)+2 |x sinx, 


OK (2+ 1)? 
r+3 


abe Ey 
(x?+1)? 


+ (1—Kx1)(«?+1) cosx;} — 


We carry out the integration over x: in the second 
integral by decomposing the integrand into an infinite 
series, in which we may change the order of summation 
and integration, so that we have 


ra (- 1)” x 
ea f exp(—xx2)x2?"dx2 
yo (2y+1) !¥ 1 
o (— 1)7 
oa ie x?! exp(—x«xy)[ (Kx1)?7 + 27 (Kary)? 
yo (2y+1)! 


+ 2y(2y—1) (xxi)? 2+ ---+(2y)!], (A6) 
which is a very well convergent series for each value 
of x}. 

Now we introduce the approximate expansions 


L.< 1 7 
ji(x) sine -2(. ——t+—7— xo. } (A7) 
3 45 80 £7200 } 
ji(x) cosx 
1 1 1 1 1 3 ie 
=+( ——3-+-—1* — —1°+ xb: ‘), (A8) 
3 5 720 288 5760 


which we have obtained by multiplying the series for 
both factors and which again are very quickly con- 
vergent series. If we then substitute (A5) into the 
first integral (A4) and if we use for the term containing 
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Fic. 1. Scattering of electrons by helium atoms. Angular dis- 
tributions for 700, 25, 50, and 75 ev. Heavier full curve and full 
circles: experimental data by Bullard and Massey (for 25 and 50 
ev only). Curve dash-and-dot: theoretical curves given by Eq. 
(47) with the first two terms of the series in the exchange integral. 
Broken curve: theoretical curves derived numerically by Massey 
and Mohr (for 25 and 50 ev only). 700 ev: full and empty circles 
respectively : experimental points by Hughes et a/. without recal- 
culating (and with recalculating respectively) to the normal. 
Crosses and dash-and-dot curve: theoretical values according to 
(47) neglecting the exchange effect. 


sina, in integral (A4) the expansion (A7) and for the 
term containing cosx, the expansion (A8), then, after 
performing the differentiation in (A5) and rearranging, 
we integrate term by term by using (21). 

To obtain the second integral from (A4), we make 
use of the expansion 


ji(a) = fa (G—x?/15+24/420—---). (A9) 


By substituting the latter into the second integral 
(A4) and using (A6), we may evaluate the integral by 
term-by-term integration, again with the help of the 
gamma function. By adding the terms of equal power, 
and rearranging, we get the second term of the series 
(A2) (y=1), given by Eq. (44). In the same manner we 
could obtain the term y=2 in the series (A2) which, 
however, is negligible for all values of z<1, in relation 
to the contributions of the other integrals; the same 
is valid for the other terms x>2 of the series. 
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The polarization of nucleons from the D(y,p)m reaction is investigated under the assumption of tensor 
coupling in the m-p interaction potential. Electric dipole, electric quadrupole, magnetic dipole, and magnetic 
quadrupole transitions are taken into consideration. The polarization is estimated for hw=65 Mev with the 
help of recent nucleon-nucleon scattering phase shifts. These estimates indicate the dominant role of the 
electric dipole and the magnetic dipole transitions from 8S;+*D, ground state to the *Po, *P1, *P2, F's, and ‘Sy 
final states. The advantages of the measurement of the polarization are indicated. 


I. INTRODUCTION 


ECENTLY the theory of the polarization of 
nucleons from the D(7,p) reaction was presented! 
(hereafter referred to as I). In the derivation of the 
polarization formulas only £1 (to the *P,; states), M1 
(to the 4S» state), and E2 (to final free D states) transi- 
tions were assumed effective and taken into considera- 
tion. The polarization was shown by means of several 
examples to be sensitive to the -p interaction potential 
assumed. Even this oversimplified analysis was satis- 
factory to demonstrate that the polarization is much 
more sensitive to the system of the m-p phase shifts 
than is the angular distribution of the outgoing nucleons 
(compare, e.g., papers by Hsieh? and Austern*). No 
experiment on the polarization has been performed as 
yet, so that the motivation for the present study is to 
indicate the usefulness of such an analysis. 

Recently Austern*® mentioned that polarization meas- 
urements would be necessary to provide the additional 
equations required to determine the unknown £1 radial 
integrals from the experimental data. Further, the M1 
transitions, which do not disturb the angular distribu- 
tion, could thus be more carefully investigated, since the 
polarization is most seriously influenced by interference 
with the large F1 transitions. 

The most recent results of the analysis of the D(y,p)n 
differential cross section data** provide a new critical 
revision of the current conventional theory. This fact 
and the necessity of the investigation of the corrections 
coming from all the hitherto neglected radiative transi- 
tions assuming multipoles up to E2 and M2 require the 
re-examination of the analysis carried out in I. The 
nucleon-nucleon potential recently derived at Los 
Alamos’ should also be applied to the present problem. 

It was suggested in references 3 and 4 that a certain 
new meson effect seems to be the only reasonable ex- 
planation of the large experimental values of the ratio of 


* Present address: Palmer Physical Laboratory, Princeton Uni- 
versity, Princeton, New Jersey. 

1W. Czyz and J. Sawicki, Nuovo cimento 5, 45 (1957). 

2S. H. Hsieh, Nuovo cimento 4, 138 (1956); Progr. Theoret. 
Phys. (Kyoto) 16, 68 (1956). 

3N. Austern, Phys. Rev. 108, 973 (1957). 

*R. R. Wilson, Phys. Rev. 104, 218 (1956). 

5 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337 
(1957). 


the isotropic to the sin*é-dependent part of the differ- 
ential cross section [i.e., a/b, where &(@)=a+6 sin*@ }. It 
should be noted however, that the phase shifts as given 
by Clementel and Villi,® for example, seem to produce a 
reasonable value for the ratio a/b at tw=40 Mev, 
assuming the conventional theory of the D(y,p)n reac- 
tion (see I), Austern’s’ recent analysis provides a theory 
of the deuteron photodisintegration at medium energies 
with the assumption of violation of Siegert’s theorem 
for the £1 transition to the final *P» state, and shows the 
importance of the previously omitted 1 transition 
*D,—*F,. The exceptional role of the *Po state is con- 
sistent with the assumption of a two-step process: 
virtual production of an S-wave pion and disintegration 
by re-absorption of the meson. The *P,, final states in 
F1 transitions are assumed to be reached via ordinary 
photon absorption according to Siegert’s theorem 
(Austern’s “rigid nucleon theory”). This assumption is 
believed to be valid at the energies considered here, i.e., 
“medium” energies (up to w= 100 Mev). 
Consequently, all radial integrals involved are com- 
puted in the present analysis using the usual radiative 
interaction potentials and neutron-proton forces (phase 
shifts are examined for various particular theories). The 
only radial integral for the £1 transitions leading to the 
*Po state is computed semiempirically from the experi- 
mental total cross section data, using theoretically 
calculated values for all other £1 radial integrals. 


II. NOTATION 


J, Mj, the total angular momentum of a final state 
and its z-axis projection. 

j, m, the total angular momentum of an initial state 
and its z-axis projection. 

x:™*(o), the triplet state spin eigenfunction. 

xo°(a), the singlet state spin eigenfunction. 

ny, the *P state phase shift. 

ns, the *S, state phase shift. 

np, the *D, state phase shift (no splitting assumed). 

5s, the So state phase shift. 

dp, the 'P; state phase shift. 

5p, the ‘Dz state phase shift. 

® Clementel, Villi, and Jess, Nuovo cimento 5, 907 (1957); E. 
Clementel and C. Villi, Nuovo cimento 5, 1166 (1957). 
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POLARIZATION 


€a= 2.23 Mev, the deuteron binding energy. 

M, the nucleon mass. 

y= (Meq/h*)', the parameter of the deuteron ground 
state wave function [limu= const X exp(—yr) ]. 

rr 

E, the center-of-mass system energy of the relative 
motion of the n-p system. 

r=r,—r,, the vector from the proton to the neutron. 

k, the n-p system wave vector in the c.m. system. 

ko= «ko= (w/c), the wave vector of the incident 
photon. 

e, the polarization vector of the incident photon. 

Mn, Mp, the magnetic moments of the neutron and the 
proton, respectively. 

@,, Gp, the spin operators of the neutron and the 
proton, respectively. 

1 

fx, the reaction amplitude: fx=gxo°+ YO fmxi™. 

mel 

P, the polarization vector. 

{--+}w, denotes averaging over the photon polariza- 
tions and the magnetic quantum numbers m of the 
ground state. 

u, w, the deuteron ground state radial wave functions 
of the S and the D states, respectively. 

U,, Us, the \So and 4S, final state wave functions, re- 
spectively. 

W,, Ww, the ‘Ds and *D, final state wave functions, re- 
spectively. 

vp, the 'P, final state wave function. 

vy, the *P, final state wave function. 

jiu(x), mi(x), the spherical Bessel and Neumann 
functions, respectively. 

S=}(¢,+¢,). 


III. CALCULATION 


The polarization is calculated following the method of 
I. First one has to determine the reaction amplitude 


1 
fx=ex0+ DL fruxi™, 
m,=—1 


and use the expression 
P= {(fx|on| fx)}m/{fx! fx)}m. 


Here the neutron polarization is determined. However, 
one can prove that exactly the same analytical expres- 
sions are obtained for protons, @ then having the mean- 
ing of the proton angle, provided we confine ourselves to 
M1 and E1 transitions only. Protons seem to be more 
suitable experimentally at higher energies. It should be 
noted that P in I was computed for neutrons, @ having 
the confusing meaning of the proton angle. If @ is the 
neutron angle, one has to substitute @— for @ and 
change the signs, e.g., in Tables I and II of our paper’; 
viz., [P(—0’)=—x]}3[P(@’)=x] (to make the scat- 
tering angle always positive: 0<@’ <r). 


(1) 
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We shall confine ourselves in this section to the 
consideration of £1 and M1 transitions leading from 
°S,+*D, ground state to the seemingly most important 
final states: 'So, *Py, and *F.. Higher order transitions 
will be considered in Sec. 4. The *P:—*F2 mixing by the 
tensor force is neglected. This approximation seems 
reasonable for the energies under consideration.’ Like- 
wise nr is assumed to be zero throughout. 

Similarly to the treatment in I and in the old paper 
by the authors,® the quantization axis is chosen along 
the vector kXk»o. In the present approximation, the 
radiative interaction operator is proportional to 


H'=—e-rt+}a(Xe)-(e,—-0.), (2) 


where a= (h/Mc)(u,—un). The contribution to u,—u, 
of u(r), the anomalous magnetic moment due to meson 
exchange current effects, was neglected. It follows from 
Table I of I that this correction is not essential for the 
polarization. 

On using the same system of reference as previously,* 
we can write 
H'=(—2+}a(¢p2—Gnz) | cos 

+[-—«—4a(o¢p2-—on:) |] sing, (3) 


where ¢= Z(e, kXko). We may express fm, and g in 
terms of cos@ and sing: fm,= fm,* cospt+ fm,7 sing, 
g=g" coso+g’ sing. In our frame of reference, the com- 
ponents P, and P, vanish. Finally, as in I, we get 


P=P, 
pe Re(g* fo7) +2 Re(g** fo?) + A? 2 | fr? . 
Jail g” Pe g7 P+ Dd mal | fm,7|?+ | fms? *)} 


. (4) 


After performing angular integrals, the summations over 
the magnetic quantum numbers of the final states, and 
the averaging over the magnetic quantum numbers of 
the initial states, we can express P in terms of the radial 
integrals and phase shifts: 


P=(¢)"(c¢ sin2@+<ad sin), (5) 
where 
c=§LoL2 sin(no—n2) +4 LiL: sin(m—n2) 

— LoL; sinnot+3LiL,y sinny— (5/24) LoL; sinns, 
d=M SL sin(6,—7;), 
and® 


é=a+5 sin’6, 





7 This seems to be somewhat inconsistent for the ‘““Los Alamos” 
potential (reference 5). However, the most important features of 
the interference terms are preserved. The effect of the *P.—F, 
mixing is the subject of the forthcoming publication. 

8 W. Czyz and J. Sawicki, Nuovo cimento 3, 864 (1956). 

® The expression for & leads to an angular distribution identical 
with that of W. Rarita and J. Schwinger, Phys. Rev. 59, 556 
(1941), provided L;=0. Equation (5) is valid for nr=0. If nr<0, 
all n, in the arguments of all the sines and cosines should be 
replaced by ny—nr. 
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a=a°M 3+ (1/9) Le— (2/9) LoL cos(no—n2) 
—4$LoLs cosnt4Le+(13/36)L2—41L,L2 cos(i—n2) 
+43LP7+4L,L; cosm—}lol; cosne, 
=4L. 9.2 c08(qo—n2)+$L0L ; cosno+ Li2-+ (7/24) Ls? 
+$LiL2 cos(mi—m2)+3L 7 
—3L,L; cosmtiLeLs cosne, 
where 


Lo= f (yr)v0(u—2*w)dr, 

0 

L=f (yr)v1(u+2-tw)dr, 
0 

Lz f (yr)vo(u— 42-hw)dr, 
0 


Ly=tv2f Cr)uLbrjalbr) er, 
0 


<) 
Ms=vf uu,dr. 
0 


The normalizations of « [lim,...u~exp(—vr)] and of 
vy [lim,...07~ kr (cosnsj:(kr) —sinnsm(kr)) | are chosen 
following Austern* so as to make all the £1 radial 
integrals L; and L; have the dimensions of lengths (they 
are lengths of the order of those which are actually 
effective in this problem). The wave functions « and w 
were used here as given in reference 3, and the integrals 
L;,2 and Ly were computed from the graphs and tables 
given by Austern.’ According to Austern’s analysis® (see 
also Hsieh? and Example 1 of I), the integrals Ly (J =1, 2) 
can be approximated by 


Li(>r)= f (yr)uv sdr, (6) 


where r.=1X10-" cm. The integral M, was com- 
puted by the method of Hsieh* and Example 1 
of I, ie., u, was assumed to have the form u, 
=sin(kr+é6s){1—exp[—p(r—Do) |} forr> Doand u,=0 
for r<Do. The parameters p and Dy were chosen such 
that “, corresponds to the repulsive core of the radius 
Do. (Do as suggested for 'S» state from the p-p scattering 
analysis is 0.4X10~ cm according to Gammel and 
Thaler® and 0.35 10-" cm according to Clementel and 
Villi.®) 

The integrals Lo were calculated by using the experi- 
mental values of the total cross section. According to 
the equation used by Austern,’ one has 


9a+6b= Le +3L2+5L2+(15/2)L/, (7) 


provided Austern’s neglect of the a?M ;* term is justified. 
The neutron (proton) polarization was calculated for 
uw =65 Mev using the sets of phase shifts of Gammel 
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and Thaler’ and of Clementel and Villi.*!° The polariza- 
tions obtained in these cases are 


—0.215 sin26+0.250 sin 





P (6) =—_—_-___—_——_ (8a) 
0.877+sin’0 
for the Gammel and Thaler case, and 
—0.232 sin20+-0.252 sin 
P(0)= —-— (8b) 


0.877+sin’6 


for the Clementel and Villi case. The denominators of 
expressions (8a) and (8b) were taken from the experi- 
mental data of Whalin et al.'' This procedure seems to be 
justified to give an estimate for the polarization. 

It should be noted that phase shifts from the potential 
recently proposed by Signell and Marshak” differ only 
slightly from those employed in (8a)—(8b) and so do not 
produce a significantly different result for P(@). 


IV. HIGHER ORDER CORRECTIONS 


The surprisingly large influence upon the polarization 
of M1 transitions, which are unimportant for ¢(6), 
suggests the need to estimate all the interference terms 
including the less important transitions for the multipoles 
up to £2 and M2. These transitions might confuse the 
situation mostly via the interference terms with strong 
E1 transitions. The analytical expressions for the 
polarization were derived by use of the following addi- 
tional transitions: (1) M1 from *S,+'D, to 4S, and *D,, 
neglecting the tensor coupling of the final states; (2) M1 
from *D, to'D:; (3) E2 from *S,; to*D,, with no splitting 
of the *D, states; (4) E2 from *D, to *S;; (5) M2 from 
*S, to *P,z, taking into account only the most important 
interference terms of these transitions with £1 and E2 
transitions; (6) M2 from 4S, to 'P;. The most interesting 
point is, how do these corrections modify the general 
features of the angular dependence of P(@), i.e., how 
large are the corrections to the coefficients of sin# and 
sin26 as given in Eq. (5) and what new angular functions 
are introduced in the modified P(@). The transitions (1) 
and (3)-(6) arise from the residual interaction AH’ 
= Heorr’ —H’, where H’ is given by Eq. (2), while the 
transition (2) is already implied by H’. The residual 
terms of the radiative interaction are 


AH’ =ig(e-r)(x-r)+¢(«%X e) -S—ié(x-r) (xX e)-S 
—in(« -r) (xX e)(0,—¢@,), (9) 


10 It should be noted that in a recent paper, J. Bernstein [Phys. 
Rev. 106, 791 (1957)] analyzed the D(y,p)n total cross section 
using the phase shifts of Feshbach and Lomon. However, recent 
results in the analysis of the p-p and n-p interaction (reference 5) 
indicate the failure of Feshbach and Lomon’s phase shifts. For 
those phase shifts one obtains: (0.877+-sin%) P (@) = —0.147 sin20 
+-0.074 sin@, as compared with the numbers given below. 

4 Whalin, Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 

2 P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957). 





POLARIZATION 


where 
w h 
q=}-, t=— (uptun—}), 
Cc Mc 
Ka 
f= ——(jig— fa); oo —(p tun), 
2Me 4M? 


are the parameters characteristic for E2, M1 (to triplet 
final states), M2 (to triplet final states), and M2 (to 
singlet final states) transitions, respectively. In our 
system of reference, AH’ can be written as 


AH’ =[igsy+{S2—ityS 2—iny(¢p2—Onz) | Cos 
+[igxy—{S.+ityS.+iny(¢p2—Onz) | sing. 
For the sake of simplicity we shall neglect the Ei 
transitions *D,—*F, considered previously. In this ap- 
proximation, we find 
Poort = (Goorr) {¢ 8in26+-ad sinO+qA ; cos6 sin26 
+aqgA > sin20+qA 3 sind+¢A, sind 
+ (gfAst+f7Ao) sin26+aA; sind+agAs sin26 
+ £Ay sin20+ &gA 10 cos sin20+ £gA 1; sin? 
+A 12 sin26+-ngA 13 cosé sin26}, 


(10) 


(11) 
where Georr is the correspondingly modified expression 
which replaces & [as in Eq. (5) ], given in Appendix I. 
The coefficients A; are as follows: 
A = fsO nL 5L2 sin(n2—np) —21o sin(no— np) 

—31, sin(mi—np) |, 
Ae=—43M sQp sin(6s—np), 
A3=——O sL Li sin(ns—m) — $Lo sin(n s— M0) 

10v2 

+41 sin(ns—n2) |, 

Ag=43M s[$Lo sin(ns—m0) + Li sin(n s—m) 


1 
+ (5/3)L2sin(ns—n2) |— <1 pl $Lo sin(no— np) 
8v2 


— 2L,sin(m—np)+(14/3)L2sin(m2—np) ], 
As=[MsOn+ (3/40) MnO s] sin(ns—np), 
3 


Ag=- - M sM p sin(n s— np), 
4v2 


1 
A;= ———M pL Li sin(m—4p) —3L2 sin(n2—5p) |, 
2v2 


1 
Ag= ———M nQp sin(np—5p), 
2v2 


Ag= § LoL.’ sin(no— 2), 
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Aio= PxO vL2L)’ sin (no—nv) +3Ly sin (m— np) 
+712’ sin(n2—np) |, 


1 
Ay=—O s[ 4 Ly’ sin(n s— 0) — Li’ sin(ns—m) 
10v2 


+(5 3)L2! sin(ns—n2) |, 
A w= M pL, sin(m1— 6p), 
Ay;=MpOp sin(6p—np), 


where 


x 


a x 
Mo=vf ww,dr, IN s=7f uudr, mmr ww dr, 
0 0 0 
3) D 
Os=rf *wu,dr, Oo=rf 
0 0 


@ 


Ls'=Ls(w=0), Me=vf ruv pdr. 


r'uw,dr, 


It is readily seen from Eqs. (11) and (12) that the 
numerator of Peorr is a simple function of @, viz., 


Ccorrl corr = @ $in26+@ sind+€ cosé@sin26@, (13) 
where 
Q= c+agA ot gf. {5+-¢°A stag {4g+£Ag+nA ps, 
G®=ad+gAst+fAitadrt+égdn, (14) 


C=gA itégA 1o+ ngA 13- 


It should be noted that Eq. (11) is valid for neutrons, 
with 9 having the meaning of the neutron angle. The 
expression for protons, with 6 now having the meaning 
of the proton angle, is readily obtained by changing 
signs of Aj, A2, As, As, As, A10, Ai2 (for the modification 
Of Goorr see Appendix I). 

We shall first estimate the corrections given by A, for 
the ‘‘Los Alamos” set of phase shifts. For the numerical 
computation of the integrals, the ground state wave 
functions « and w were taken from Fig. 4(b) of Austern.* 
The final S states were assumed to have the hard core 
radius Dyo=0.4X10~" cm, as in Sec. III. Keeping the 
same normalization as in Eq. (8a) and (8b), the follow- 
ing results were obtained: (a) The most important 
correction to ¢ in @ is g¢As+{°A6~0.043, amounting to 
20% of c; the remaining terms are negligible (e.g., 
agA is about 9.5%, £Ag is about 2.5% of c, agAs is about 
1.9% of c, and A 12 is still smaller). (b) In the factor ®, 
the most important correction to ad is aA;~0.048, 
amounting to 19% of ad; the remaining terms are 
negligible (e.g., {Aq is about 0.8% of ad and gA; and 
£qA, are still smaller). (c) The only important term in 
the factor © is gA,~0.059; &gA 10 and ngA 1; are entirely 
negligible. A more detailed analysis of gA; is given in 
Sec. V. 
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Fic. 1. Polarization of the outgoing neutrons from the D(y,p)n 
reaction. Curve I represents polarization resulting from £1 
transitions to *Po, *P;, *P2, and *F» final states. Curve II represents 
the modification introduced by the gA, cos@ sin26@ term in the nu- 
merator of P(@). Curve ITI represents the influence of the 1 —28 cos@ 
factor in the denominator of P(@); this factor practically cancels 
the modification introduced by the term gA; cos@sin2@ in the 
numerator of P(6). Curve IV represents P (6) as given by Eq. (8a). 
It illustrates the strong influence of the //1—F1 interference term. 


The A; for the set of phase shifts of Clementel and 
Villi® are very similar. Only a certain decrease of aA; 
and increases of {A, and gA; should be noted. 


Vv. CONCLUSIONS 


As was mentioned before, there are no data on P(6@) 
available as yet, and therefore the present short dis- 
cussion is based on numerical factors obtained in pre- 
vious sections and plotted in Fig. 1. These results are 
based on rough -estimates of the integrals Ly from 
Austern’s paper and recent phase shifts. There is, how- 
ever, some inconsistency among the various sets of 
phase shifts now in the literature. The numerical results 
of the present analysis are, therefore, only illustrative. 
These results also illustrate the importance of all 
transitions up to E2 and M2. The measurements of 
P(@) at many angles can provide an argument for or 
against a given set of phase shifts and can provide new 
equations to determine the L, and M integrals. 

Equations (8a) and (8b) of Sec. III represent the main 
features of P(@) (see Fig. 1). It appears that the “Los 
Alamos” set of phase shifts’ gives about the same results 
for P(6) in the entire interval 0<6<- as does the set of 
Clementel and Villi.6 The higher order corrections do 
not introduce essential differences between these two 
cases. 

Let us now consider the most important higher order 
corrections given by gA; (£1—£2 interference) and 
aA; (E1—M1 interference). The E1—£2 interference 
introduces the factor gA; cos@ sin2@ in the numerator 
and for neutrons changes the denominator from a+) sin*é 
to (a+b sin’#)(1—28 cos@). For a photon energy of 65 
Mev, 28=0.25, according to Hanson ef al. The in- 
fluence of E1—E2 interference on P(@) is shown in 
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Fig. 1. It is readily seen, however, that the contributions 
to the numerator and denominator largely cancel each 
other. This effect does not depend upon the details of the 
radial integrals and phase shifts involved. It is sufficient 
that their signs and the sign of the ¢ coefficient remain 
the same as in the calculations presented above for the 
cancellation to take place. The term aA; (E1—M1 
interference) can give rise to a correction as large as 19% 
of ad. It has, however, no important influence on the 
general character of the curve P(@). On the other hand, 
there is a great uncertainty in our estimates of aA; and 
ad. It seems, therefore, that any data on P(@) could 
provide the following useful information on the M1 
radial integrals: (1) the E1—M1 interference terms 
give rise to destructive interference in the forward and 
constructive interference in the backward direction ; the 
deviation from the symmetry of P(@) about the point 
6=90° thus indicates the M1 contribution; (2) the 
polarization at 6=90° is due only to the Ei—M1 
interference: 


Fcorr(90°) Peorr(90°) 
= @~a(d+A7) 


=a{—M sl, sin(m—4s) 


1 
~zaetthe sin(m1—5p)—3L2 sin(n2—5dp) | ‘ (15) 
ZV 


Once the integrals Z;,2 are known, one can in principle 
determine the M1 matrix elements. Estimation of the 
M1 transitions is simpler in the low-energy region. In 
this case, throughout the interval 0<6@<z, only the 
E1—M1 interference is important, since the phase 
shifts of the P states vanish. 
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APPENDIX I 


The angular distribution factor denoted by @eorr in 
Eq. (11) has the following form: 


Fcorr= a+b sin*6+ GB, sin’ cosé+ ¢’B, sin’6 cos’é 
+ qB; cos6+¢Bi+¢B; cosé+ (gf Be+¢°B;) sind 
+ of Bs+°Bo+nBio cos’0+anB,, cosé 
+a?Bj.(3 cos’@—1)+a?B,3(5~ 3 cos’#) 
+anB,4(3 cos’?@—1) cos6+ Bis sin’6+ EBi¢ 
+ §¢Byz sin*6 cos0+ &qBys cosé, (A1) 











where a and 6 are the same as in Eq. (5) and 
B,= —Qp[4Lo cos(no— np) 
+L, cos(m—np)+(5/3)L2 cos(n2—np) |, 
B,=}30p’, 
v2 
B;=- 7 0 s[4Lo cos(no—7s) 
5 
fe: bLy cos(mi—ns)+$L2 cos(n2—1s) |, 
By= (1/25)0 8’, 
Bs= —M sl 4Lo cos(no— ns) +Li cos(mi—138) 


on D 
+41» cos(ne—ns) |+—[4Lo cos(no—np) 
4v2 


+L, cos(m—np)+4L2 cos(n2—np) |, 


Bs =— (3, 2( )O sont p COS(ns— Nb), 


3 
B; = nie soll p C6 S(n 5 ae np) —_ is MNT D’, 
2v2 

v2 

Bs = ( ¥ 20)0 sm D cos(ys— Np) + O sm 8; 
10 

1 
By= = a sdilp cos(ns— np) + aul s+ ToL! D’; 
V 


Byo= 4M p’, 
By,=—4M 5M p cos(6s—5p), 


1 
Byy= ——M sM p cos(bs—5p), 


POLARIZATION 
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Bys=1M PD’, 
Byy=V2M pM p cos(bp—5p), 
Bis=—(7/12)LaLa'-+4LoL0! cos(no—n2)-+4L Ly’, 
Byg= —(2/9)LoLo’ —}LaLy'+ (11/24) LoL! 
— (1/18) Lele’ cos(ge—2) 
—§LoL,' cos(no—n2), 
Byz= — Qo §L2' cos(n2—np) 


—415' cos(mo—np)—43L1' cos(m—np) |, 
Byg= ———O s[ —2Ly’ cos(mo—1s) 
15v2 


+3Ly' cos(m—7s)+2L2' cos(n2—75) |. 


Certain B; are already known: B, and By were given by 
Schiff, Marshall and Guth" (for ms=np=0), and 
Sasaki'®; B; and B, were given by Sasaki’®; and By. and 
By, were reported by Austern.'® It is readily seen that 
Feorr 18 Of the form: 


Feorr= Q’ (1+a’ cosé)+@’ sin’?#(1+ 8’ cosé+” cos’). 


Equation (A1) is valid for neutrons, @ having the 
meaning of the neutron angle. Gor; for protons, 6 now 
having the meaning of the proton angle, is readily 
obtained by changing signs of B,, B;, Bs, Bu, Bus, Biz, 
and Bys.t 


1. I. Schiff, Phys. Rev. 78, 733 (1950). 

44]. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 

18M. Sasaki, Progr. Theoret. Phys. Japan 8, 557 (1953); 9, 96 
(1953). 

16N. Austern, Phys. Rev. 85, 283 (1952). 

t Note added in proof.—A recent paper by R. E. Marshak and 
J. J. de Swart (to be published) using the potentials of reference 12 
and assuming Siegert’s theorem for all the transitions obtains ¢@ in 
agreement with the data. A numerical computation of P(6) for 
this case is in preparation. 
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Using the reaction B"(p,p’)B™* as the source of Doppler-broadened 2.14-Mev gamma radiation, resonance 
fluorescence from the first excited state of B" has been observed. For a bombarding energy of 3.0 Mev and 
a thick target of B,C, the shape of the cone containing gamma rays capable of exciting the 2.14-Mev level 
was determined. It agrees with the expectation based on the known excitation curve and the kinematics 
of the B"(p,p’) reaction assuming an isotropic distribution of the B"* recoils. From the experimental 
resonance scattering cross section a mean life of 4.8X10~ second was calculated for the first excited state 
of B", assuming the spin of this level to be 3. A self-absorption experiment yielded r,=4.3X10~ second 
when a value of 1250° was used for the Debye temperature of B,C. A final value of (4.70.6) X 10™ second 
was adopted for the mean life of the 2.14-Mev first excited state of B". This value of the lifetime further 
strengthens the argument for spin 3, but it does not allow any conclusion about the M1 or £1 character 
of the gamma-ray transition and thus about the parity of the 2.14-Mev level. 





INTRODUCTION 


XPERIMENTAL evidence on the spin and parity 
of the first excited state of B" has been somewhat 
contradictory. The arguments for and against a spin 
value of 3 have been reviewed by Wilkinson.’ He 
strengthened the evidence for spin } by establishing an 
upper limit of 4X10~™ second for the lifetime of the 
2.14-Mev level and by pointing out that such a short 
lifetime, in view of the observed isotropy of the gamma 
radiation, is consistent only with spin 3. The adverse 
evidence from investigations of B+d reactions at 
deuteron energies of 6-9 Mev was weakened by the 
suggestion that a modified stripping process, in which 
the spin of the outgoing nucleon is flipped, may be 
involved. 

At a deuteron energy of 15.1 Mev, Lee, and Wall? 
recently found agreement between the measured proton 
angular distribution and the stripping theory for /,,=2. 
They reported that the height and width of the first 
maximum in this distribution changed more rapidly 
with small changes in the deuteron energy than ex- 
pected. However, the angular position of the maximum 
remained at a value appropriate to an orbital angular 
momentum transfer of two units. Since Wilkinson’s 
arguments for spin 3 are also valid if the level has even 
parity, Lee and Wall’s results lead to 3+, making the 
transition electric dipole instead of magnetic dipole. 

The present work was undertaken in the hope that a 
determination of the lifetime of the 2.14-Mev transition 
might allow a decision between the possibilities of M1 
and F1, i.e., a decision between }— and $+. The short 
upper limit of 4X10~“ second practically assured the 
possibility of observing resonance fluorescence from this 
level provided a strong source of 2.14-Mev gamma 
radiation was available. The reaction B"(p,p’)B"* 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 

2K. S. Lee and N. S. Wall, Bull. Am. Phys. Soc. Ser. IT, 2, 208 
(1957) and N. S. Wall (private communication). 


turned out to be a suitable source and it was used for 
all the experiments described in this paper. 

Aside from minor differences arising from the use of 
inelastic scattering as the source of the exciting radia- 
tion, the resonance scattering and the self-absorption 
experiments were carried out in very much the same 
way as the previously described experiments using the 
(p,a) reactions of N'® and F"*.5.4 For details, reference 
is made to these earlier papers, and it will only be 
pointed out here that in the simple scattering experi- 
ment the resonance effect is proportional to N(£,)I, 
where N(Z,) is the number of incident gamma rays 
per unit energy interval at the resonance energy, and 
r is the natural width of the level, which is assumed to 
decay only by a direct gamma-ray transition to the 
ground state. The self-absorption experiment does not 
require a knowledge of N(E£,), the attenuation being 
proportional to T/A, where A= (E,/c)(2kT/M)! is the 
thermal Doppler width of the absorption line. 


SOURCE OF THE EXCITING RADIATION: 
B" (p,p’)B"* 

The yield of the 2.14-Mev gamma radiation from 
B"-+ p has been measured® for bombarding energies up 
to 5.3 Mev. Below 2.4 Mev, the yield is very small. A 
resonance is observed at E,=2.66 Mev, the next peak 
in the yield curve falling at a proton energy of 3.15 
Mev. The yield at proton energies greater than 3 Mev 
is of no interest for the resonance fluorescence studies 
because of the occurrence of the (p,2) threshold of B" 
at E,=3.015+0.003 Mev.*® 

Pure (>99%) boron carbide, pressed into a recess 
in a graphite disk, was used as the target, the graphite 
disk being contained in an air-cooled copper housing. 
The average bombarding current was 5 microamperes 
of 3-Mev protons. When the detector, a sodium iodide 
crystal of 1 in. diameter and 2 in. length, surrounded 


3C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957). 
* Rasmussen, Metzger, and Swann, Phys. Rev. 110, 154 (1958). 
® Bair, Kington, and Willard, Phys. Rev. 100, 21 (1955). 

® Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
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by $ in. of lead, $ in. of aluminum, and } in. of boron 
carbide, was exposed to the direct radiation of this 
source at a distance of 40 inches, the counting rate in 
the full energy (2.14-Mev) peak was approximately 
700 counts per second. This was about six times 
smaller than the counting rate observed with the 
N"(p,a) reaction and forty-five times smaller than the 
counting rate observed with the F"(p,a) reaction when 
pulse heights suitable for resonance scattering experi- 
ments** were accepted. However, the \*-dependence of 
the resonance cross section works in favor of the low- 
energy transition. In addition, the 2.14-Mev line from 
B"(p,p’) is only about 11 kev wide while the 4.4- and 
7-Mev gamma lines from the (p,@) reactions were 110 
and 135 kev wide. Thus, as far as the counting rate for 
a given lifetime is concerned, one is approximately as 
well off with the 2.14-Mev radiation produced by B'+) 
as with the more powerful (p,a) sources. If one considers 
the background counting rates, however, the situation 
is less favorable for the 2.14-Mev transition. For the 
high-energy transitions studied previously, the main 
source of background was capture radiation due to 
neutrons from the machine, the contributions from 
cosmic radiation and radioactive materials in the room 
being negligible. As one decreases the energy below 2.6 
Mev (ThC”), the background from radioactive sub- 
stances in the concrete of the walls and the floor of the 
laboratory increases sharply and becomes an important 
portion of the counting rate at 2.14 Mev. Neutrons 
from parts of the vacuum system hit by the proton 
beam are also more efficient in affecting the counting 
rate in the 2.14-Mev region, especially if any hydrog- 
enous material, which would give rise to 2.2-Mev 
capture radiation, is exposed. 

All the elemental boron targets and the boron carbide 
targets which were studied gave rise to considerably 
more neutrons than did the N'°H; targets used as the 
sources of 4.4-Mev radiation.‘ The neutron yields from 
the different samples varied by factors of two or three, 
but even for the best sample (> 99% B,C) the counting 
rate with a “long counter’? was well above the back- 
ground rate measured with the beam on a tantalum 
disk. Under these circumstances it was essential that 
the matching of the scatterers could be tested. This was 
possible because the incoming proton provides the 
major portion of the recoil momentum in the reaction 
B"(p,p’). The recoils are, therefore, moving in the 
direction of the proton beam forming a cone of, at 
most, 27.5 degrees half-angle with the beam direction. 
If one is studying resonance fluorescence in B", the 
velocity component necessary to compensate for the 
gamma-recoil energy losses is small, i.e., the gamma 
rays with resonance energies are emitted almost at 90 
degrees (88 degrees) with respect to the B"* recoils. 
With the B"* recoils forming a forward cone, the 


7A.O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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Fic. 1. Comparison of the calculated and the measured shapes 
of the effective cone of emission for a thick B,C target bombarded 
with protons of 3.0 Mev energy. The average of the experimental 
points at 90, 82.2, and 74.6 degrees was normalized to the value 
of the “plateau” of the calculated curve. 


resonant gamma rays will form a cone of emission 
angles near 88 degrees with the beam direction. 

Using the known yield curve®*® for the B"(p,p’) 
reaction, and assuming isotropic recoil and gamma-ray 
distributions, the fraction of gamma rays per unit 
energy interval at the resonance energy was calculated 
for different emission angles and is represented in Fig. 1. 
It can be seen that for emission angles smaller than 60 
degrees and larger than 115 degrees none of the gamma 
rays fall into the resonance region. If the main scatterer 
(B,C) and the comparison scatterer (LiNO;) are 
placed in this ‘“‘nonresonant”’ region, they should give 
rise to identical counting rates. One thus has the 
possibility of matching the scatterers under counting 
rate and scattering angle conditions which are very 
similar to those met in the actual resonance scattering 
experiment. 

The restriction to a finite range of emission angles is 
typical of inelastic scattering reactions. It is an awk- 
ward feature when the angular distribution of the 
resonance radiation is to be measured. On the other 
hand, it is an advantage in many cases because it 
results in a smaller Doppler width of the emission line, 
i.e., a larger intensity per unit energy interval. 

Another peculiarity of the (p,p’) reaction is the 
possibility of self-absorption in the source, one of the 
main complications in atomic resonance fluorescence 
which was avoided with the (p,a) reactions where the 
target element differs from the element of the residual 
nuclei. For most nuclear resonance fluorescence experi- 
ments, the self-absorption is rather small and the 
restrictions imposed on the source not severe. In the 
case of the 2.14-Mev level, the only precaution taken 
was to limit the diameter of the B,C target to } in., 
avoiding in this manner appreciable self-absorption 


8’ T. Huus and R. B. Day. Phys. Rev. 91, 599 (1953). These 
authors also showed that the yield of 2.15-Mev quanta from 
B(p,p’) is negligible at energies up to 2.9 Mev. 
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even when the scatterer was located at 90 degrees with 


respect to the proton beam. 


EXPERIMENTAL PROCEDURE, RESULTS 


Cylindrical ring scatterers of 16.5 in. outside diameter, 
13.1 in. inside diameter and 1.06 in. length were used 
for the simple scattering experiments. Longer scatterers 
of 15.7 in. outside diameter, 13.3 in. inside diameter, 
and 3 in. length were used for the self-absorption 
studies. 

An absorber of 210 g/cm? of heavy metal (W+Cu) 
and 70 g/cm? of gold shielded the 14 in.-diameter, 
2 in.-long sodium iodide crystal from the direct radia- 
tion. A detectable fraction of the primary beam 
reached the crystal through this absorber. However, it 
was decided that the gain in solid angle offset the 
disadvantage of a slightly increased background count- 
ing rate. The distance from the source to the center of 
the crystal was 10.5 in. For a first set of experiments, 
B,C of 93% purity served as target, absorber, and 
scattering material. A resonance fluorescence effect was 
observed both in a simple scattering experiment and in 
a self-absorption study. However, the level widths 
deduced from the two experiments differed considerably. 
Although the discrepancy could have been of statistical 
nature, it was decided to continue the measurements 
with purer (>99%) material. 

Using the pure B,C, the matching of the ByC and 
LiNO; scatterers was checked by a run in which the 
scatterers were located in the “nonresonant” region. 
The pulse-height distributions of the scattered radiation 
between 1.6 and 2.5 Mev energy were registered with a 
twenty-channel pulse-height analyzer. The counting 
rates for the LiNOs; scatterer were the same as those 
without scatterer, both counting rates differing from 
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Fic. 2. Resonance fluorescence from the 2.14-Mev excited state 
of B". Triangles represent the pulse-height distribution of the 
resonance radiation. The full energy peak at 46.5 volts corresponds 
to a gamma energy of 2.14 Mev. Circles were obtained with the 
scatterers placed in the “nonresonant” position; they give an 
account of the matching of the B,C and LiNO; scatterers as far 
as nonresonant scattering is concerned. 
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the background counting rate with the beam off the 
target by the counting rate due to leakage through the 
attenuator. The difference in the counting rates for the 
B,C and LiNO; scatterers are plotted in Fig. 2 as full 
circles. It was concluded that these differences averaged 
out to zero as well as could be expected. Using the same 
scattering angle, the scatterers were then placed in the 
“resonant” region. The counting rate differences for 
this arrangement are plotted in Fig. 2 as triangles. The 
scattered radiation from B,C showed clearly a full 
energy peak at the pulse height expected for a 2.14-Mev 
gamma ray. The shape of the pulse-height distribution 
agreed closely with that obtained when the crystal was 
exposed to the direct radiation from the target. There 
could, therefore, be no doubt that resonance scattering 
from the first excited state of B" had been observed. 
For the later experiments, the sum of the counting 
rates in the seven channels corresponding to pulse 
heights ranging from 44 to 51 volts was taken as being 
representative of the resonance effect. 

The next step consisted in determining experimentally 
the shape of the effective cone of emission and compar- 
ing it with the calculated shape depicted in Fig. 1. 
Data were taken for six different scatterer positions. 
After correcting for changes in solid angle and in 
counter sensitivity, the resonance effects observed at 
the different positions are proportional to the respective 
values of V(E,), the number of gamma rays per unit 
energy interval at the resonance energy. After normali- 
zation of the average of the three points at the 90, 82.2, 
and 74.6 degree positions to the plateau value of the 
curve in Fig. 1, the experimental points were plotted in 
this figure with their standard deviations. The agree- 
ment with the calculated shape is good. Within the 
experimental uncertainty the three points closest to 
90 degrees fall on a horizontal line. This means that the 
angular distribution of the recoils in the center-of-mass 
system must not depart too far from isotropy. A strong 
“fore and aft” distribution of the recoils in the center- 
of-mass system would increase the intensity near 90 
degrees, while a preferential emission perpendicular to 
the beam direction would lead to a depression of the 
curve of Fig. 1 near 90 degrees and elevations near the 
70 and 105 degree points. 

By comparison of the average number of resonance 
scattered gamma rays for the 90, 82.2, and 74.6 degree 
measurements with the total number emitted by the 
source, and with the value NV(E,)/N =0.089 per kev 
from Fig. 1, the natural width of the 2.14-Mev level 
was calculated to be (0.138+0.008) ev. This cor- 
responds to a mean life r+, of (4.80.3) 10~ second 
if the spin of the first excited state is assumed to be }. 

For the self-absorption experiment, the longer scat- 
terers covered emission angles from 72 to 91 degrees. 
Absorbers of ByC and of carbon, which had been 
matched as far as the electronic attenuation was con- 
cerned, were inserted between the source and the 
scatterer. 3.0 g/cm® of ByC reduced the resonance 
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scattering effect to (66.94+3.6)% of the effect with the 
carbon absorber in place. Under the assumption of a 
pure Doppler form for the effective cross section [Eq. 
(2) of reference 3], an analysis of the self-absorption 
experiment led to a value P'/A=(2.4+0.4)X10~%, 
taking spin 3. With an assumed Debye temperature of 
1250° for B,C, the effective temperature to be used in 
the expression for A is, according to Lamb,’ T.4¢= 530°. 
With this value the Doppler width of the 2.14-Mev 
absorption line becomes A=6.38 ev, leading finally to 
a natural width [ of (0.1530.023) ev or (2.45+0.4) 
X10-" erg and a mean life of (4.30.6) X 107" second. 
The result of this self-absorption experiment could 
be made to agree even more closely with the simple 
scattering result if a smaller Debye temperature were 
chosen for ByC. The experiments carried out with the 
4.46-Mev level of B" indicated,‘ on the other hand, 
better agreement of scattering and _ self-absorption 
experiments when higher values of the Debye tempera- 
ture of B,C were used. Thus it appears that 1250° is a 
choice which satisfies both sets of experiments. 
It was felt for this measurement, as for 
previously reported, that the uncertainty in the life- 
time based on the self-absorption was larger than the 


those 


quoted statistical error because of the vagueness con- 
cerning the effective temperature of B,C and the 
uncertainty as to the validity of the Lamb-correction. 
The lifetime from the scattering experiment was also 
estimated to be uncertain by appreciably more than 
the statistical standard deviation because of errors in 
the angular sensitivity, the self-absorption, electronic 
attenuation, and similar corrections. For these reasons 
the uncertainty in the final value of 7, was increased 
by a factor of two over the purely statistical error. Our 
final value for the mean life of the 2.14-Mev state in B" 
is then r= (4.7+0.6) XK 107! second. 


*W. E. Lamb, Phys. Rev. 55, 190 (1939). 
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DISCUSSION 


Since the experimental value for the lifetime of the 
first excited state of B"™ is ten times shorter than the 
previous upper limit, Wilkinson’s' arguments for the 
spin value 4 are strengthened. However, the question 
of the parity of the level does not seem to be resolved. 
From Weisskopf’s single-particle lifetime formulas" 
the expected mean lives are r,(M1)~3X10~ second 
and 7,(£1)~10~'® second. Kurath’s intermediate- 
coupling shell-model calculation," considering the tran- 
sition to be predominantly M1, gives a mean life in the 
range (2.5-5)X10~'® second. The experimental lifetime 
is thus consistent with an M1 transition and odd parity 
for the level. : 

On the other hand, the experimental lifetime is 
almost equally consistent with an £1 transition and 
even parity. Wilkinson’s recent compilation of experi- 
mental lifetimes” shows that the average £1 transition 
in light nuclei is slower than the “Weisskopf unit” by a 
factor of 30 and that the spread around this average is 
large enough to cover our observed factor of 45 easily. 
Also, one explanation of the apparent anomalies of the 
stripping experiments, that this level in B" may not 
be properly described as a single-particle level,? would 
of course imply that the decay cannot be described as 
a single-particle transition. 
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The study of beta-gamma angular correlations, with resonance fluorescence of the gamma ray, is proposed 
as a means of obtaining important information on the beta-decay coupling constants. The effect is calculated 
for an allowed beta transition followed by a gamma transition of arbitrary multipolarity. As an example, 


detailed numerical results are given for Ne*. 





INTRODUCTION 


XPERIMENTS involving measurement of nuclear 
recoils have always played a central role in the 
determination of the beta decay coupling constants. 
This is primarily due to the fact that in any experiment 
not involving a detection of the recoiling nucleus, in 
which the neutrino spin and momentum are averaged 
over, there is an inherent ambiguity in the determina- 
tion of the constants; namely, there is no way -of 
distinguishing between S and V, or between T and A. 
This ambiguity pertains in both the “parity” and the 
“nonparity” experiments. As has been observed in many 
explicit calculations,' the formulas are symmetric under 
the interchange of Cs and Cy, and of Cs’ and —Cy’, 
and similarly for T and 4A; that is, the scalar coupling 
with right-handed neutrinos is equivalent to the vector 
coupling with left-handed neutrinos for such experi- 
ments. A simple direct proof of this symmetry is 
presented in the Appendix. 

The experimental difficulty of observing nuclear re- 
coils directly has therefore been a deterrent to progress 
in determination of the coupling constants; at present 
the experiments involving direct measurement of nuclear 
recoils appear inconsistent with one another,” and with 
other work.* For this reason it is appropriate to consider 
other, indirect means of obtaining the same information. 
A recent experiment by Goldhaber, Sunyar, and 
Grodzins* has suggested a technique—the use of reso- 
nance fluorescence—which circumvents the necessity of 
direct detection of recoils. It is the purpose of this paper 
to suggest a means of further exploiting this technique 
in electron and positron decays. 

Nuclear resonance fluorescence, or the resonant elastic 
scattering of nuclear gamma rays, has been observed in 


* Work supported in part by U. S. Atomic Energy Commission. 

t On leave of absence from University of Notre Dame, Notre 
Dame, Indiana. 

1E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941). M. Yamada and M. Morita, Progr. Theoret. Phys. 
(Kyoto) 8, 438 (1952). Jackson, Treiman, and Wyld, Phys. Rev. 
106, 517 (1957); Nuclear Phys. 4, 206 (1957). G. Liiders, Uni- 
versity of California Radiation Laboratory Report UCRL-3903, 
August 1957 (unpublished), see Appendix. There are undoubtedly 
many other examples of this symmetry in the literature; we men- 
tion only a few to emphasize that it is a well-known ambiguity. 

? Herrmannsfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957), and references cited therein. 

8 Goldhaber, Sunyar, and Grodzins, Phys. Rev. 109, 1015 
(1958). 


several different ways. The gamma rays emitted by a 
source can be made to scatter resonantly from the same 
(daughter) material by shifting and/or broadening the 
natural line, to make up for the energy loss due to recoil 
of the emitting (and absorbing) nucleus. The three main 
techniques involve use of the Doppler shift due to rela- 
tive motion of source and scatterer,’ thermal broaden- 
ing,’ and the Doppler broadening due to recoil from 
previous radiation.® It is on this latter technique that 
we wish to focus attention. The observation of recoil 
broadening requires that the source be such that the 
relaxation time of the recoil motion, or the collision time 
T c, be long compared to the lifetime (mean life) of the 
gamma-emitting state, 7,. In a solid, this requires a 
very short lifetime, of the order T.,~ 10~" sec for heavy 
elements; in a gas, the lifetimes can be considerably 
longer (say T= 10~" sec) depending on the temperature 
and pressure. In practice, this generally restricts the 
observation of recoil broadening in a solid to fast F-1 
transitions, while in a gas the more common M1, £2 
transitions can be studied. The primary restrictions on 
the choice of the source will then be that the source be 
gaseous, and that the daughter substance be stable and 
abundant. 


1, BETA-FLUORESCENT GAMMA 
CORRELATION FUNCTION 


The experiment we wish to consider involves the 
measurement of the angular correlation between elec- 
trons (positrons) and resonantly scattered photons 
emitted in cascade’; both the angle and energy depend- 
ence can be studied. It has already been shown‘ that the 
resonant scattering cross section itself, without electron 
coincidences, is quite insensitive to the nature of the beta 








4P. B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951); and 
later papers. For a review of early experiments see K. G. Malmfors’ 
article in Beta- and Gamma-Ray Spectroscopy, edited by K. 
Siegbahn (Interscience Publishers, Inc. New York, 1955), p. 521. 
A good current bibliography is contained in reference 6. 

®*K. G. Malmfors, Arkiv Fysik 6, 49 (1952). 

® F. R. Metzger, Phys. Rev. 101, 286 (1956), and previous work 
cited therein. 

7 The only published discussion of an experiment of this type 
seems to be that of A. M. Cormack, Phys. Rev. 96, 716 (1954). 
This author considers mainly the kinematic aspects of the problem. 
Recent work of S. B. Treiman [Phys. Rev. 110, 448 (1958) ] and 
of Frauenfelder, Jackson, and Wyld [Phys. Rev. 110, 551 (1958) ] 
consider very similar correlations, but without the resonance 
fluorescence condition. 

8 F. R. Metzger, Phys. Rev. 101, 291 (1956). 
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BETA-GAMMA CORRELATIONS 


decay interaction; the correlation experiment proposed 
is, on the other hand, very sensitive to the beta inter- 
action, and since the detection of the resonance fluores- 
cence essentially selects the recoil momentum, the 
resultant correlation is sensitive to the difference be- 
tween S and V, T and A. Observation of the beta- 
gamma correlation with ~5% accuracy should in most 
cases provide information of accuracy corresponding to 
that derived from direct detection of recoils. It is to be 
hoped that indirect experiments such as proposed will 
ultimately provide accuracy considerably better than 
5%. 

The derivation of the correlation function is quite 
brief; we present here a general result, valid for any 
allowed beta decay followed by a single gamma ray 
(possibly of mixed multipole character) to the ground 
state. The extension to forbidden transitions and the 
inclusion of further unobserved gammas is straight- 
forward, but will not be included, nor will we consider 
the polarization of the photon. The derivation separates 
naturally into two steps: the essentially ‘‘geometrical”’ 
calculation of the appropriate matrix element, and the 
“kinematical” average over unobserved variables. In 
this section we will discuss the second, kinematical, 
step, utilizing only the general form of matrix element, 
and leaving the derivation of the constants to the next 
section. 

Adopting the standard notation,’ in which p, q, and k 
denote the momenta of electron, (anti) neutrino, and 
photon, the transition rate has the form 


(p+q)’ 
ve f+ f dpdadk mn (We W—4- “ ) 
2M 


k? (p+q)-k 
xi( BA nemenen ). (1) 
2M M 


Here we have denoted the energy release in the beta and 
gamma transitions by Wo and £, respectively, and the 
nuclear mass by M; units in which h=m=c=1 will be 
used throughout. Since we are interested only in the 
correlation function, we will drop all multiplicative 
constants for simplicity. The calculation is carried out 
for a fixed energy of the initial and intermediate states, 
thus neglecting such effects as the natural line width and 
thermal broadening. 

Next let us expand the result for M>>E, Wo, keeping 
terms of order 1/M. The recoil energies and the shift and 
broadening of the photon spectrum are all of this order. 
Since p, q affect the recoil energy only to order 1/M, we 
can drop the term (p+4q)?/2M in the first delta function. 
A straightforward expansion of the argument of the 
second delta function, for photon energies within 


9 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1957); M. E. 
Rose, in Beta- and Gamma-Ray Spectroscopy (Interscience Pub- 
lishers, Inc., New York, 1955); Jackson, Treiman, and Wyld, see 
reference 1. 
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O(1/M) of E, yields 


Re (p+q)-k 
s(z-1-—-"—) 
2M OM 
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where #, @ are the angles between q, k and p, k, re- 
spectively. Upon introducing the new variable K 
such that k—E+E?/2M=KE/M, and defining cosx 
= (K+ p cos@)/g, Eq. (1) becomes 


ve f--- f dpdaak mm? 


M 
x ( — )a We W —q)5(cosd+cosx). (2) 
gE 


Note that K is just the displacement of the photon 
energy from its “natural” position (i.e., without Doppler 
shift), measured in units of E/M. The photon spectrum 
extends over all those values of K such that | cosx| $1. 
For a fixed electron momentum, the spectrum is 
centered at K= — p cos@, and extends for a width g on 
either side of this value. The value of K corresponding to 
resonant scattering from a scatterer at rest is K=E; 
henceforth we will give K this value. 

A simple invariance argument shows that the matrix 
element for an allowed beta-gamma cascade has the 


form 
IN| 2~ a+ @Bp-q+Cp-kq-k, 


which expresses explicitly the angular dependence; as 
we shall prove later, the correct energy dependence can 
be made explicit by parametrizing the matrix element as 
follows: 


awh pq _(p-kq-k—4p-qk’) 
mM |?=eF (ZW fate +C —— (3) 
Wq W qk? 

The exact form of the constants ¢, A, B, and C will be 
derived in the next section. 

Inserting (3) into (2) and carrying out the integrals 
over neutrino momenta, we find for the beta-gamma 
correlation function, when |cosx| <1, 


p 
dN (0) « erah (Z,W)| 1—a— cos@ cosx {a(cow, (4) 
W 


and zero otherwise. This can also be written in the form 
dN (6) « ¢p’gF (Z,W) 
pE P 
x | 1—a cosé—a—— cos’6 
Wq Wq 
Here a= (B+3C)/A, and g=Wo—W. 





d(cos6). (5) 
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We note that by integrating Eq. (4) over the photon 
spectrum, —q—p cosd< K<q—p cos6, or —1<cosx<1, 
the second term vanishes, (cosx)=0, giving the familiar 
beta spectrum with no beta-gamma correlation, as is 
well known for allowed transitions. 

In view of the theorem of the Appendix, it is perhaps 
surprising that the integration over neutrino momenta 
did not remove the distinction between S and V, and 
T and A. The symmetry in question refers to the square 
of the matrix element, and to its average over neutrino 
momenta; it is the appearance of q in the kinematic 
factors which gives rise to the difference in this effect. 
The appearance of an odd power of cos@ can also be 
traced to the same cause; the matrix element itself is 
even in k as usual. 

In order that resonance fluorescence be observed, due 
to recoil broadening, we must have |cosx|<1, which 
requires E<(W,?—1)*. For E comparable to Wo, the 
resonance is only observed over a small range of energies 
and angles, making a study of its angular or energy 
dependence difficult. These correlations are most easily 
studied for Wo considerably larger than £. 


2. CALCULATION OF THE MATRIX ELEMENT 


Since this is a rather standard derivation, we will only 
write out certain key results, and refer the reader to the 
published literature for a more complete treatment.!” 
The square of the matrix element for the beta transi- 
tion, averaged over lepton spins, is 





eiiehe 1 p-q 
T « EF(Z,W)}{ ( 14+—b )+-a——_c’ 
W gw 
ye nar or? P tt Mor-pier*-a— $1) or|°p-q) 
qw ’ 
(6) 
where 
e=[|Cr\?+|Cr’|?—|Cal? 
—|Ca’ |?F (iaZ/p)(CrCa*+Cr’Ca*—c.c.)], (7) 


and F(Z,W) is the Fermi function. The notation is, with 
the exception of the last coefficient, identical with that 
of Jackson, Treiman, and Wyld.’ If we denote the 
spins of the initial and intermediate states j; and je, 
then Mer= (jeme|o| jym1), Mer*= (jome’|a| jymy’)*. 
We have deleted from Eq. (6) a term proportional to 
(pXq-MerM r*+c.c.), since it will not contribute to 
the beta-gamma correlation function, if the initial state 
is unoriented. 

Introducing spherical tensors, rather than Cartesian, 
the sums over the magnetic quantum numbers can be 
carried out, and the density matrix for the intermediate 





10 L.. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953); Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957); 
Frauenfelder, Jackson, and Wyld, see reference 7. 
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In this formula we have introduced the notation 
C= |\Mer|?A(jijede’, with 
A(jijz)= 1 if fji=jo—1 
2j2—-1 
=-——_ if ji=je 
jot 
jo(2j2—1) dekiny= 
= ji=jeti. (9) 


(jo+1)(2j2+3) 


This conforms with the notation of reference 9. Notice 
that the roles of initial and intermediate spins have been 
interchanged, due to the fact that we are computing the 
orientation parameters of the second state for an 
unoriented initia] state, rather than vice versa. 

The next step requires the calculation from Eq. (8) of 
the density matrix of the third (ground) state, assuming 
an arbitrary multipole transition. For an unoriented 
final state, with spin 73, we can make use of a result 
given in convenient form by Alder-Stech-Winther™: we 
must multiply Eq. (8) by 

4a i 
(2j2+1)(2L+1) 
XF 1 (AN j3j2)5,5x ¥ 1” *(k) 


XC(jojel; —mes'm2—M). (10) 


(34) 
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Fic. 1. Energy level diagram of Ne*, taken from Nuclear Data 
Card 57.5.28; see J. R. Penning and F. H. Schmidt, Phys. Rev. 
105, 647 (1957). The mean life of the first excited state has been 
measured by observation of Doppler shift to be 10-8<7y,< 10" 
sec; see R. W. Krone ef al., Bull. Am. Phys. Soc. Ser. II, 1, 329 
(1956). 








BET 
Carrying out this last matrix multiplication, we find the 
result has the form of Eq. (3), with 
A=(1+6/W)>)(6,)*, 
B=a >) (6y)’, 
(jot) (2j2+3)]! 


C= Cc x 5y5y/Fo(AX’ jis je). 
Sjx(2j.—1) J i 


(11) 


The most interesting special case of this general result is 
for Cs= —Cs', Cy=+Cy’, Cr=—Cr’ and Ca=+Cy’, 
which yields 
A=t1, 
[|Cv|?— |Cs|*)}| Mr|?+4L|Cr|?— |Cal?]| Mer|? 
B . 
[ Cgi*+iCy 7 Mr 241 Cri*+/\Ca >] Mer\* 
[ Cri?—|Ca 2] Mer?’ 
C= 
[\Cs|*+|Cy|?]| Me |?+(| Cr |?+| Ca |*]| Mer |? 


(12) 
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In this case, the formulas are identical for electron and 
positron emitters. 


3. EXAMPLE: THE DECAY OF Ne* 


In this section we will work out in detail the specific 
of Ne* to Na™. Here the 
source and an abundant, 


case of the electron decay 
requirement of a gaseous 
stable daughter are ideally satisfied. The energies and 
lifetimes of the states are known, but there is some 
doubt about the spin assignments, and very little 
information about the mixing ratio of M1— 2 ampli- 
tudes in the ground state transition. As we shall see 
from the calculations to follow, it will be essential to 
have further information on spins and mixing ratios 
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Fic. 2. The correlation parameter a, as a function of the mixing 


ratio x= E2/M1 


A-GAMMA CORRELATIONS 


913 














N(Q@) = Se eS 
5 
E2 
14 7) 
1.3 P ,. od 
l2- : Po Mi 
Ll} i ee 
! oe 
- q f a a ae ~ _ Mi 
8 L \ 
7 be 
6 E2 
‘ RB 
ar 
3+ 
2 coo- A 
J lise thas 
0 evened dd i. 4 a 
() Ks) 6a 390° ia 150° 180° 


@: angle between electron and photon 


Fic. 3. The angular correlation function N(@), versus 0, for 
electron energy W =4.85 (in units of mc). The four curves are for 
pure T, with £2 gamma transition, T with M1, A with £2, A with 
M1. For angles smaller than ~50°, there will be no resonant 
scattering, except that contribution from the finite natural width 
and thermal broadening. 


before sharp conclusions can be drawn about the beta 
coupling constants. Since there is a weak branch to the 
second excited state, it should be possible to study the 
gamma-gamma directional correlation, which will pro- 
vide the desired information. The information regarding 
Ne* is summarized on the energy level diagram in 
Fig. 1. ‘ 

Assuming a possibly mixed gamma transition, we find 
that the coefficient a depends sensitively on the mixing 
ratio; in Fig. 2 we have plotted a as a function of the 
mixing ratio x= /2/M1. We have assumed the Fermi 
matrix element to be zero, which is a consequence of the 
isotopic spin selection rule AT = 0 for Fermi transitions. 
The coefficient a is plotted for a pure T coupling; for 
pure A it will have the opposite sign, and for a mixture 
thereof will have values intermediate between these two 
extremes. Note especially that the sign of a can change 
for strong mixing of M1 and £2 amplitudes, and 
therefore is not an unambiguous measure of the differ- 
ence between 7 and A. It is essential to have a reliable 
estimate of the mixing in order to relate the sign and 
magnitude of a to the beta coupling constants. 

In Fig. 3 is shown the angular dependence of the 
correlation function for a fixed electron energy. It is 
easily seen that the angular dependence is strongest for 
electron energies such that cosx+—1 at 6=7; this 
occurs for W=4.85 mc, which is near the center of the 
beta spectrum, where the intensity is highest. The 
correlation functions for pure M1 and pure £2 are 
plotted for this energy. In calculating the correlation 
we have neglected the natural line width and thermal 
broadening in the source. Both of these effects will tend 
to round off the sharp edge of the correlation function, 
but should represent small corrections elsewhere. For a 
lifetime of Na™* of 10-2 sec, the natural line width 
would be '0.6X 10~ ev and at room temperature the 
width due to thermal broadening will be ~0.02 ev. 
Both of these effects are small compared to £*/M10 ev. 

The correlation can also be studied by detecting the 
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Fic. 4. The energy distribution of electrons versus kinetic 
energy, W—1 (in units of mec*), for a fixed angle of = 180°. For 
energies above ~4.85 mc? there will be no resonant scattering due 
to recoil broadening. The ordinate is the electron intensity divided 
by pgF (Z,W). 


dependence on the electron energy at a fixed angle. In 
Fig. 4 is plotted the energy dependence at the angle 
6=-, both for pure M1 and pure £2. 

The condition T,<T ¢ is also easily satisfied for neon. 
The mean free path in neon under S7P is approximately 
13X10-§ cm." Combining this with the maximum 
possible recoil velocity, »~6X 10° cm/sec, gives a colli- 
sion time T7¢~2X10-" sec. Comparing this with the 
lifetime T.,~ 10~" sec, we expect that the recoil shift and 
broadening will persist up to pressures on the order of 
one atmosphere. 

We have chosen Ne” only as an example; there are 
undoubtedly other transitions which can be used. It 
may be possible to find more appropriate cases, in which 
the multipole order of the gamma is pure or of known 
mixing, and in which the effects are larger than in Ne”. 
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APPENDIX 


Under the transformation ¥,—6y, and y,—6y,, the 


allowed 6-decay Hamiltonian, 


HR=p'BbwW'B(Cstr0C s’ Wirt We've (Cv +rysCv’v, 
+H p'Bopn-We'Bo(Cr+ysCr' WW, 
+yW,loy, Wdo(CatyCa’W,+H.c., 


becomes 


KH’ =vo'b abe! (Cs—0C 8‘ Wr tho! Bb nb 'B(Cv—sCv' Wr 
t+ p'obn-Wlo(Cr—ysCr’ py 
+y,'Bey, : v.'Bo (Ca- VsCa W+ H.c. 


If we now also make the transformation 
CsCy, Cs'—Cy’, 
Creca, Cr’ —Cy’, 


then the Hamiltonian is brought back to its original 
form. Thus all matrix elements of the Hamiltonian are 
invariant under the product of these transformations. 
Since the nucleons are nonrelativistic, we make the 
usual assumption that (W,'6~.) ~ (Wp'pn), that is, B~1 
when acting between nucleon spinors. On the other 
hand, Sy, (q) =¥,(—q) ; that is, the neutrino momentum 
changes sign. The most general form of the matrix 
element squared for pure Fermi transitions which re- 
mains invariant under this transformation is therefore 


[5 |?~aL|Cs]?+ [Cy |?+|Cs’|?+ |Cr’|*] 

+b[C sC s’*—CyCy'*+c.c. ] 

+f CsCy*+Cs'Cy'*+c..] 

+d[C sCy’*+Cs'Cy*—c.c. ] 

+a-ql|Cs|?— |Cy|?+|Cs’|?— |Cv’|?] 

+b QC sC 5'*+CyCy’*+c.c. ] 
+e-q[CsCv*+Cs'Cy'*—c.c. ] 

+d-q[CsCy’*+Cs'Cy*+c.c.]. 


Similar expressions exist for Gamow-Teller and mixed 
transitions as well. 

It is immediately apparent that only those experi- 
ments which measure the neutrino momentum (or by 
momentum conservation the nuclear recoil) can dis- 
tinguish S and V. 
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Gamma-ray, neutron, and gamma-gamma coincidence spectra have been obtained from inelastic inter- 
actions of 2.48-Mev neutrons with P®, Mn", Co™, As’5, Nb", and Bi®*. The following previously unreported 
gamma rays have been observed: Co 2.11+0.05, 0.698+0.015, 0.559+0.022, 0.132+0.010 Mev; As” 
1.81+0.04, 1.61+0.04, 1.32+0.04 Mev; Nb*® 2.11+0.08, 1.944-0.07, 1.5240.04, 0.345+0.017 Mev. 
Evidence has been found for the existence of a 1.56+-0.03 Mev level in Mn® and possibly a 1.02+0.05 Mev 
level in As’*. The following previously unreported coincidences have been observed: Co™ 0.132—2.11 Mev; 


and As” 0.578 —0.136 Mev. 


INTRODUCTION 


EVERAL different methods for using inelastic 
neutron scattering to study the excited states of 
nuclei have been used by previous investigators. These 
methods include (1) investigation of the gamma radia- 
tion emitted during the de-excitation of the scattering 
nuclei,!~* (2) determination of the energies of the 
inelastically scattered neutrons,*> and (3) determina- 
tion of the threshold neutron energies necessary for the 
excitation of specific nuclear levels.*:? The first method 
is useful in that the energies of the radiations correspond 
directly to the energy differences between levels. 
Ambiguities in this method appear when questions of 
fitting the observed gamma rays into a consistent level 
scheme arise and when there is doubt that a gamma 
ray is in fact the result of an inelastic neutron scattering 
event. The first type of ambiguity can often be re- 
solved by use of coincidence techniques for establishing 
the existence of possible cascade radiations in the de- 
excitation process. 

In many cases the ambiguities concerning the origin 
of gamma radiations can be clarified by resort to the 
second method. Provided that the incident neutrons 
are approximately monoenergetic, energy determina- 
tions of the incident and inelastically scattered neutrons 
suffice to fix the level energies. When gamma radiations 
having energies consistent with the de-excitation of 
these levels are observed, some confidence in the 
supposed production mode is warranted. Of course a 
coincidence experiment relating an inelastically scat- 
tered neutron group directly to the appropriate gamma 
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radiation is most convincing; a limited number of such 
experiments have been performed.*? 

Partly because of the difficulties of measuring the 
energies of the inelastically scattered neutrons precisely, 
the third method has been of considerable use in 
establishing both the existence of excited states and 
their energies. 

The purpose of the present investigation is to re- 
examine, by use of the first two methods, a selected 
group of previously studied nuclei in the hope of 
clarifying uncertainties in energy and decay modes and 
of providing evidence for any new levels which might 
be observed. 


EXPERIMENTAL PROCEDURE 


A direct-current, two-gap, linear accelerator capable 
of delivering a 150-ua beam of deuterons at energies 
from 30 kev to 150 kev was used. After acceleration, 
the deuterons passed down a 4-ft length of 1.25-inch 
diameter thin-walled aluminum tubing to strike an 
occluded deuterium target built up on a 0.007-inch air- 
cooled aluminum backing. Neutrons were produced by 
the D(d,n)He* reaction. The neutrons were produced 
and scattered at a position considerably removed from 
the accelerator vacuum pumps and other massive 
objects. 

The choice of scatterers was determined by questions 
of isotopic purity, availability and cost. Of those 
selected the results from phosphorus, manganese, 
cobalt, arsenic, niobium, and bismuth are of sufficient 
interest to be reported below. The amounts of scatterer 
used varied from about 1.1 moles to 5.7 moles. The 
scatterers were in the shape of right cylinders. Solid 
materials were used where possible, but powdered 
forms were also utilized. Powdered scatterers were 
enclosed in 0.001-inch aluminum foil containers. Table 
I gives a resume of the characteristics of the scatterers 
used and includes for scatterers enclosed in aluminum 
foil the molar percentage of aluminum present due to 
the wrapping. 


8 Garrett, Hereford, and Sloope, Phys. Rev. 91, 441(A) (1953); 
92, 1507 (1953). 

® Shapiro, Scherrer, Allison, and Faust, Phys. Rev. 95, 751 
(1954). 
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Fic. 1. Scattering geometry for 
gamma-ray experiments, showing: 
a, target; 6, proton monitor; 
c, scatterer; d, scintillation crys- 
tal; e, photomultiplier tube; /, 
preamplifiers. 








Three different types of experiments were performed 
in this investigation: (1) de-excitation gamma spectra 
were obtained, (2) coincidence studies of these gamma 
radiations were made, and (3) inelastic neutron 
energies were measured. Each of these types will be 
discussed in turn. 


GAMMA-RAY SPECTRA 


In order to obtain an accurate spectrum of the gamma 
rays following inelastic neutron scattering, it is neces- 
sary to differentiate between the radiation produced by 
scattering in nearby materials and that produced by 
the selected scatterer. Previous investigators have 
employed various differentiation schemes including 
subtraction,‘ shielding,’’and a coincidence requirement.® 
The experiments reported here rely on the validity of 
performing a direct subtraction. None of the above 
techniques is completely successful. 

The arrangement of scatterer and detector for ob- 
taining the gamma spectra is shown in Fig. 1. The 
scatterer, sodium iodide detector, and type 6292 photo- 
multiplier tube are along a line at 90° with respect to 
the incident deuteron beam. A proton scintillation 
detector is located within the vacuum system at 150° 
with respect to the incident deuterons. This detector 
serves as a monitor of the neutron production since the 
ratio of the cross sections for the two reactions 
D(d,n)He’ and D(d,p)H® varies by less than 0.5% over 
the range of accelerating voltage experienced in any 
run." 

In the arrangement shown, neutrons interact with 
nuclei in the scatterer, producing gamma rays which 
may be detected by the sodium iodide scintillator. The 
scintillator also detects gamma rays produced by 
inelastic neutron scattering in the scintillation crystal 
itself, and by scattering in other adjacent matter. The 
gamma rays may conveniently be divided into four 
groups: (1) those originating in the scatterer, V,(E); 
(2) those originating in the detection crystal, \V.’(E); 


10 J. J. Van Loef, thesis, Utrecht, 1955 (unpublished). 
11 Arnold, Phillips, Sawyer, Stovall, and Tuck, Phys. Rev. 93, 
483 (1954). 
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TABLE I. Properties of scatterers used. 





Molar 
percentage 
Scatterer. Form Purity (®%) Moles aluminum 
s powder 99 5.7 1 
Mn powder 99.9 1.9 2 
Co solid metal 99 2.4 te 
As small lumps 99.5 1.4 2 
Nb powder 99.5 1.1 3 
Bi solid metal 99.95 1.6 


(3) those originating in matter (e.g., the target) so 
placed that the radiation must traverse the scatterer to 
get to the detector, V,(E); and (4) those originating in 
other matter so placed that the radiation need not 
traverse the scatterer to get to the detector, V,(£). 
E refers to the gamma-ray energy. If N(E) is the 
gamma spectrum detected with the scatterer in place, 
then 


N(E)=a;(E)N,(E)+a2(E)N,.(E)+a3(E)Ni(E) 
+N,(E); 


a,(E£) and a;(E£) take account of the attenuation and 
energy degradation of group (1) and group (3) gamma 
radiation, respectively, due to interaction of those 
radiations with the scatterer. Although the group (2) 
radiation is not modified before interacting with the 
detecting crystal, its spectrum has been written as 
N.(E)=a2(E)N.(E). In this way a2(E) may be used 
to account for the modification of the group (2) gamma 
radiation caused by the attenuation and energy degra- 
dation, in the scatterer, of the neutrons which produce 
that radiation. With the scatterer removed a:(E£)=1. 
In this discussion the energy degradation of the neutrons 
in the scatterer is neglected. Thus a2(E)=ayz is in- 
dependent of energy. The determination of a: will be 
discussed presently. 

If N’(E) is the gamma spectrum detected with the 
scatterer removed, then 


N'(E)=N.(E)+NA(E)+N,(E). 


Since V,(E) might reasonably be expected to be far 
larger than V,(E£) and N,(£), due to the small amount 
of matter in the vicinity of the detection crystal relative 
to the amount in the crystal itself, the subtraction was 
performed in such a way as to eliminate V,(£). Thus 


N(E)—a2.N’(E)=a,(E)N,(E)+[a3(E)—ae |N1(E) 
+[1—az]N,(E). 


The last two terms on the right-hand side of this 
expression were neglected since they are small for two 
reasons: \V,(£) and N,(£) are themselves quite small'*; 
1—a, lies between 0.1 and 0.2; and a;3(£)—az is of 
similar size, except at low E or for high-Z scatterers. 

Generally in these experiments N,(E)/N,(£)<0.2 and 
N,(E)/N,(E) <0.2. An exception to this occurs below 50 kev, in 
which region N;(£) is large because of bremsstrahlung from the 
accelerator. 











NUCLEAR 


The difference spectrum N(E)—a:,N'(E) may not 
correspond exactly to a;(£)N,(E) due to the following 
distortions which all arise from the neglected terms in 
the preceding equation: (1) errors in a, will result in 
humps or dips at energies corresponding to emissions 
from sodium and iodine, the materials comprising the 
scintillator; (2) the presence of N,(£) may cause 
(a) humps or dips at energies corresponding to emissions 
from aluminum, the target material, and (b) a dip at 
low energies where the bremsstrahlung occurs; and 
(3) the presence of V,(E£) may cause humps at energies 
corresponding to emission from other material in the 
room, predominantly aluminum and iron. There was 
no evidence of effects 2(a) and 3; there was evidence of 
effects 1 and 2(b). Effect 2(b) could be partially re- 
duced by placing a cylinder of carbon between target 
and crystal when the scatterer was removed. This was 
done when taking those spectra having a maximum 
gamma-ray energy of 0.2 Mev. The subtraction was 
modified to allow for the presence of the carbon. 

The factor a, was determined by measuring the 
attenuation of incident neutrons by the scatterer. This 
was accomplished by recording the proton recoil 
spectra produced by the incident neutrons in a 0.5 cm 
thick anthracene crystal with and without the scatterer 
interposed between the target and the crystal. The 
ratio of the two spectra in a region representing nearly 
full neutron energy was taken as a. The value of a» 
varied from 0.833 to 0.928. 

Three different gamma spectra were observed for 
each scatterer. One extended to a maximum gamma-ray 
energy of 2.5 Mev, a second spectrum was expanded to 
give a maximum energy of 0.6 Mev, and a third was 
further expanded to include only gamma rays to 0.2 
Mev. A 2.5 cm by 2.5 cm right cylinder of sodium 
iodide was used in the 2.5-Mev and 0.6-Mev experi- 
ments and a 0.1 cm thick, 3.8 cm diameter crystal was 
used for the 0.2-Mev work. Deuteron accelerating 
voltages of 140, 130, and 50 kilovolts, respectively, 
were used in the three sets of experiments. All spectra 
were recorded on a Radiation Instrument Development 
Laboratory 100-channel pulse-height analyzer. The 
runs with scatterer removed and in place required 
roughly one-half hour each. The spectra were normal- 
ized by use of the proton monitor. Energy calibrations 
were made before and after each pair of runs. Analyzer 
linearity and zero were checked periodically with a 
mercury-relay pulse generator. 

Energy calibration of the 2.5-Mev spectra used the 
0.511-Mev annihilation radiation and 1.277-Mev 
gamma ray” from Na” and the 0.695-Mev and 2.18- 
Mev radiations'*'® from Pr. 

Calibration of the 0.6-Mev spectra used the 0.511- 
Mev annihilation radiation from Na”, the 0.134-Mev 
gamma ray":'® from Ce™, the 0.205-Mev de-excitation 


13. R. P. Leamer and G. W. Hinman, Phys. Rev. 96, 1607 (1954). 
“4 W. E. Kreger and C. S. Cook, Phys. Rev. 96, 1276 (1954). 
16 Cork, Brice, and Schmid, Phys. Rev. 96, 1295 (1954). 
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gamma ray”''®!7 from I'®’, and a consistent peak in the 
total N(E) spectra of each scatterer composed es- 
sentially of a superposition of the Compton edge due 
to the 0.63-Mev gamma ray in I'*’ and the 0.440-Mev 
photopeak in Na*. The 0.205-Mev gamma ray of I?’ 
was read from the V(£) spectrum for each scatterer. 

Calibration of the 0.2-Mev spectra used the 33.2-kev 
Cs? x-ray, the 59.0-kev I'??7 gamma ray,”'®!? and the 
127-kev Mn*® gamma ray.'*:’ The 59.0-kev I'*’ photo- 
peak was read from the total spectrum N(£) of all 
scatterers; the 127-kev Mn*® photopeak from the V(£) 
spectrum of Mn®®. 

The relative intensities of the radiations above 
0.5-Mev energy from each scatterer were estimated, 
using a curve for photopeak efficiency due to Day.’ No 
attempt was made to correct for self-absorption in the 
scatterer, (i.e., the nonconstancy of a(£)). 


COINCIDENCE SPECTRA 


Gamma-gamma coincidence spectra were obtained 
using a scattering geometry differing from that shown 
in Fig. 1 in the following respects. The scatterer was 
again located at 90° with respect to the deuteron beam, 
but to one side rather than below. Two sodium iodide 
detectors were arranged directly’ above and below the 
scatterer. One detector utilized a 2.5 cm diameter, 2.5 
cm high sodium iodide crystal, while the other utilized 
a 3.8 cm diameter, 3.8 cm high crystal except as 
specifically noted below. 

The outputs of both detectors were fed via fast 
amplifiers into a fast-coincidence circuit having a re- 
solving time of 60 musec. The output of the detector 
with the 3.8-cm by 3.8-cm crystal was fed via a non- 
overloading amplifier into a single-channel pulse-height 
analyzer. The output of the detector with the 2.5-cm 
by 2.5-cm crystal was fed via a nonoverloading amplifier 
into the 100-channel pulse-height analyzer. The 100- 
channel pulse-height analyzer required a prompt and a 
delayed gating pulse to permit storage to occur. The 
output of the fast-coincidence circuit supplied the 
prompt gating pulse. The output of the single-channel 
pulse-height analyzer supplied the delayed gating 
pulse. The resolving time of the delayed gate circuit 
was 1.5 usec. This pulse handling arrangement allowed 
all gamma rays to be recorded which were in coincidence 
with a gamma ray selected by the single-channel pulse- 
height analyzer. The random coincidence rate was 
found to be much smaller than the true coincidence 
rate, and was therefore ignored. 

Calibration was carried out essentially as indicated 
for the gamma spectra. 





aa Knight, Mize, Starner, and Barnes, Phys. Rev. 102, 1592 
(1956). 

17 Davis, Divatia, Lind, and Moffat, Phys. Rev. 103, 1801 
(1956). 

18 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 

19 J. Freeman, Phil. Mag. 46, 12 (1955). 
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In addition to the gamma-gamma coincidences 
arising from cascade decays in the scatterer, two un- 
desired coincident events might be recorded: (1) 
Compton scattering events, in which a gamma ray was 
Compton-scattered in one crystal, and the scattered 
gamma ray was detected in the other crystal; (2) 
multiple inelastic scattering events, in which an 
inelastic neutron scattering occurred, the de-excitation 
gamma ray was detected in one crystal, and the 
neutron then produced a second gamma ray which was 
detected in the other crystal. 

When the gamma ray which served as energy gate 
had an energy below 150 kev, the background coincident 
effects were eliminated as follows. The 3.8-cm by 3.8-cm 
Nal crystal was replaced by a 0.1-cm by 3.8-cm 
crystal. Two spectra were taken, one with no absorber 
between crystal and scatterer, and the other with 0.7 
g/cm? of lead between the scatterer and the 0.1-cm 
thick crystal. The lead absorber should have had little 
effect on neutrons or high-energy gamma rays, but 
should have stopped most of the gamma rays of 
energies less than 150 kev. The difference between the 
spectrum taken without absorber and that taken with 
absorber was considered to be the gamma-ray spectrum 
in coincidence with the low-energy gamma ray. 

When the gamma ray which served as energy gate 
had an energy in excess of 1 Mev, a lead absorber 3.3 
g/cm? thick was placed between the scatterer and the 
3.8-cm by 3.8-cm crystal to prevent back-scattered 
gamma rays from reaching the other crystal. (This was 
not done in the phosphorus experiment.) 

The scattering geometry frequently prevented Comp- 
ton-scattering events from being recorded. If a gamma 
ray were emitted from the scatterer and scattered from 
one crystal into the other, the scattered gamma ray 
would have less than 0.51 Mev energy, which was, in 
many cases, insufficient to trigger the energy gate. In 
a few cases, the scattering geometry was modified by 
moving the detection crystals back from the scatterer. 
This insured that a gamma ray Compton-scattered 
from one crystal to the other would have appreciably 
less than 0.51 Mev. 

When the gamma ray which served as energy gate 
was more energetic than 150 kev, no precautions were 
taken to physically eliminate multiple inelastic scatter- 
ing events, but care was taken in interpreting the data 
not to be misled by their presence. 

Direct background subtractions with the scatterer 
removed were made when the gamma ray serving as 
energy gate was more energetic than 150 kev. The 
magnitudes of these subtractions were generally equiva- 
lent to that used in the gamma-ray spectra. The proton 
monitor was used for normalization purposes. 


NEUTRON SPECTRA 


The neutron spectra were obtained from interpreta- 
tion of the proton recoil spectra produced in anthracene 
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by the incident and scattered neutrons. These inter- 
pretations were made using the so-called ratio method 
introduced by Eliot, Hicks, Beghian, and Halban.‘ The 
ratio of the number of counts with scatterer in place to 
the number with scatterer removed may be plotted as 
a function of energy to yield steps corresponding to 
neutron energies. However, gamma-ray Compton edges 
as well as neutron groups appear as steps in the plot 
when this method is used ; thus it is imperative to know 
the gamma spectra in order to interpret the ratio plot 
results. 

The arrangement in the target area for the neutron 
measurements was identical to that employed in the 
gamma-ray experiments except that the proton monitor 
was omitted. Spectra obtained using a 0.5 cm thick, 
3.7 cm diameter anthracene crystal were recorded by 
using the 100-channel analyzer. 

Runs with and without the scatterer were of roughly 
one hour duration each. Calibration of the Compton 
edges was carried out using the Na” radiations discussed 
above. These calibrations were made before and after 
each pair of runs. The neutron energies were calibrated 
with reference to the full energy of the neutron source 
as deduced from the (d,d) reaction energetics. A point 
halfway up on the leading edge of the proton spectrum 
was selected as this full energy and the calibration 
completed by use of relationships due to Birks.” 

It must be said that satisfactory results were obtained 
only rarely, for (1) neutron groups either below 0.5 Mev 
or above 2.1 Mev could not be satisfactorily detected, 
(2) resolution was inadequate for separating closely 
spaced steps, and (3) statistical reliability more precise 
than the size of the effect (often less than 0.59%) was 
difficult to attain. 


RESULTS 
Phosphorus-31 


The gamma-ray spectrum obtained from P* con- 
tained three gamma rays at energies of 2.21+0.06, 
1.27+0.015, and 0.95+0.03 Mev. Relative intensities 
were found to be 0.25+ 20%, 1.02-10%, and 0.35425%, 
respectively." The ratio plot shows two steps. One step 
corresponds to a neutron group at 1.95+0.05 Mev or 
to a gamma ray at 0.92+0.05 Mev and is therefore 
identified as the Compton edge from the 0.95-Mev 
gamma ray. A second step corresponds to a neutron 
energy of 1.30+0.08 Mev or to gamma rays at 0.56 
+0.04 Mev. Owing to the absence of gamma rays of 
energy near 0.56 Mev in the gamma-ray spectrum, this 
second step is identified with a neutron group and may 
be taken as evidence for the existence of a level at 
1.18+0.08 Mev. 

The coincidence data indicate the probable existence 








*” J. B. Birks, Proc. Phys. Soc. (London) A64, 847 (1951). 

*1 The plus and minus attached to the 1.0 ratio is intended to 
reflect the uncertainty in the area of that photopeak and is not 
included in the uncertainties for the other peaks. 
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of a gamma ray at 1.00+0.05 Mev in coincidence with 
the 1.27-Mev gamma ray. 

From these data, P* would appear to have two 
levels below 2.5 Mev, one at 2.21 Mev and the other at 
1.27 Mev. The 2.21-Mev level would appear to decay 
through the 1.27-Mev level 60% of the time and 
directly to the ground state 40% of the time. These 
results are in essential agreement with the P*!(n,n’) 
data of Cranberg and Levin,® who report a level at 1.25 
Mev; the Si®(p,y) data of Paul ef al.” who report 
levels at 1.26 and 2.23 Mev; and the P*(p,p’) work of 
Van Patter ef al.,¥ who report levels at 1.264 and 2.230 
Mey, and of Endt and Paris,™ who report levels at 1.267 
and 2.234 Mev. It is probable that the 0.94-Mev 
transition between the 1.27- and 2.21-Mev levels is 
that reported at 1.0+0.04 Mev by Scherrer, Allison, 
and Faust.' 


Manganese-55 


The upper energy portion of the gamma spectrum 
from Mn*® is shown in Fig. 2; the complete spectrum 
contains the gamma rays listed with their relative 
intensities in Table II. No neutron spectrum was taken. 
The gamma-ray spectrum in coincidence with the 


TABLE II. Gamma-ray energies and relative 
intensities* from Mn**. 





Energy Relative Energy Relative 

(Mev) intensity (Mev) intensity 
2.234-0.06 0.38425% 1.18+0.02 0.694-10% 
1.89+-0,.07 <0.27 0.86+0.01 1.0 +10% 
1.56+0.03 0.127 calibration “Pe 


0.61+15% 


* See reference 21. 

0.127-Mev transition is shown in Fig. 3. This spectrum 
shows gamma rays at 0.86, 1.18, and 2.23 Mev. The 
slight hump in the region from 1.5 to 1.6 Mev is too 
small by a factor of three to correspond to all of the 
1.56-Mev transitions going via the 0.127-Mev level. 

These data suggest levels at 0.127, 0.99, 1.31, 1.56, 
1.89, and 2.36 Mev. This result differs from the work 
of Beghian ef al.”*> in that they place a 1.53-Mev 
transition above the 0.13 Mev to yield a level at 1.65 
Mev. However, if the hump in our coincidence spectrum 
between 1.5 and 1.6 Mev does represent a 1.56 Mev 
—0.127 Mev cascade of low probability, the 1.65-Mev 
level of Beghian ef al. may exist in addition to the 
1.56-Mev level. 

The levels suggested by the present data are to be 
compared with the results of Mn (p,p’) work by 
Hausmann ¢é/ al.,”* who report levels at 0.13, 1.00, 1.30, 

2 Paul, Bartholomew, Gove, and Litherland, Bull. Am. Phys. 
Soc. Ser. IT, 1, 39 (1956). 

*% Van Patter, Rothman, Porter, and Mandeville, Phys. Rev. 
107, 171 (1957). 

* P.M. Endt and C. H. Paris, Phys. Rev. 106, 764 (1957). 
2 Beghian, Hicks, and Milman, Phil. Mag. 1, 261 (1956). 


26 Hausmann, Allen, Arthur, Bender, and McDole, Phys. Rev. 
88, 1296 (1952). 
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Fic. 2. Upper energy portion of Mn** gamma spectrum. 
) } 


1.56, 1.91, 2.27, and 2.42 Mev; and the Mn**(n,n’) 
work of Cranberg and Levin,® who report levels at 0.98, 
1.29, and 1.53 Mev.”’ 


Cobalt-59 


Figure 4 shows the upper portion of the gamma-ray 
spectrum from Co®*. The gamma rays and their relative 
intensities are given in Table III. The neutron ratio 
plot gave evidence for unresolved neutron groups from 
0.75 to 1.3 Mev. 

The spectrum in coincidence with the 1.19-Mev 
radiation showed a probable peak at 0.56 Mev and the 
reverse experiment gave a 1.18-Mev peak of poor 
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Fic. 3. Mn® gamma spectrum in coincidence with 
the 0.127-Mev gamma ray. 


27 Note added in proof.—The recent Mn*5(p,p’) results of 
Mazari, Sperduto, and Buechner, Phys. Rev. 108, 103 (1957), 
indicate levels at 0.127, 0.983, 1.289, 1.527, and 1.884 Mev. 
They find no level at 1.65 Mev. 
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64 - - - - TABLE III. Gamma-ray energies and relative 
intensities* from Co™. 
Energy Relative Energy Relative 
.. (Mev) intensity (Mev) intensity 
—agl 4 2.11+0.05  0.072435%  0.69840.015  0.060430% 
x 1.74+0.04 0.17 +20% 0.559+0.022 0.14 +20% 
1.4740.03 0.56 415% 0.13240.010 cae 
- 1.19+0.02 1.0 +20% 
> Ee a OT ee PN EE Sn 
= fA ® See reference 21. 
+52 Mu 7 
O i | | x4 s 159 , . 28 
nr || recent Co®(p,p’) work of Mazari ef al.** suggests that 
f| |] the 2.11-Mev radiation corresponds to the total con- 
- | Vv tribution to the spectrum of the levels from 2.061 to 
igh 2 2.205 Mev, that the 0.132-Mev radiation results from 
S transitions among these levels, and that the 0.698-Mev 
ras gamma ray is a result of transitions from these upper 
Oo \ /\ levels to those leveis between 1.43 and 1.48 Mev. 
VIN These results differ from those deduced from other 
it 1 Jj yhenstenaee 59 , X - 5.29 my ° e . A am 
re) 05 1.0 15 20 Co*(n,n’) work,*. only in the inclusion of levels in the 
ENERGY MEV neighborhood of 2.11 Mev. 


Fic. 4. Upper portion of the gamma spectrum of Co®. 


statistical accuracy in coincidence with the 0.56-Mev 
gamma rays. No gamma rays were found in coincidence 
with the 1.47-Mev radiation, but the statistical accuracy 
of this experiment was very low. The 2.11-Mev transi- 
tion was found to be in coincidence with the 0.132-Mev 
radiation. 


These data suggest leveis at 1.19, 1.47, and 1.74 Mey, ' 


with the 0.559-Mev transition between the 1.19- and 
1.74-Mev levels. The status of the 0.132-, 0.698-, and 
2.11-Mev transitions remain uncertain from the present 
experiments alone. However, comparison with the 
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Fic. 5. Composite gamma spectrum of As”. 


Arsenic-75 


A composite gamma-ray spectrum above 0.5 Mev : 
from As” is shown in Fig. 5. Table IV is a list of all the 
observed gamma-ray energies and their relative inten- 
sities. The ratio plot for the scatterer is shown in Fig. 6 
and contains four steps. The alternative interpretations 
of these steps in terms of gamma-ray energies for 
Compton edges and neutron energies are given in 
Table V. 

Since a reasonably strong 1.05-Mev photopeak is 
observed in the gamma spectrum and since a 0.199-Mev 
level is known to exist from radioactive decay data,” 
step (1) is probably due to both a neutron group and a 
gamma ray. Since no photopeaks are seen in the gamma 
spectra corresponding to steps (2) and (4), these may 
be interpreted as due to neutrons in spite of the absence 
of a step attributable to the 0.806-Mev gamma ray. 
However, the sloping character of the ratio plot to the 
left of step (3) and the absence of a distinct step cor- 
responding to the 0.578-Mev gamma ray leads one to 
suppose that a gamma ray as well as a neutron group 
may be associated with this step. 


TABLE IV. Gamma-ray energies and relative 
intensities* from As”. 


Energy Relative Energy Relative 
(Mev) intensity (Mev) intensity 
1.81 +0.04 0.12435% 0.578+0.015 0.76+20% 
1.61 +0.04 0.21435% 0.275+0.015 cae 
132 £0.04 08 428% 0.197 4.0.008 
1.05 +0.03 0.50+20% 0.127+0.006 
0.806+0.025 1.0 +20% 


® See reference 21. 


28 Mazari, Sperduto, and Buechner, Phys. Rev. 107, 365 (1957). 
2?R. V. Smith, Bull. Am. Phys. Soc. Ser. IT, 1, 175 (1956). 
% A. W. Schardt and J. Welker, Phys. Rev. 99, 810 (1955). 
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TABLE V. Alternative interpretations of steps in the 
As” ratio plot. 


Neutron energy Gamma energy 





Step (Mev) (Mev) 
(1) 2.27+0.08 1.02+0.04 
(2) 1.90+0.05 0.86+0.03 
(3) 1.46+0.08 0.62+0.03 
(4) 1.11+0.09 0.47+0.03 


Of the coincidence experiments performed, only a 
0.578—0.135 Mev cascade was unambiguously identi- 
fied. Failure of other experiments was probably due to 
interference from multiple inelastic neutron scattering 
as discussed under the coincidence procedures. 

The results of Schardt and Welker® are helpful as 
indicating the possible relative positions of the low- 
energy transitions observed here. In particular, the 
0.127-Mev transition we observed is probably a com- 
bination of their 0.136- and 0.121-Mev transitions which 
appear to go from their 0.402-Mev to their 0.265- and 
0.280-Mev levels, respectively. Our 0.197-Mev transi- 
tions is undoubtedly the 0.199 Mev to ground state 
transition seen by Schardt and Welker and our 0.275- 
Mev radiation a composite of their 0.280 and 0.265 
Mev to ground state transitions. Since the 0.578-Mev 
radiation is observed in coincidence with that at 0.135 
Mev, a level at 0.980 Mev is suggested. Steps (3) and 
(4) of Table V correspond to levels at 1.02+0.08 and 
1.37+0.09 Mev, respectively. Our levels compare 
poorly with those seen by Cranberg and Levin® at 
0.78, 1.25, and 1.63 Mev in their As’*(n,n’) work. 


Niobium-93 


A composite gamma-ray spectrum from Nb® is shown 
in Fig. 7. The gamma rays present and their relative 
intensities are given in Table VI. Ratio plots were made 
but only one step was sufficiently unambiguous to be 
useful. This step corresponds to a neutron energy of 
1.45+0.05 Mev or the Compton edge of a gamma ray 
of 0.61+0.02 Mev. Since no gamma ray is seen near 
0.61 Mev it.is reasonable to interpret this step as due 
to neutrons leading to a level at 1.03+0.05 Mev. 
Coincidences were observed between the 0.345-Mev 
transition and the 0.95- and 0.73-Mev radiations. The 
0.73-Mev transition was found to be in coincidence 
with radiations at 0.95 Mev and also with radiations 
from one or more of the three upper-energy gamma rays. 


TABLE VI. Gamma-ray energies and relative 
intensities* from Nb®. 








Energy Relative Energy Relative 

(Mev) intensity (Mev) intensity 
2.11+0.08 0.04455% 0.95 +0.02 1.0 +10% 
1.94+0.07 0.07 +45% 0.73 +0.02 0.414+20% 
1.52+0.04 0.15415% 0.345+0.017 cea 





* See reference 21. 
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Fic. 6. Ratio plot for As”, 


Because of the previously mentioned possibility of 
interference from multiple inelastic scattering, these 
particular coincidence data do not warrant much 
confidence. 

It is known from the work of Rothman ef al."' that 
both a 0.957- and a 0.736-Mev transition go through the 
29-kev metastable level to ground state. Scherrer ef al.! 
have reported gamma rays at 0.270, 0.530, 0.690, and 
0.910 Mev. The 2.08-, 1.94-, 1.51-, and 0.345-Mev 
gamma rays here reported appear not{toJhave been 
previously observed. 

The level from the ratio plot at 1.03 Mev is un- 
doubtedly due to the cascaded 0.95- and 0.03-Mev 
transitions. 
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Fic. 7, Composite gamma spectrum of Nb*, 
3! Rothman, Van Patter, Dubey, Porter, and Mandeville, Phys. 
Rev. 107, 155 (1957). 
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Bismuth-209 


Gamma rays from the de-excitation of Bi” were 
observed at 1.66+0.05 and 0.899+0.022 Mev. The 
neutron ratio plot shown in Fig. 8 has steps at neutron 
energies of 1.49+0.06 and 0.80+0.07 Mev. These 
neutron energies correspond to levels at 0.99+0.06 and 
1.68+0.07 Mev. Also present in the ratio plot is a step 
corresponding to the Compton edge of a 0.92+0.03 
Mev gamma ray. No coincidence measurements were 
made. 


THORNDIKE, 


AND MOFFET 


The foregoing data suggest levels at 0.90-+0.03 and 
1.66+0.05 Mev; these levels have been observed by 
various other workers.!:*-*.® 

A rather careful search was made in the region from 
0.4 to 0.6 Mev in the gamma-ray spectra but no transi- 
tion corresponding to the 0.46-Mev transition reported 
by Scherrer, Allison and Faust! or the 0.50-Mev isomeric 
state seen by Vegors and Axel* could be seen. Of 
course, detection in this region is made difficult by the 
0.44-Mev photopeak in Na* and the Compton edge 
due to the 0.63-Mev gamma ray in I'*’, 
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Decay of Tellurium-132+ 
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(Received January 31, 1958) 


The decay of Te" produced by fission of uranium has been investigated by using a scintillation spectrome- 
ter. In addition to the previously reported 0.23-Mev gamma ray and the iodine K x-ray, a 0.053-Mev 
gamma ray has been observed. Coincidence measurements permitted the determination of K-shell conversion 
coefficients for the two transitions. Probable decay schemes compatible with the observations are discussed. 





HE seventy-five hour! beta decay of Te™? to I'*? 

was first observed by Abelson.? In more recent 
experiments** the beta end-point energy has been 
found to be 0.22 Mev and a gamma ray of 0.23 Mev 
has been observed. Work in this laboratory has re- 
vealed, in addition, the presence of a 0.053-Mev gamma 
ray. The results obtained on the gamma spectra and 


Tt Work done under the auspices of the U. S. Atomic Energy 
Commission. 

* Department of Chemistry. 

t Department of Physics. 

1 W. H. Fleming and H. G. Thode, Can. J. Chem. 34, 408 (1956). 

2 P. H. Abelson, Phys. Rev. 56, 1 (1939). 

3H. J. Born and W. Seelman-Eggebert, Naturwissenschaften 
31, 201 (1943). 

*Novey, Sullivan, Coryell, Newton, Sleight, and Johnson, 
Radiochemical Studies: The Fission Products (McGraw-Hill Book 
Company, Inc., New York, 1950), Paper No. 135, National Nuclear 
Energy Series, Plutonium Project Record, Vol. 9, Div. IV, Book 2. 

5 L. M. Langer and G. Ford (private communication), reported 
in Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


various coincidence measurements are reported briefly 
in this paper. 

Te'®? was produced by bombarding an aqueous solu- 
tion of uranyl acetate with neutrons obtained from the 
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Fic. 1. Gamma-ray spectrum from Te™, showing the 0.028-Mev 
iodine K x-ray and the 0.053-Mev and 0.23-Mev gamma rays. 





DECAY OF TELLURIUM-132 


irradiation of beryllium with 3-Mev deuterons. The 
tellurium was separated from the rest of the fission 
products by the method previously described by 
Glendenin.* In this procedure the tellurium is reduced 
to the elementary form by passing SO, into the hot 
acidic solution of irradiated urany] acetate. Treatment 
with concentrated HBr assured the removal of selenium. 
The tellurium so processed was dissolved in nitric acid 
and then reduced again with SO». After several such 
oxidation-reduction cycles the tellurium was free of 
complicating impurities. 

The gamma rays from Te? were examined with a 
packaged NalI(TI) scintillation counter which was 
calibrated with the 0.123-Mev Co*’ gamma ray, the 
0.087-Mev Cd!” gamma ray, and the 0.032-Mev x-ray 
from Cs", 

For the gamma-ray coincidence measurements a 
2X1X1-centimeter NalI(Tl) crystal covered by 2 
millimeters of Lucite to eliminate the electrons was 
used in conjunction with a 20-channel analyzer to 
detect the x-ray and 0.053-Mev gamma ray. The 
analyzer was gated with a resolving time of 1 micro- 
second by a pulse from another scintillation counter 
set on the photopeak of the 0.23-Mev gamma ray. 
Coincidence spectra were also obtained by gating with 
the 0.053-Mev gamma ray and the x-ray. 

For the beta-ray measurements the source was 
mounted directly on a terpheny! plastic scintillator, 
and the beta spectra in coincidence with the 0.23-Mev 
gamma ray, the 0.053-Mev gamma ray, and the iodine K 
x-ray were obtained in three successive measurements. 

The singles spectrum of the gamma rays from Te"? is 
shown in Fig. 1. In addition to the 0.23-Mev gamma 
ray previously reported*~* and the 0.028-Mev iodine K 
x-ray, there appears a third peak representing a gamma 
ray of energy 0.053+0.005 Mev. All three peaks were 
found to decay with a half-life of 77+5 hours. 
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Fic. 2. Spectrum of the iodine K x-ray and the 0.053-Mev gamma 
ray as it appears in coincidence with the 0.23-Mev gamma ray. 


‘L. E. Glendenin, Radiochemical Studies: The Fission Products, 
(McGraw-Hill Book Company, Inc., New York, 1951), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. IV, 
Book 3. 
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Figure 2 shows the spectrum of the 0.053-Mev 
gamma ray and the x-ray as it appears in coincidence 
with the 0.23-Mev gamma ray. 

The beta spectra that were observed in coincidence 
with the gamma rays and x-ray were distorted because 
of the thickness of the source and backscattering from 
the crystal face and the source backing. However, each 
of the spectra has an end point consistent with the 
reported beta energy of 0.22 Mev.?-® There is no 
indication of any beta branching, although the data 
are too crude to rule out a branch differing in energy by 
0.053 Mev from the predominant branch. 

If no branching of the beta transition is assumed, a 
simple decay scheme with the 0.23-Mev and 0.053-Mev 
transitions in cascade is indicated. On the basis of this 
scheme and the gamma-gamma coincidence data, it is 
possible to compute the K-shell conversion coefficients 
for the two-transitions. It was necessary to correct the 
data for the relative detection efficiencies of the NaI(T]) 
crystals for the 0.23-, 0.053-, and 0.028-Mev radiations, 
and the K-shell fluorescence yield in iodine.’ 

For the 0.053-Mev transition the K-shell conversion 
coefficient computed from the coincidence data is 
ax=5.3540.22 which agrees well with the value of 
5.13 for M1 radiation from Rose’s tables.* The value 
measured for the 0.23-Mev transition is ag =0.05+0.04. 
This is consistent with Rose’s values of 0.078, 0.082, 
and 0.019 for M1, £2, and £1 radiation, respectively. 

From the decay of I'** the most likely assignment for 
the ground state is 4+.°!° If no beta branching is 
assumed the M1 assignment for the 0.053-Mev transi- 
tion together with the classification of the beta transi- 
tion as allowed (logioff=4.6) indicate for the most 
likely level sequence either 4+, 2+, 1+, or 4+, 3+, 
1+, depending on which transition comes first in the 
decay. Both schemes are shown in Fig. 3. An experiment 
including lifetime measurements, angular correlations, 
and a search for additional beta branches is in progress. 








7C. E. Roos, Phys. Rev. 93, 401 (1954). 

8 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report, ORNL-1023, 1951 (unpublished). 

*H. L. Finston and W. Bernstein, Phys. Rev. 96, 71 (1954). 

0 G. Scharfi-Goldhaber (private communication). 
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Beta-Ray Spectrum of N!*} 


G. Brunuart, V. P. KENNEy, AND B. D. KERN 
Department of Physics, University of Kentucky, Lexington, Kentucky 
(Received November 15, 1957; revised manuscript received March 3, 1958) 


The beta-ray spectrum of 7.38-second N"* has been investigated with a 180-degree magnetic spectrometer. 
The radioactive nuclei were produced by 1.5-Mev deuterons through the reaction N"(d,p)N"*, using targets 
of lead nitrate enriched to 64% in N"*. Of the four known beta-ray groups, two with end-point energies 
10.40+0.05 Mev and 4.39+0.07 Mev are satisfactorily resolved. The intensity of the 10.40-Mev group 
relative to that of the remainder of the transitions is in the ratio of 28:72, leading to log fot=6.67. The 
10.40-Mev group is shown to proceed as a first-forbidden AJ =2(yes) transition, and thus the ground state 


of N* may be uniquely designated as a 27 level. 





INTRODUCTION 


HE beta decay of N'* has been investigated in the 
past primarily through the study of the gamma 
rays! which are emitted in the de-excitation of the states 
of O'*. Before the present investigation was begun, the 
only detailed beta-ray work was an analysis of coinci- 
dence absorption data? which indicated that three beta- 
ray groups were present, arising from transitions to the 
ground state of O*, and to excited states at 6.14 and 
7.12 Mev, with relative intensities in the ratio 20:40:40. 
A recent magnetic spectrometer measurement has been 
reported’; a comparison of this spectrum with the pres- 
ent results will be made in the Discussion section. 
Careful measurements of the relative gamma-ray 
intensities, together with particle reaction data, have 
led to the conclusion that the ground state of N’® is 
probably a 2- (spin 2, odd parity) level, and that the 
relative intensities of the 4.4- and 3.3-Mev beta-ray 
groups should be in the ratio of approximately 14.5:1. 
The results of a gamma-ray study of the low-lying levels 
of N'® are consistent with an assignment of 2~ to the 
ground state.‘ The pertinent portion of the energy level 
diagram of O"* is included as an insert in Fig. 1. The 
fi-values allow the interpretation that the ground state 
transition is first-forbidden and the other two allowed. 
The beta decay of N’® has been treated extensively 
in intermediate-coupling theory by Elliott and Flowers,° 
who have shown that transition matrix elements calcu- 
lated on the basis of Rosenfeld forces with fixed spin- 
orbit splittings give an anomalously small transition 
probability for the decay to the 17 level in O'*. A sug- 
gestion that N’* decay might proceed from an isomeric 
doublet of 0- and 3- states instead of a single 2~ state, 


t This work was supported in part by the U. S. Atomic Energy 
Commission. 

1H. S. Sommers and R. Sherr, Phys. Rev. 69, 21 (1946); Millar, 
Cameron, and Glicksman, Phys. Rev. 77, 742 (1950); Millar, 
Bartholomew, and Kinsey, Phys. Rev. 81, 150 (1951); Boehm, 
Peaslee, and Perez-Mendez, Phys. Rev. 90, 1119 (1953) ; Wilkin- 
son, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 

2 Bleuler, Scherrer, Walter, and Ziinti, Helv. Phys. Acta 20, 96 
(1947). 

3 P. W. Morton and H. W. Lewis, Bull. Am. Phys. Soc. Ser. IT, 
2, 286 (1957). 

4D. H. Wilkinson, Phys. Rev. 105, 686 (1957). 

5 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 


with predicted half lives of approximately 5 and 20 
seconds, has been examined by Toppel* who found only 
a single half-life present to within an accuracy of 7%. 
Identification of the N* ground state as a spin 2, odd- 
parity level would seem to indicate strongly the neces- 
sity of a two-body vector spin-orbit force® to account for 
the strength of the transition to the 1~ state of O°. 

It is to be noted that the ground state transition, if 
from a 2~ level to a 0* level, will be of the first-forbidden 
AJ=2 type, with a “unique” nonallowed spectral 
shape.’ On the other hand a transition from the 
suggested 0- level, at this low value of Z and with 
a high end-point energy, will also produce a distinctive 
nonallowed spectral shape. The present investigation 
was initiated as an attempt to observe the spectrum 
directly and thus determine definitely the spin and 
parity of the ground state of N’*. 


EXPERIMENTAL PROCEDURE 


The reaction N'*(d,p) N° was used to produce the 
7.38-second radioactive N?*. A deuteron beam of about 
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Fic. 1. Spectrum of beta rays from N'* decay. The probable 
error is approximately represented by twice the size of the points. 
The insert indicates the pertinent known energy levels of O°. 


° B. J. Toppel, Phys. Rev. 103, 141 (1956). 

7 E. Konopinski, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Amsterdam, 1955), 
Chap. 10, p. 292 ff.; and C. S. Wu, in Beta- and Gamma-Ray S pec- 
troscopy, edited by K. Siegbahn (Interscience Publishers, Amster- 
dam, 1955), Chap. 11, p. 315 ff. 
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B-RAY 


3 to 4 microamperes at an energy of 1.5 Mev was used 
to irradiate targets of lead nitrate enriched in N* to 
64%.® The target was bombarded for about four half- 
lives in a weak-field region near a 180-degree shaped- 
field magnetic spectrometer with a basic radius of 12 
cm,’ then moved on a carriage within the vacuum 
system to the spectrometer source position. A thin- 
window Geiger counter was used as the detector. A 
counting period of 18 seconds was used, with three or 
four irradiations being carried out at each spectrometer 
setting. Each irradiation was normalized by monitoring 
the intensity of the 6.14- and 7.12-Mev gamma rays 
which accompany the beta decay. In addition, the 
source intensity after each irradiation was measured 
with a “leaky integrator.” 

About 15 000 gamma-ray counts and from 200 to 1000 
beta-ray counts were recorded in each counting cycle. 
Before counting, the electrostatic accelerator voltage 
was lowered in order to reduce the background count. 
The background was determined periodically after the 
radioactivity had been allowed to decay; a small cor- 
rection for gamma rays reaching the Geiger counter was 
determined by recording the count with a slit before 
the counter completely closed to stop the beta rays. 

In making the targets, an aqueous solution of lead 
nitrate was placed on copper foils varying in thickness 
from 2.5 mg/cm? to 15 mg/cm’ and allowed to crystal- 
lize ; relatively thick layers of 25 to 48 mg/cm? (average) 
were needed to give an adequate radioactive intensity. 
As such a layer was thicker near the edges, the central 
area struck by the collimated beam was somewhat 
thinner than the average value. 

The magnetic field was measured by a null-balance 
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Fic. 2. Fermi-Kurie plot of the highest-energy group. Energy 
is in relativistic units (units of mc*). (A) has C=1; (B) has 
C2) = p*+¢@. In (A) the dashed line is a reconstruction of the 
highest energy group. 

8 Obtained from Eastman Kodak Company, Rochester, New 
York. 

9H. I. Israel, Ph.D. dissertation, Department of Physics, 
Indiana University, 1952 (unpublished); C. H. Pruett and R. G. 
Wilkinson, Phys. Rev. 96, 1340 (1954). 
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method with one coil rotating in the spectrometer field 
and one rotating in a Helmholtz coil field." 


RESULTS 


A typical spectrum is shown in Fig. 1; the Fermi- 
Kurie plots shown in Fig. 2 include in (A) an “allowed” 
correction factor Co=1 and in (B) the first-forbidden 
“unique” factor C, « p+ 4°, where p and g are the 
electron and neutrino momenta, respectively.’ The 
straight line of (B) gives an end-point energy value for 
the highest-energy group of 10.40+0.05 Mev. Extra- 
polation of the straight line to momenta values below 
the point corresponding to the transition to the second 
excited state of O'* permits the plotting of the latter in 
the Fermi-Kurie plot of Fig. 3; the end-point energy of 
this group is determined to be 4.39+0.07 Mev. The 
third known beta-ray group is discussed below"; a 


1 L. M. Langer and F. R. Scott, Rev. Sci. Instr. 21, 522 (1950). 

11 A plausible argument can be made for the further separation 
of the third beta-ray group as shown in Fig. 3, where the subtrac- 
tion of the 4.39-Mev group leaves another with end point 3.32 
+0.05 Mev. In order to check the possible spectrum distortion 
caused by the thick targets, the F® spectrum with a 40-mg/cm? 
source of NaF on an 8-mg/cm? copper backing was obtained. This 
spectrum was compared with that fens a N" source of 25 mg/cm? 
of Pb(NOs)2 on 2.5 mg/cm? of copper backing. The source thick- 
nesses were determined by weighing a measured area of target. 
The lead nitrate targets always crystallized in a “concave down- 
ward” manner, and since the central area struck by the collimated 
beam was thinner than the area measured and weighed, the surface 
densities given should be regarded as upper limits. A rough esti- 
mate of the thickness of the area actually in the beam is } of the 
average value, or 8 mg/cm. The fluorine target crystallized with 
a uniform surface density. Assuming the energy loss of the elec- 
trons to be approximately independent of energy in the range 
1-10 Mev, the energy loss in these targets should be approximately 
proportional to the thickness. The F® Fermi-Kurie plot (end-point 
energy, 5.4 Mev) was found to deviate upward from a straight 
line at 1.7 Mev. One would expect an equally thick target of N** 
to give a deviation at about 3.5 Mev. For a source thickness of 
about } that of the F® source and a backing of about }, one might 
expect a deviation at about 1 Mev if only scattering in the sources 
is considered. The N" deviation occurs in Fig. 3 at about 1.74 Mev. 
Using the results of the analysis, the relative intensities of the 
three groups are in the ratio of 28:54: 18, in the order of decreasing 
energy. The ratio of the intensity of the 4.39-Mev group to the 
3.32-Mev group is 3.0:1, is reasonable agreement with Morton 
and Lewis,’ who report 2.6:1. The gamma-ray work! indicates 
that the ratio should be about 14.5:1. It may well be that this 
very large discrepancy is a result of scattering effects in the present 
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Fic. 4. The square roots of the “shape factors” are plotted vs 
the momentum. Momentum is in relativistic units (units of mc). 
Curve I represents the shape factor for an allowed spectrum; 
Curve II, for a first-forbidden spectrum with AJ =0; Curve III, 
for a first-forbidden spectrum with AJ = 2. The scales are adjusted 
to give an intersection point at p= 10.5. The circles represent the 
empirical correction factors. 


fourth beta-ray group of end-point energy 1.53 Mev and 
relative intensity 1.1% has been established on the 
basis of gamma-ray spectra,!? but such a group would 
not be resolvable in the present work. The source thick- 
nesses used cannot by any means be considered thin; 
however, a variation of the thickness by a factor of two 
did not cause a difference in end-point energies nor did 
it affect the shape of the Fermi-Kurie plots. 

The intensity of the 10.40-Mev group relative to that 
of the remainder of the transitions was found to be in 
the ratio of 28:72. The corresponding log fot value is 


data. When this point was investigated by varying source thick- 
ness by a factor of two, no change was seen in the intensity ratios 
or end-point values, as previously noted. 

2 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 
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6.67 and the log ft value is 8.0, using Feenberg and 
Trigg’s values for f." 

The half-life of the beta activity was determined early 
in the work by simultaneously photographing a scaler 
register and a clock, for points on the spectrum corre- 
sponding to 2.5- and 7.0-Mev beta rays. At these points 
the half-lives were the same at the value 7.4+0.2 sec. 


DISCUSSION 


The forbidden-shape correction factor may be obtained 
experimentally by determining the factor by which the 
points on the Fermi-Kurie plot must be multiplied to 
transform the curve to a straight line. This result is 
displayed in Fig. 4; there are also shown the theoretical 
curves for an allowed transition and for the first-for- 
bidden case with spin changes of 0 and 2. In computing 
the AJ =0 curve," the value of the parameter 2; is taken 
as zero; a choice of z3=1 merely shifts the point of 
minimum value. The best agreement is reached with 
the AJ =2 curve, and the ground state of N"® is therefore 
to be designated as definitely of spin 2 and odd parity. 

The theoretically deduced value® of log fol=6.5 for 
the 10.40-Mev beta-ray group stands in even better 
agreement with experiment than before when compared 
with the present value of 6.67. Upon using the gamma- 
ray data,®'’ the intensities of the 4.39-, 3.32-, and 1.53- 
Mev groups are very nearly in the ratio of 66:5:1, with 
log fol values of 4.5, 5.2, and 4.3, in the same order. 
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Neutron Total Cross Sections in the 7- to 14-Mev Region* 
A. BRATENAHL, J. M. PETERSON, AND J. P. STOERING 
University of California Radiation Laboratory, Livermore, California 
(January 29, 1958) 
The neutron total cross sections for 35 elements and isotopes were measured at several energies between 7 


and 14 Mev using monoenergetic neutrons produced by the Livermore variable-energy cyclotron through the 
D(d,n) He? reaction. The effects of beam contamination by gamma rays and low-energy “breakup” neutrons 
were evaluated through time-of-flight measurements and were kept small by suitably high bias on the plastic 
scintillator detector. The accuracy of the cross sections is typically +1 to 2%. Where comparisons with 
previous data are possible, the agreement ranges from excellent to poor (10% discrepancy). The data form a 
smooth cross-section surface when plotted versus energy and mass number, as expected on the basis of the 
optical model. The functional dependence on energy and mass is not simple but is in good agreement with the 
predictions of the optical model of Bjorklund and Fernbach. 





I. INTRODUCTION 


SERIES of neutron total cross-section measure- 

ments has been undertaken to extend the range of 
experimental data up to neutron energies of about 30 
Mev. Similar data in the 1- to 3-Mev energy range! 
helped stimulate the development of the optical model 
of the nucleus.”* Since the real and imaginary potentials 
and the spin-orbit terms of this model are energy- 
dependent, it was felt that more extensive data on the 
energy dependence of the total cross sections would help 
evaluate the model.‘ 

Probably the most accurate of the existing total 
cross-section data in the medium-energy range were 
produced by Coon, Graves, and Barschall’ on an ex- 
tensive series of elements using a pure 14-Mev neutron 
source. Nereson and Darden*’ measured a series of 
elements over the energy range of 3 to 13 Mev using a 
difficult technique involving the tail of the neutron 
spectrum from a fast reactor; the tie-in of their data 
with other data at 3 Mev (largely that of the Wisconsin 
group**) is good, but the tie-in with the data of Coon 
et al. at 14 Mev is only fair. Because of their fast-falling 
neutron energy spectrum (a factor of 10 drop every 3 
Mev), the accuracy of the Nereson and Darden data 
inherently decreased in the high end of their range. 

In addition to these extensive sets of data, a few other 
smaller sets of data exist, each covering fewer elements 
and a small energy interval in the range of 5 to 25 Mev. 
These can best be reviewed by referring to the neutron 
cross-section compilation BNL-325 (and its Supplement 





* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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3V. F. Weisskopf, Phys. Rev. 86, 582(T) (1952); Feshbach, 
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4 F. E. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 

5 Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 
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7N. Nereson and S. Darden, Phys. Rev. 94, 1678 (1954). 
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9 Walt, Becker, Okazaki, and Fields, Phys. Rev. 89, 1271 (1953). 


I),° plus the recent work of Bondelid ef al." and of 
Conner.” 

This survey of the existing data made it seem worth- 
while to measure the total cross sections of an extensive 
series of elements up to 30 Mev and down to a point 
where there is a comfortable overlap with the existing 
data. The variable-energy cyclotron in Livermore is 
capable of producing fairly monoenergetic neutrons up 
to about 30 Mev, which set the upper limit of the energy 
range. This paper is a report on the work in the energy 
range from 7 to 14 Mev. The work in the higher energy 
range has started and will be reported as soon as 
possible. 


II. APPARATUS 


The experiment consists of measuring the transmis- 
sion of monoenergetic neutrons in good geometry, the 
usual method of measuring total cross sections. The 
neutrons are produced by d—d reactions using the 
deuteron beam from the 90-inch variable-energy cyclo- 
tron. Beyond the cyclotron the main parts of the experi- 
mental setup (Fig. 1) are the deuterium gas target, the 
neutron collimator, the samples, and the detector. 

The gas target consists of a cylindrical stainless steel 
housing 1} inches in diameter and 4 inches in length 
filled with deuterium gas at a pressure of slightly more 
than one atmosphere. Deuterons enter the target 
through a tantalum foil 1} inch in diameter and typi- 
cally 34 mg cm~? in thickness; the position of the 
incident deuteron beam is defined 10 inches in front of 
the target by a tantalum collimator ? inch in diameter. 

The neutron collimator selects neutrons coming along 
a horizontal line from the gas target. (The deuteron 
beam is inclined 3.5 degrees from horizontal.) The 
collimator consists of a conical hole in a 2-ft block of 
iron, which allows a neutron cone of about 2.7 inches in 
radius at the sample position. The apex (projected) of 


10 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955), Supplement I, 1957. 

11 Bondelid, Dunning, and Talbott, Phys. Rev. 105, 193 (1957). 

12 J. P. Conner, Bull. Am. Phys. Soc. Ser. II, 2, 267 (1957). 
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the conical hole lies in front of the gas target, so that the 
inside surface of the collimating hole is not illuminated 
by the direct neutron beam. The iron block is imbedded 
in a large mass of concrete (3 4X4 ft), which serves to 
prevent inscattering from neighboring samples and 
sample supports and to reduce the general background. 
The experiment testing the effectiveness of this shielding 
assembly showed that the concrete block and collimator 
reduce background by a factor of 3. 

The samples are in most cases cylinders having a 
diameter of 1 inch and a length of about 2 mean free 
paths. The copper sample used in the determination of 
background is also 1 inch in diameter and approximately 
12 mean free paths long. The majority of the scattering 
materials are of the highest purity available, in most 
cases 99.9% or better. Impurities were checked by 
quantitative chemical analysis, and the possible exist- 
ence of cavities in the materials was determined by 
radiographing each sample. In the fabrication of most of 
the samples, the materials were obtained oversized and 
then machined to insure uniform diameter and parallel 
ends. 

The positioning of the samples is accomplished by 
means of an aluminum cart moving perpendicular to the 
neutron beam on a track mounted on a “‘power-strut”’ 
framework. The cart carries ten vertical Bakelite tubes, 
which support the individual samples. The cart, track, 
and tubes are independently adjustable, enabling a 
simple alignment procedure for all the samples placed on 
the cart. A separation of approximately 4 inches be- 
tween samples insures that the adjacent positions are 
entirely free of the collimated neutron cone. The same 
“power-strut” structure supplies rigid support for the 
detector photomultiplier and preamplifier, thus elimi- 
nating any relative disturbance between the sample and 
the detector. The cart is driven by a continuous chain 
coupled by a simple gear train to a Selsyn motor and 
mechanical register and is remotely operated through 
another Selsyn in the control room. The sample position 
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is known from the indication of a second register geared 
to the control Selsyn. 

Alignment of the samples is achieved by placing a 
cathetometer approximately 10 feet behind the detector 
along a horizontal line through the center of the target. 
Along this line of sight, both ends of the collimator, each 
sample, and the detector are carefully aligned. Following 
the alignment of an individual sample, its corresponding 
register reading is recorded and later optically rechecked 
several times for reproducibility of position. A sample 
can be remotely set to within 0.008 inch. Backlash in the 
chain, gears, and Selsyn are negligible. A study of the 
change in transmission as the sample eclipses the de- 
tector shows that a misalignment of at least } inch in the 
sample is necessary to increase the transmission by 1%. 

The detector is a }-inch-diameter plastic scintillator 
coupled to an RCA 6199 photomultiplier tube by means 
of a 3-inch tapered light pipe. Gain drifts in the photo- 
multiplier and preamplifier due to changes in tempera- 
ture are minimized by a water-cooling method described 
by Ball, Booth, and MacGregor." The remainder of the 
electronics is essentially the same as that used by Ball 
et al.* Output signals from the preamplifier are fed into 
an amplifier (linear to within 1% in the voltage range of 
the experiment), the output of which is fed to 5 dis- 
criminator-scalers. 

The neutron beam is monitored by a counter identical 
to the detector. The monitor is located directly above | 
the exit end of the collimator. 


Ill. EXPERIMENTAL PROCEDURE 


At the beginning of a set of runs of a given energy, the 
first step is the selection of the appropriate bias settings 
for the detector and monitor. The basis of this selection 
is the shape of the recoil-proton pulse-height spectrum 
from the plastic scintillators. Typically this spectrum 
(Fig. 2) is nearly flat in its upper half but diverges 








13 Ball, Booth, and MacGregor, Nuclear Instr. 1, 71 (1957). 
“ Ball, Booth, and MacGregor, University of California Radia- 
tion Laboratory Report UCRL-4790, 1956 (unpublished). 











NEUTRON TOTAL 
rapidly in the lower half because of the large number 
of gamma-ray and low-energy-neutron signals. The 
low-energy-neutron contamination arises mainly from 
d(d,pn)d and d(d,2np)p breakup in the gas target. The 
lowest bias must not be so low that a significant contri- 
bution of gamma rays and low-energy neutrons is 
passed. It is found that setting the low bias at the point 
where the pulse-height spectrum begins to depart from 
flatness is adequate. This is shown by an auxiliary ex- 
periment in which the detected signals from gamma rays, 
from low-energy neutrons, and from the monoenergetic 
neutrons are differentiated by time-of-flight and their 
relative strengths measured as a function of bias. 
Figure 3 shows the time spectrum of detected particles 
in the nominal 14-Mev neutron beam for two bias 
settings. From time spectra such as these the curves in 
Fig. 4 are constructed, showing the effective gamma and 
low-energy-neutron contamination per detected “good” 
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Fic. 2. The differential pulse-height spectrum from the }-in. 
diameter plastic scintillator detector exposed to the nominal 14- 
Mev neutron beam. 


neutron as a function of the fractional bias (ratio of the 
bias to the maximum good-neutron pulse height). At the 
chosen bias the unwanted contribution in most cases is 
less than 0.5% of the primary signal. The beam con- 
taminants can either increase or decrease the measured 
cross section, depending on whether their cross sections 
are greater or smaller than that of the primary beam. 
The amount of error depends also upon the length of the 
sample. For example, a 1% 1-Mev gamma contaminant 
in a 14-Mev neutron beam will cause a 1.3% error in a 
50% transmission lead sample but only a 0.5% error in 
a 2-mean-free-path sample. On the other hand, among 
the very light elements, where neutrons attenuate faster 
than gamma rays, the shorter the sample the better in 
this respect. In most of our cases the errors due to 
contaminants are negligible, but in the cases of hydro- 
gen, lithium, and beryllium at the lower energies we 
have possible systematic errors of the order of —0.5 to 
— 1.0% due to gamma contaminants. 

As another check of the experimental method, curves 
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Fic. 3. Time-of-flight spectra of the nominal 14-Mev neutron 
beam as seen by the 4-in. diameter scintillator detector with two 
discriminator settings. 


of transmission vs sample length were run on copper and 
lead at 14 Mev. These curves were straight line ex- 
ponentials as far as they could be followed (more than 
two decades), but this method is not as sensitive as the 
time-of-flight method for detecting beam contaminants. 

Three discriminator scalers are set at the low bias, and 
two others at a bias just below the upper end of the 
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Fic. 4. Amount of gamma-ray and low-energy neutron beam 
contaminants relative to the number of detected “‘good” neutrons 
from the d—d reaction as a function of the relative bias on the 
}-inch-diameter plastic scintillator. These are shown for the 
nominal 7-, 10.5-, and 14-Mev neutron beams. For the 7-Mev 
neutron beam there was no measurable low-energy neutron con- 
taminant; the deuteron beam energy here is below threshold for 
the d—d breakup reaction. 
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TABLE I. Total cross sections in the 7- to 14-Mev range. 
E, cw En ce En Ct En w% En ow 
Element Mev barns Mev barns Mev barns Mev barns Mev barns 

H 7.17 1.24+0.02 8.77 1.04+0.01 10.42 0.94+0.02 13.13 0.7640.02 14.02 0.72+0.01 
H 11.13 0.88+0.02 

D 7.17 1.32+0.02 8.77 1.12+0.01 11.13 1.02-++0.02 13.13 0.88+0.02 14.01 0.86+0.02 
Li® 7.01 1.92+0.02 8.54 1.75+0.03 11.18  1.65+0.02 12.63 1.53+0.02 13.98  1.45+0.02 
Li? 7.01 2.02+0.02 8.54 1.81+0.02 11.18 1.64+0.02 12:63 1.55+0.02 13.99  1.50+0.02 
Be 6.83 1.75+0.02 8.57 1.68+0.02 10.24 1.66+0.02 12.63 1.56+0.01 14.11 1.51+0.02 
; 7.12  0.79+0.01 8.77 1.05+0.01 10.40 1.12+0.01 13.13 1.41+0.02 14.01 1.31+0.01 
ts 11.13 1.42+0.01 14.37 1.31+0.02 
F 7.01 = 1.54+0.03 8.77 1.6940.02 10.40 1.74+0.02 13.13 1.76+0.03 13.97 1.7640.02 
F 11.13 1.7140.03 14.31 1.71+0.04 
Mg 7.17  1.70+0.03 8.54 1.73+0.02 10.46 1.64+0.02 12.70 1.67+0.02 14.07 1.79+0.02 
Al 7.01 1.99+0.02 8.68 1.79+0.02 10.46 1.69+0.01 12.70 1.77+0.02 13.97 1.75+0.02 
Al 14.39 1.76+0.02 
Ti 7.01 3.25+0.04 8.68 2.97+0.03 11.18 2.62+0.03 12.70 2.48+0.03 13.97 2.3540.02 
Ti 13.13 2.44+0.03 

Cr 7.05 3.50+0.04 8.69 3.12+0.03 11.18 2.75+0.03 12.30 2.63+0.03 14.25 2.42+0.02 
Fe 7.05 3.62+0.04 8.70 3.29+0.04 10.22 3.12+0.03 12.30 2.83+0.03 14.50 2.54+0.03 
Ni 7.05 3.68+0.04 8.70 343+40.03 10.22 3.27+0.03 12.30 2.96+0.03 14.48 2.70+0.03 
Cu 6.83 3.83+40.04 8.62 3.64+0.03 10.36 3.46+0.02 12.27 3.19+0.04 14.03 2.95+0.02 
Cu 7.10 3.83+0.04 11.18 3.35+0.04 12.60 3.12+0.03 

Zn 7.05 3.91+0.03 8.54 3.78+0.04 10.46 3.58+0.03 12.63 3.27+0.03 14.07 3.11+0.03 
Ga tee ee 8.68  3.89+0.04 11.17 3.64+0.03 12.67 3.42+0.03 14.50 3.18+0.03 
Ge 7.05 4.01+0.04 8.54 3.96+0.04 10.46 3.81+0.03 12.43 3.48+0.04 14.07 3.3440.03 
Zr 7.05 4.19+0.04 8.68 4.30+0.04 10.38 4.32+0.04 12.70 4.15+0.04 14.50 3.9340.04 
Mo 7.09 4.06+0.04 8.61 4.24+0.04 10.22 4.28+0.04 12.43 4.17+0.05 14.50 3.96+0.04 
Pd 6.83 4.24+.0.04 8.67 4.41+0.04 10.27 4.45+0.04 12.30 4.45+0.04 14.11 4.29+0.05 
Pd 14.50 4.26+0.04 
Ag 6.83 4.27+0.04 8.57 4.41+0.04 10.40 4.49+-0.04 12.43 4.44+-0.05 14.11 4.39+0.04 
Cd 6.83 4.22+0.06 8.62 4.44+0.04 10.35 4.54+-0.04 12.30 4.55+0.05 14.02 4.51+0.04 
Cd 7.15 4.33+0.05 11.13 4.59+0.04 12.70 4.52+0.06 14.50 4.41+0.05 
Cd 13.13 4.58+0.05 

In 6.83 4.25+0.05 8.68 4.45+0.04 10.38 4.62+0.04 12.43 4.64+0.04 14.11 4.62+0.05 
In 14.45 4.56+0.05 
Sn 6.83 4.21+0.04 8.60 4.48+0.03 10.35 4.65+0.04 12.70 4.69+0.05 14.63 4.66+0.04 
Sn 7.15 4.29+-0.04 11.18 4.744+0.05 

Sb 7.01 4.28+0.04 8.68 4.48+0.04 10.36 4.69+0.05 12.30 4.73+0.04 14.37 4.68+4-0.05 
Ta 7.05 5.27+0.11 8.67 5.06+0.10 10.27 5.15+0.10 12.43 5.16+0.10 14.45 5.28+0.11 
W 7.05 5.37+40.05 8.67 5.17+0.04 10.25 5.21+0.05 12.30 5.30+0.05 14.25 5.40+0.06 
Pt 6.83 5.7340.08 8.57 5.21+0.05 10.40 5.1340.05 12.43 5.22+0.07 14.11 5.38+0.04 
Au 7.05 5.72+40.05 8.66 5.19+0.04 10.40 5.12+0.05 12.43 5.22+0.05 13.97 5.38+0.05 
Tl 7.15 5.5340.05 8.54 5.28+0.05 11.13 5.10+0.05 12.70 5.19+0.06 14.07 5.45+0.06 
Pb 7.17 5.86+0.06 8.67 5.38+0.04 10.38 §.21+0.05 12.49 5.22+0.04 14.25 5.42+0.06 
Bi 7.01 6.02+0.06 8.67 5.41+0.05 10.38 5.22+0.05 12.49 5.19+0.05 14.37 5.44+0.05 
Us 7.05 6.84+0.07 8.67 6.12+0.05 10.74 5.73+0.06 12.67 5.75+0.06 14.25 5.79+0.07 
Uz 7.05 6.84+0.07 8.67 6.21+0.05 10.74 5.89+0.06 12.67 5.78+0.06 14.25 5.90+0.05 
Pu? 7.05 6.83+0.06 8.67 6.32+0.05 10.74 5.88+0.06 12.67 5.82+0.06 14.25 5.83+0.08 














primary spectrum. This use of five discriminator scalers 
on the detector and a similar set, similarly biased, on the 
monitor provides considerable protection against drifts 
in bias. The two bias settings permit use, when neces- 
sary, of the “window” method of compensation for 
electronic gain changes (Appendix I). 

The deuteron beam energy is determined by differ- 
ential range measurement at the beginning of a set of 
runs of a given energy, at the conclusion, and at any 
time there is an indication that the energy has drifted. 
The deuteron energy is determined by range in alumi- 
num (to +1 mg cm”), which is converted to deuteron 
energy by Aron’s range-energy relation.’*° The neutron 
energy is determined from the kinematics of the d—d 
reaction, using the energy of the deuteron in the middle 





15 Aron, Hofiman, and Williams, U. S$. Atomic Energy Com- 
mission Report AECU-663, second revision (UCRL-121) (1949). 
16 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957). 


of the gas target—i.e., corrections for energy loss in the 
target foil and in one-half of the target are applied. 
Fowler and Brolley’s tables'’ are used to find the neu- 
tron energies. The uncertainty in neutron energy due to 
uncertainties in range measurement and in the range- 
energy relation is about 1%. The spread in neutron 
energy is about +170 kev at 7 Mev and +70 kev at 14 
Mev, due to gas-target thickness. 

The routine procedure consists of alternate open- 
beam and sample runs. The two open-beam runs pre- 
ceding and following a sample are combined with the 
sample run in the computation of the cross section. The 
background is determined in a similar way with an 18- 
inch sample of copper, whose direct transmission is less 
than 10~* at every energy used. Typical open-beam 
counting rates for the detector are 100 counts/sec. 
et L. Fowler and J. E. Brolley, Revs. Modern Phys. 28, 103 
(1956). 
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IV. RESULTS 


Table I lists the measured cross sections after correc- 
tion for background, inscattering, and chemical or 
isotopic composition. The background varied from 1% 
of the open beam at 14 Mev to 2% at 7 Mev. The 
inscattering correction was small because of the rather 
good geometry employed. It was applied on the basis of 
a formula developed in Appendix II, which was experi- 
mentally verified. The inscattering correction is greatest 
for the heavy elements at the high energies; it increased 
the uranium cross section at 14 Mev by 0.7% and in 
most cases was negligible. 

The statistical error in the cross sections is typically 
about 0.5%. Superposed on the counting statistics are 
other random errors, whose effects make the reproduci- 
bility of the data slightly worse than that expected on 
the basis of statistics alone. These additional errors are 
most likely caused by short-time changes in gain of the 
electronic system and by short-time changes in the 
energy of the deuteron beam. Serious or long-time 
changes of these types can usually be detected by 
observing the reproducibility of the ratio of high bias to 
low bias counts of each counter, which is quite sensitive 
to these changes, although the two effects can be hard to 
separate in this way. Some data were discarded on the 
strength of these studies of high-to-low bias ratios and 
measured changes in deuteron energy. The over-all 
error assigned to each cross section has been compounded 
from reproducibility or statistics (whichever was the 
larger) plus an arbitrary 0.5%. 

Systematic errors in cross section resulting from 
factors not already considered are difficult to evaluate. 
Possible sources are voids in castings and contaminants; 
these have been guarded against by x-ray examination 
and chemical analysis. Another estimate of systematic 
error can be derived from the assumption that for the 
medium and heavy elements the measured cross sections 
should vary smoothly as functions of neutron energy 
and of mass number. For the light elements, such as 
carbon, this assumption is certainly not valid because 
measurable resonant structure is well known in this 
energy range. However, for the medium and heavy 
nuclei, our data are not inconsistent with the assump- 
tion of smoothness, even in the neighborhood of magic- 
number nuclei. For the elements titanium and above, all 
the experimental cross-section data fit reasonably 
smooth curves within +1% when plotted with respect 
to energy (Fig. 5); and when plotted with respect to 
atomic number, as in Fig. 6, 80% of the points fit the 
average smooth curves better than +2% and 90% fit 
better than +3%—the worst offenders in the latter case 
being molybdenum (low by 3 to 5%), and tungsten 
(high by 1 to 4%). 

The agreement at 14 Mev with the data of Coon, 
Graves, and Barschall’ is very good, all points agreeing 
well within experimental error. The agreement with 
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Fic. 5. Contours of total cross section vs neutron energy. The lines 
are smooth curves through the experimental points. 


the data of Nereson and Darden®’ is in general not as 
good. For elements up to magnesium our cross sections 
agree well with those of Nereson and Darden. For ele- 
ments between aluminum and tin there are a few in good 
agreement, but typically our cross sections are higher by 
from 2 to 5%, although the errors overlap. For the 
heavy elements our cross sections are typically 5 to 
10% higher, and the discrepancy seems outside the 
quoted errors. The disagreement is consistently the 
worst near 10 Mev. 

The smooth curves through the cross-section data are 
shown together in Fig. 5. These contours of constant 
mass number form a fairly smooth cross-section surface, 
which is what is expected on the basis of the optical 
model. 

The experimental data are compared with theoretical 
predictions of the optical model of Bjorklund and 
Fernbach‘ in Fig. 6, where the cross sections are plotted 
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versus A* for three energies. (The neutron energies of the _ significant.) The parameters of the model were fixed by 
experimental numbers do not quite match those of the fitting the measured elastic-scattering angular distribu- 
corresponding calculations, but this difference is not tions at 14 Mev of Gardner, Anderson, Nakada, and 
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Fic. 7. Plots of experimental total cross sections normalized to r(R+A)* vs A! for the five energies of measurement. 
R=1,.4A!X10-" cm. These plots emphasize the deviations of the cross sections from the predictions of the “black 
nucleus” model. The smooth curves are merely averages through the experimental data. 
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Wong?* and of Coon ¢ al.’ and at 7 Mev of Beyster 
et al.” Figure 6 shows that the total cross sections pre- 
dicted by this theory fit the experimental points within a 
few percent for all the elements heavier than mag- 
nesium, despite the fact that the curves do not have 
simple energy and mass dependence. 

The deviations of these cross sections from the old, 
approximate rule, ¢,= 24(R+-A)’, have some interesting 
regularities, as is shown in Fig. 7. Here we have plotted 
the ratio o,/m(R+A)*, where A is the neutron deBroglie 
wavelength divided by 27, and R, the nuclear radius, is 
taken as 1.44!X10~% cm. The smooth curve drawn 
through the experimental points oscillates about the 
value 2.0 and moves steadily up the nuclear-radius scale 
as the energy increases. 
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APPENDIX I. BIAS WINDOW METHOD OF 
COMPENSATION FOR GAIN CHANGES 


If one is counting a portion of a spectrum of pulse 
heights by means of a single pulse-height discriminator 
(integral bias method), changes in the over-all gain in 
the detection system (ahead of the discriminator) will 
change the fraction of pulses of the spectrum which are 
counted. We shall describe a two-bias method which 
compensates, to first order, for such gain changes. 

Consider a source of pulses whose amplitude spectrum 
is given by f(h) (pulses per unit pulse height per sec). 
Let it be normalized: 


f f(h)dh=1. 


The pulse source is followed by amplification of gain g 
which transforms the spectrum f(/) into the spectrum 


¢(p), where 
p= gh, 
o(p) = f(h)dh/dp=(1/g) f(p/g). 


An integral discriminator set at pulse height 6 will have 
a counting rate given by 


C= i) o(p)dp= f f(h)dh. 
b b/o 


The change in count rate C; due to a change in gain Ag 

18 Gardner, Anderson, Nakada, and Wong, Bull. Am. Phys. Soc. 
Ser. II, 2, 233 (1957); Phys. Rev. (to be published). 

19Coon, Davis, Felthauser, and Nicodemus, Bull. Am. Phys. 
Soc. Ser. II, 2, 233 (1957); Phys. Rev. (to be published). 

»” Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 
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Fic. 8. An example of a pulse-height spectrum. 


is given by 
ACy= (0C,/dg)Ag= f(b/g) (b/g) Ag=o(b)bAg/g. 


Now consider a system with two discriminators set at 
b; and b:, b:>6;. We desire to form a quantity which 
will be independent of small gain changes. Let 


w=C—aCre, 
where a is a parameter yet to be determined. We require 


Ow/dg=0= (1/g)[b16(b1) —abep (be) J. 
Thus :- 
a= bp (03) /bep (be) ° 


As a simple example, consider a pulse-height spectrum 
that has the same amplitude at the bias points }, and 52 
(Fig. 8). If bs is, say, twice b;, then a is $, and the count- 
ing rate in the “window” thus formed is 


w=Cbi—43Coe. 


If 5, is near the upper end of the spectrum, we see that 
the corrective term 4C»2 is small relative to C»:, so that 
the statistical error in w is not seriously larger than that 
in Coy. 

In our total-cross-section experiment we regularly 
employed two biases so that this “window” method 
could be used in reducing the data to eliminate the effect 
of unknown changes in gain. We observed on a few 
occasions when gain drifts were suspected that this 
window method greatly improved the reproducibility of 
our data. However, by and large, our gain stability was 
good enough that the window method was not necessary. 


APPENDIX II. OPTIMUM SAMPLE LENGTH WITH 
RESPECT TO COUNTING STATISTICS 
AND INSCATTERING 


In choosing the optimum length of a sample for 
measurement of total cross section by transmission, we 
consider first the total uncertainty due to counting 
statistics in the number of detector and monitor counts 
when counting with the sample in, the sample out, and 
the long copper bar in the beam (background). 

The transmission of the sample is given by 


T= (d.—dg)/(do—ds), 





mee ee Cn oe eel 
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where d.=D,/M,, the ratio of detector to monitor 
counts for measurement with the sample in, and sub- 
scripts 0 and B designate “sample out” and “back- 
ground.” 

From the cross-section formula 


o:=—(1/nl) InT, 


where ml is the number of nuclei per cm? of beam, we get 
by differentiation 


Ao; 1 


Ady Ad; 


Ct no il do—dp d,—dpz 


1 1 
+{—-——|aaal. 
d,—dgz dy—dz 


Combining statistical errors in the usual way, using 
AD,=+/D,, etc., and substituting for d,, we can rewrite 
this as 


fa) 
Ct 
1 [—" 


“ (na d)?(1—dp/do)? Do 


ut (1 = T)dp ‘dy Pf 1 +d T+ (1 was; T)dp do ]} 
| PD. 3 


1 2 4dg\? 1+dz 
(yey 
T do Dz 











4B/d, = 0.10 





noe 1 


Fic. 9. Square of the relative statistical error times running 
time vs sample length for various background ratios. The curves 
are computed for sample-in, sample-out, and background counting 
times to be in the ratio 7:2:1. 





PETERSON, 


AND STOERING 


Let a be the detector count rate with the sample out, 
t the total counting time per sample, a the fraction of 
time for counting with sample out, 8 the fraction with 
sample in, and y the fraction for background. If one 
alternates sample-in and sample-out, one has the sum 
of two successive sample-out counts for Do; if, further- 
more, we count background once for, say, every ten 
samples, Dz is effectively the sum of 10 background 
counts, each counted for the time y/. Thus we can write 


Do=2aat, 
d, dp 
D.=~Bal= ( T+(1-7) ) a, 
dy do 


Dz= 10(dz do)yal, 
a+8+y=1, 


and the error formula can be written as 
Ac: 2 
— jal 
ot 
1 1+dp 


~ (nedi—dp/ée)*| 2 
(T+(1—T)de/do +d T+ (1—T)dp/do}} 
+ ee ee ee se ada — 
18 


1 bd dz 1 +dr 
+(—-1) . 
T dy 10y 

The problem now is to minimize the quantity 
(Ao ,/o,)*at with respect to the four parameters no {/, a, 8, 
and y for various conditions of background dg/do and 
detector-to-monitor ratio do. The resulting optimum is 
fairly insensitive to do, and in the calculations we let do 
be 0.5, which is typical of our experimental conditions. 
We found the optimum parameters for various back- 
ground ratios by first fixing the number of mean free 
paths no,/ at 2 (on the basis of rough calculation) and 
varying a, 8, and y, where 8=1—a—y. This showed for 
all the background ratios dg/do=0.01, 0.03, 0.05, and 
0.10 that (Ac,/c,)*at was a minimum near a=0.2, 
B=0.7, and y=0.1 and that changing a and y by 50% 
from their optima increased (Ac,/o,)*at by only 10% or 
less. Since the error function is so insensitive to the 
exact values of a, 8, and y (as long as they are approxi- 
mately optimum), only this one set of optimum a, £, and 
7 was used in the next step, the calculation of optimum 
no | for fixed a, 8B, and y. The result of this calculation 
is shown in Fig. 9. The plot shows that the optimum 
sample length for moderate backgrounds (1 to 5%) is 
close to 2.0 mean free paths. (We therefore did not re- 
optimize oe, 8, and y.) The ordinate can be read as 
proportional either to the square of the statistical error 
for a given running time or to the running time for a 
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NEUTRON TOTAL 
given statistical error. For our background (1 to 2%), a 
1-mean-free-path sample would have required twice the 
running time as our 2-mean-free-path samples, for the 
same relative statistical error in cross section. 

If the background contains a systematic uncertainty, 
the considerations are somewhat different, of course. In 
our experiment we felt that the systematic uncertainties 
in background were relatively unimportant. 

Our conclusions on optimum sample length and rela- 
tive counting times are very close to the results of Rose 
and Shapiro”; their analysis, however, differed from 
ours in that it did not include any statistical error due to 
a monitor and did not lump together counts from more 
than one run for the counts Do and Dz. 

Another factor that can influence the choice of sample 
length is the inscattering effect, i.e., the increase in 
detector counts due to those neutrons which have 
scattered elastically one or more times in the sample and 
are then counted in the detector. Following the method 
of McMillan and Sewell,” we write the intensity of 
neutrons striking the detector after having made just 
elastic collisions (n=0, 1, 2, ---) as 


K 
=( )e yr. 
Rp’ 
A al a(Q) 
vn) 
REL’ r Col 
A eh al\* sa(0) 
Hl INC) 
RZ’ 2 d 2661 


in general, 


(for n= 1, 2, see), 


al\” 1 a(0) 
A n! NO e| 


Rp and R, are the distances of the detector and the 
sample, respectively, from the neutron source (see 
Fig. 1), L the sample-to-detector distance, A the cross- 
sectional area of the sample, / the sample length (which 
is small relative to Rp, R,, and L), \ the total mean free 
path, o(0) the elastic scattering cross section per 
steradian at 0°, o.; the integrated elastic scattering 
cross section, a the ratio of elastic to total cross sections 
(and is on the order of 3), and K is some constant. P, is 
the probability that a neutron will traverse the sample 
and make just »# elastic collisions; this expression as- 
sumes that the elastic scattering pattern is peaked 
sufficiently forward that the paths of the scattered 
neutrons remain reasonably parallel to the beam axis. 


21M. E. Rose and M. M. Shapiro, Phys. Rev. 74, 1853 (1948). 
2 FE. M. McMillan and D. C. Sewell, U. S. Atomic Energy Com- 
mission Report MDDC-1558, 1947 (unpublished). 
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This assumption is a reasonable one for our geometry 
and neutron energies and, furthermore, is conservative 
in the sense that it slightly overestimates the inscattered 
contributions. f, is the fraction of n-times-scattered 
neutrons per steradian at zero degrees to the beam axis. 
Since the width of the elastic pattern increases about as 
n', the central intensity must decrease approximately 
as n-', 

The fraction by which the transmitted beam is 
systematically increased by this inscattering effect is 
given by 


a a ARp’*\a(0) « al\* 17 
ere ELEY 
T Io n= LR?ZT oe =! r n'n 


The corresponding relative correction to the measured 
total cross section is 


9 


Ao; 1 AR)’ a(Q) x al e ji 
= Lamy (2), 
o, nod\ L?RZ7 ac, n= \X n'n 
ARp’*\a(0) al 1 fal\? 
“(ey etoa(2)4(2) 
L?R?/ o; A 18\A 
1 fal\* 
. ee (~) +] 
n'in\X 


For reasonable sample lengths the series converges 
rapidly. (For this reason one is not greatly concerned 
about the crudeness of the approximations involved in 
the higher order terms.) 

Note that the inscattering correction to the measured 
total cross section is almost independent of the sample 
length. For example, the correction for a 2-mean-free- 
path sample is only about 30% larger than for a 
vanishingly thin sample. Since in our experiments this 
inscattering correction was only on the order of 1%, we 
would not have improved matters appreciably by using 
smaller sample lengths. 

Measured values of « (0) and o,; exist for some elements 
at a few energies in our range, but for our purposes they 
are not complete enough. If one takes the theoretical 
expressions” o(0)=(kR+1)*/4k? and o,=2r(R+A)’, 
the ratio o(0)/o, can be written as (kR+1)*/8r. Here R 
is the nuclear radius, and A=1/k is the de Broglie 
wavelength of the neutron times 1/27. For R we used 
1.4 A4X10- cm. This theoretical ratio agrees quite well 
with several measured values at 7 and 14 Mev, so that 
we had confidence in applying it to all of our inscattering 
corrections. 

Measured values of a=o-1/c; are close to 0.5 (within 
+20%) at both 7 and 14 Mev. Since in our typical 
situation a 20% change in a causes only a 6% change in 
the inscattering correction, we let a be 0.5 in this 
correction. 


*% Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, 
U.S. Atomic Energy Commission Report NYO-636, 1951 (unpub- 
lished). 
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Putting Rp=90 in., L=30 in., R,=60 in., A=0.786 
in.*, and //A=2, we get 


Ac; kR+1 2 
(—) =0.26x10-+( ) , 
0+ / inscatter 8x 


To check this experimentally, we placed a detector just 
outside the neutron cone (and near the normal detector 
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position) and compared its counting rate with and 
without a 2A copper sample in the neutron beam. This 
geometry was slightly, but not importantly, different 
from the inscattering situation in our transmission 
experiments. The measured inscattering agreed with the 
theoretical (modified slightly for the changed geometry) 
well within the statistics, which were only +40%. 
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Possible Analogy between the Excitation Spectra of Nuclei and Those 
of the Superconducting Metallic State 
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Copenhagen, Denmark 
(Received January 7, 1958) 


The evidence for an energy gap in the intrinsic excitation spectrum of nuclei is reviewed. A possible 
analogy between this effect and the energy gap observed in the electronic excitation of a superconducting 


metal is suggested. 


HE nuclear structure exhibits many similarities 
with the electron structure of metals. In both 
cases, we are dealing with systems of fermions which 
may be characterized in first approximation in terms of 
independent particle motion. For instance, the sta- 
tistical level density, at not too low excitation energies, 
is expected to resemble that of a Fermi gas. Still, in 
both systems, important correlations in the particle 
motion arise from the action of the forces between the 
particles and, in the metallic case, from the interaction 
with the lattice vibrations. These correlations decisively 
influence various specific properties of the system. We 
here wish to suggest a possible analogy between the 
correlation effects responsible for the energy gaps found 
in the excitation spectra of certain types of nuclei and 
those responsible for the observed energy gaps in 
superconducting metals. 

We first briefly recall the evidence for an energy gap 
in the spectra of nuclei, and shall especially consider 
nuclei of spheroidal type. The single-particle level 
spectra for such nuclei exhibit a particularly close 
similarity to that of a Fermi gas, since the degeneracies 
characterizing the particle motion in a _ spherical 
potential are largely removed by the distortion in the 
shape of the nuclear field. The levels remain doubly 
degenerate, and their average spacing may be most 
directly obtained from the observed spectra of odd-A 
nuclei. These exhibit intrinsic states which may be 
associated with the different orbits of the last particle, 
and the observed single-particle level spacing is ap- 

* National Science Foundation Senior Post-Doctoral Fellow on 


leave of absence from Princeton University, Princeton, New 
Jersey, 1957-1958. 


proximately! 


6=50A~! Mev, (1) 


where A is the number of particles in the nucleus. 

If the intrinsic structure could be adequately de- 
scribed in terms of independent particle motion, we 
would expect, for even-even nuclei, the first intrinsic 
excitation to have on the average an energy 46, when 
we take into account the possibility of exciting neutrons 
as well as protons. Empirically, however, the first 
intrinsic excitation in heavy nuclei of the even-even 
type is usually observed at an energy of about 1 Mev 
(see Fig. 1). The only known examples of intrinsic 
excitations with appreciably smaller energy are the 
K=0— bands which occur in special regions of nuclei, 
and which may possibly represent collective octupole 
vibrations.” 

Such an energy gap between the ground-state and 
first intrinsic excitation indicates an important de- 
parture from independent-particle motion, a departure 
arising from the residual forces between the particles. 
In lowest order, such forces give rise to a pairing effect, 
since the attractive interaction is expected to be 
especially strong for a pair of particles in degenerate 
orbits. This effect implies a shift upwards, relative to 
the ground state, of states involving the breaking of a 
pair. However, to this order, one still expects that levels 
corresponding to the simultaneous excitation of two 
particles remaining as a pair will have an average 
energy spacing of about 6. Such low-lying K=0 bands 





1B. R. Mottelson and S. G. Nilsson (to be published) ; F. Bakke 
(to be published). 
2 See, e.g., K. Alder e¢ al., Revs. Modern Phys. 28, 432 (1956). 
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Fic. 1. Energies of first excited 
intrinsic states in deformed nuclei, 
as a function of the mass number. 
The experimental data may be 
found in Nuclear Data Cards [Na- 
tional Research Council, Washing- 
ton, D. C.] and detailed references 
will be contained in reference 1 
above. The solid line gives the 
energy 6/2 given by Eq. (1), and 
represents the average distance 
between intrinsic levels in the odd 
A nuclei (see reference 1), 

The figure contains all the 
available data for nuclei with 
150<A <190 and 228 <A. In these 
regions the nuclei are known to 
possess nonspherical equilibrium 
shapes, as evidenced especially by 
the occurrence of rotational 
spectra (see, e.g., reference 2). 
One other such region has also been 
identified around A=25; in this 
latter region the available data on x 
odd-A nuclei is still represented by x 
Eq. (1), while the intrinsic excita * 
tions in the even-even nuclei in 
this region do not occur below 4 
Mev. x t 
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© even-even nuclei 
x odd-A nuclei 








We have not included in the 
figure the low lying K=O states 
found in even-even nuclei around 
Ra and Th. These states appear to 
represent a collective odd-parity 
oscillation. 


150 


are not observed, and their absence implies significant 
correlations in the intrinsic nucleonic motion. 

The appearance of a gap is reminiscent of the well- 
known repulsion effect between coupled levels, but in 
order to obtain a gap of the observed magnitude, which 
is several times larger than 6, it appears necessary to 
consider the coupling between a large number of states 
of independent particle motion. It seems likely that the 
resulting excitation spectrum may show regularities of 
collective type, and indeed there is some evidence for 
the occurrence of vibrational levels among the first 
intrinsic excitations in the spheroidal nuclei of even-even 
type? 

The correlations giving rise to the energy gap may 
also affect many other nuclear properties; thus, they 
appear to be responsible for the observed fact that the 
rotational moments of inertia are appreciably smaller 
than the values corresponding to rigid rotation.’ More- 
over, the well-known mass difference between even-even 
and odd-A nuclei‘ appears intimately connected with 
the occurrence of the gap. While we have here con- 
sidered the nuclei of spheroidal type, similar differences 
between the intrinsic spectra of odd and even nuclei 
appear also for nuclei of spherical equilibrium shape. 
To exhibit the gap in these spectra one must, however, 
subtract the relatively low-lying collective excitations 
of vibrational type. 

3A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, i (1955). 

‘For a review of this effect, see C. D. Coryell, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1953), Vol. 
2, p. 304. 
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In the superconducting metal we may possibly be 
dealing with somewhat similar correlation effects in 
the electronic motion. Measurements of the thermal 
and electromagnetic properties of superconductors’ 
indicate that the low-energy electronic excitation 
spectrum differs essentially from that of a Fermi gas 
in that there exists a finite energy gap between the 
ground state of the metal and the states representing 
electronic excitation. 

Recently, new insight concerning the behavior of 
interacting fermions has been obtained from a detailed 
study of the correlations arising from the part of the 
interaction which acts between particles with equal 
and opposite momenta.® Treating only this part of the 
interaction, it was found that even very weak attractive 
interactions lead to a major change in the low-energy 
spectrum of the system. Quite apart from the extent 
to which additional interactions may further modify 
the spectrum, it would seem that the results obtained 
are already of considerable interest in connection with 
the features of the nuclear spectra discussed above and 
indicate that a modified structure of the Fermi surface 
is a general feature of Fermi systems with attractive 
interactions. This qualitative result is perhaps not 

5 For discussions of evidence for an energy gap, see Blevins, 
Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955); Corak, 
Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 656 
(1956); R. E. Glover and M. Tinkham, Phys. Rev. 104, 844 
(1956) ; 108, 243 (1957). 

6 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957), 
and Phys. Rev. 108, 1175 (1957). This model has also been treated 
by N. N. Bogoliubov, J. Exptl. Theoret. Phys. (to be published) 
and J. Valatin (to be published). 
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surprising, since it may easily be shown that a per- 
turbation treatment of the interactions leads to 
divergencies in the region of the Fermi surface. 

Due to the simplicity of the argument, it may perhaps 
be useful to sketch such a perturbation calculation.’ 
Consider two particles with opposite momenta and each 
having a kinetic energy Eo=Er—e, where Er is the 
Fermi energy. We evaluate the amplitude for their 
excitation to a level E=Epr+e, the other particles in 
the system remaining unperturbed. To first order we 
obtain, in obvious notation, 


(0|V|f) 








af = ) (2) 
2(Ev— Ef) 
and to second order 
*\ {| ris 
porns, OV IMT 
i 4(E)— E;)(Eo— Ef) 
Eot4 VN (0O)dE 
=of f oe : 
Er E-E) 
or 
af®=afN(0)V In[A/(Er—£,) J. (4) 


We have approximated the interaction matrix element 
by a constant negative value —V over an effective 
energy interval A. The density of the states at the 
Fermi surface is denoted by (0). 

It is seen that the perturbation expansion represents 
a power series in the parameter 


«x=N(0)V In[A/(Er—E)]. (5) 


Thus, the series diverges for x>1, i.e., for Eo in an 
energy region around the Fermi surface of extension 


e=A exp[ —1/N(0)V ]. (6) 
7 A corresponding divergence in the two-body scattering equa- 


tion for particles in a Fermi gas has been pointed out by J. 
Goldstone (private communication). 
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\ 
This estimate corresponds to the result obtained in the 
above-mentioned model of superconductivity® for the 
energy region in which the particle motion is essentially 
correlated. It was also found® that this model leads to 
a gap in the energy spectrum of order given by (6). 

It is of interest to attempt to apply these consider- 
ations to the nuclear case. Estimates of the quantity 
N(0)V for the nucleus are somewhat uncertain, but 
indicate values of the order of }. Owing to the sensitivity 
of (6) to this quantity, it is difficult to make quanti- 
tative estimates of e€, but it appears likely that «<A, 
with A representing an energy of the order of Ey. Under 
such circumstances the correlation effect would be 
relatively unimportant for bulk nuclear properties like 
the total binding energy, but would, of course, have 
essential effects on the low-energy excitation spectra. 
A quantitative estimate of « would also be important 
for the derivation of a criterion for the occurrence of 
shell structure; thus, since the energy spacing between 
shells tends to zero as the size of the system increases, 
one would expect the shell structure to be washed out 
for a sufficiently large system. 

It thus appears that there may exist interesting 
similarities between the low-energy spectra of nuclei 
and of the electrons in the superconducting metal. 
However, it must be stressed that the former are 
significantly influenced by the finite size of the nuclear 
system. Thus, the energy gap is cbserved to decrease 
with A, and the present data are insufficient to indicate 
the limiting value for the gap in a hypothetical infinitely 
large nucleus. Moreover, the degrees of freedom as- 
sociated with the variation in shape play an especially 
important role in the low-energy nuclear spectra. 
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Reaction Li‘ (d,t)Li'(p)He*t 
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A study is made of the proton and triton continua from the deuteron bombardment of Li® in order to 
obtain information on the mechanism of the three-particle reaction and on the properties of the ground 
state of Li5. Because of the great breadth of this state, an unambiguous interpretation is not possible. The 
most likely mechanism is Li*(d,t)Li'(p)Het, with a Q=0.80+0.15 Mev for the primary reaction (mass 
defect of Li'=12.95+0.15 Mev), and a width of the ground state of Li5 equal to 2.0+0.2 Mev (in the c.m. 


system). 


‘OME of the simplest and most interesting nuclei are 
so unstable with respect to heavy-particle emission, 
even in their ground state, that observations on them 
are restricted to the brief but important roles they play 
as intermediate states in nuclear reactions, either in a 
scattering experiment or in a successive disintegration 
of the type: A(a,b)B(c)C. In the latter reaction the 
emitted particles are characterized by continuous dis- 
tributions in energy in the laboratory system. In the 
present investigation the proton and triton distributions 
encountered in the deuteron bombardment of Li® have 
been examined with magnetic analysis in order to obtain 
information on the mechanism of the disintegration 
and on the ground state of Li’. The proton distribution 
has been observed previously and assigned to the re- 
action Li*(d,t) Li®(p) Het! 

In a study of the triton spectrum it is essential to use 
Li’ targets of high purity. The presence of Li’ in the 
target is particularly undesirable because of the profuse 
reaction Li’(d,na)He* which produces a continuum of 
alpha particles throughout the energy interval of in- 
terest. Moreover, it is desirable to minimize the oxygen 
contamination of the target, as the proton groups from 
O'*(d,p)O" fall in the region of the relatively weak 
proton continuum under study. For the observations at 
§=90°, targets were prepared by allowing a solution of 
lithium chloride’ to evaporate at a controlled rate. The 
target was then heated Continuously to prevent the 
formation of water of hydration. For the other spectra 
thin metal targets’ were prepared by evaporation in the 
vacuum of the target chamber. These latter targets in- 
variably showed a much higher oxygen content, but 
their greater uniformity compensated for the increased 
yield from oxygen. 

The deuteron beam was obtained from an electro- 
static accelerator, and the spectra were recorded in 


t Assisted by a contract with the U. S. Atomic Energy Com- 
mission. 

* Present address: Knolls Atomic Power Laboratory, Schenec- 
tady, New York. 

t Present address: Argonne National Laboratory, Lemont, 
Illinois. 

1R. W. Gelinas and S. S. Hanna, Phys. Rev. 86, 253 (1952). 

2 Prepared from a lithium sulfate sample in which the lithium 
was enriched to 95.2% Li®. 

5 Enriched to 95.7% Li®. Both these samples were obtained from 
the Stable Isotopes Division, Oak Ridge National Laboratory. 


nuclear emulsions in the wide-range magnetic spectro- 
graph used previously in this laboratory. At each angle 
of observation the complete spectrum was obtained in 
four exposures covering the range from about E,=0.6 
to 6 Mev or, equivalently in magnetic analysis, from 
2,=0.2 to 2 Mev. Actually the observation of the triton 
spectrum was not carried below about £,=0.7 Mev be- 
cause of interference from elastically scattered deuterons. 

The spectra are presented in Figs. 1 and 2. As all the 
sharp peaks have been identified previously, we shall 
discuss only the broad structure. The various possible 
three-particle reactions are shown in Fig. 3. Those 
modes involving the final products, a, He*, and n, were 
not studied because of interference from scattered deu- 
terons. In the reactions leading to a, /, and p, only the 
latter two particles were observed. There is evidence in 
the figures for the production of both Li® and Li”, 
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Fic. 1. Triton spectra from the bombardment of Li® by deu- 
terons. The dashed curves represent the distributions expected 
for a simultaneous three-particle disintegration. The solid curves 
are for the mechanism Li®(d,t)Li5(p)He* with Q=0.8 Mev and 
I'e.m.=2.0 Mev. The group at about E,=1.1 Mev is attributed to 
alpha particles from the reaction O'*(d,a)N™. 
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- Fic. 3. The possible three-particle disintegrations resulting 
200/- from the bombardment of Li® by deuterons. 
e | is assumed with a Q2=0.8 Mev for the primary reaction 
| and a width of 2.0 Mev (in the c.m. system) for the 
6-90 ground state of Li>. The triton spectrum is obtained 
SOO- Eq°l.00 Mev from a one-level resonance formula, and the secondary 
r proton spectrum is calculated® using the same param- 
s00r- _— a I> eters and assuming isotropic directional correlations 
r : among the particles. In the second case, the width of the 
200}- ground state of Li’ is assumed to be very large compared 
‘ to the total energy release in the reaction; this case is 
o| . 1 1 of course equivalent to a simultaneous breakup into 
ie) 
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Fic. 2. Proton spectra from the bombardment of Li® by deu- 
terons. The unbroken curve is an empirical one drawn through 
the data. At @=50°, the peaks at E,=5.6, 5.1, and 1.35 Mev are 
from Li®(d,p)Li’; those at 3.6 and 0.68 Mev are from C#(d,p)C®; 
those at 2.9 and 2.1 Mev are from O'*(d,p)O""; the peak at 0.79 
Mev is from Li‘ (d,p)Li®; and the one at 0.55 Mev results from the 
elastic scattering of protons (which contaminate the beam) in the 
nickel backing of the target. At @=90°, the peak at E,=0.95 Mev 
is from Li®(d,p)Li’; the peaks at 2.7 and 1.8 Mev are from O'* 
(d,p)O*". The dashed curves represent the proton distributions 
expected for '= ~, i.e., for a simultaneous breakup. The dotted 
curves are for the successive decay Li*(d,t)Li®(p)He* with Q=0.8 
and I'..m,=2.0 Mev. The dot-dash curve is for the same reaction 
with an assumed angular correlation between the triton and the 
deuteron of the form 1+0.5 cos 9. 


Ex= 4.61 Mev, in the reactions: 
Li®(d,t)Li®(p)He', 
Li®(d,p) Li™ (¢) He'. 


In the latter reaction the weak primary proton group 
at E.x=4.61 Mev is observed. The secondary triton 
spectrum in this second reaction is presumably sub- 
merged in the much stronger triton group from the first 
reaction. The continuous proton spectrum is attributed 
solely to the first reaction. 

This interpretation accords with the known states in 
Li’, but it is not by itself unique since the proton con- 
tinuum could be attributed to a very broad state in Li’ 
in the region from E,.,=3 to 6 Mev. In the absence of 
any other evidence for such a state,‘ we do not consider 
this possibility seriously. Two cases are illustrated in 
the figures. In one, the successive decay Li®(d,/) Li®(p) He* 


4F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 


three particles. 

For the tritons the fit for '= 2.0 Mev is quite good. 
In the data at 6= 50°, the disagreement below /,=1.4 
Mev can probably be traced to an increasing contribu- 
tion from scattered deuterons which were not com- 
pletely eliminated in counting the tritons. For the pro- 
tons the curves for I'"= 2.0 Mev do not fit the data well, 
although they agree better than do the curves for!!'= «. 
It is possible to obtain a more satisfactory fit to the 
data by assuming that the tritons are emitted prefer- 
entially in the forward direction as reported earlier® and 
shown by the dot-dash curve in Fig. 2, although the 
way in which such a fit can be made is not unique. A 
more detailed calculation, which would include the 
effect of barrier penetrability, is not presented, as it 
would not contribute to providing a unique interpreta- 
tion. It is felt that the present interpretation is favored 
in light of all other evidence pertaining to the states in 
Li® and Li’. The mass defect obtained for Li? is 12.95 
+0.15 Mev, which may be compared to values of 
13.17+0.2, 13.18+-0.15, 13.20+0.15, 12.714-0.15, and 
13.09 Mev derived’? from the reactions He*(d,y)Li’, 
He*(He’,p) Li’, Li®(He*,a) Li®, Li®(p,d)Li®, and Li®(y,n)- 
Li®, respectively. 
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Absolute differential cross sections for the production of photoprotons from carbon, lithium, and beryllium 
have been measured using the Oxford 110-Mev synchrotron. A proton telescope was used to select protons 
of energy 37 Mev, 47 Mev, 55 Mev, 63 Mev, and 78 Mev, using bremsstrahlung beams with peak energies 
from 40 Mev to 110 Mev. Measurements were taken at angles of 36°, 51°, 71°, 90°, 119°, and 129°. 
Comparison of the carbon results with the calculations of Dedrick indicate that the principal contributions 
to the cross sections arise from quasi-deuteron interactions. Some evidence is presented that other 
processes occur near threshold. Measurements of neutron-proton coincidences were made showing that this 
direct manifestation of the quasi-deuteron interaction occurs at these energies. 


I. INTRODUCTION 


ARLY experimental studies of the particles ejected 

from nuclei by bremsstrahlung beams in the range 
20 Mev to 300 Mev showed that the yield of high-energy 
protons was anomalously large according to the com- 
pound nucleus theory. To explain this Levinger,’ in 
1951, proposed the quasi-deuteron model for the inter- 
action: in this model the final high-momentum states 
of the emitted protons are possible because of the 
initial high-momentum states resulting from the 
proximity of a neutron and a proton in the act of 
mutual scattering within the nucleus. The validity of 
Levinger’s model in the energy region between 200 and 
300 Mev, has now been adequately confirmed by the 
detection of neutrons in coincidence with the majority 
of the emitted photoprotons, both by Barton and Smith 
at Illinois and by Wattenberg ef a/. at M.I.T.? On the 
other hand, Johansson,’ using 65-Mev bremsstrahlung, 
observed few, if any, genuine neutron-proton coin- 
cidences. 

However, the paucity of coincidences in the lower 
energy region does not necessarily indicate a breakdown 
of the quasi-deuteron model, for in this region there is 
such severe scattering of the particles while they are 
in the process of emerging from the nucleus that firstly, 
many fail to escape; and secondly, those that do get 
out may no longer be correlated in angle with the other 
partner of the initial pair and are consequently much 
more difficult to detect. Even if this scattering were 
not so serious as to prevent detection of a small but 
significant number of neutron-proton coincidences, the 
difficulty of an accurate calculation of its effect would 
prevent the estimation, from such experimental data, 


* Now at CERN, Geneva, Switzerland. 

t Now at NPL, Pretoria, South Africa. 

t Now at Research Laboratory for Archaeology and the History 
of Art, Oxford, England. 

§ Beit Trust Rhodesian Fellow. 

1]. S. Levinger, Phys. Rev. 84, 43 (1951). 

2M. Q. Barton and J. H. Smith, Phys. Rev. 95, 573 (1954); 
Meyers, Odian, Stein, and Wattenberg, Phys. Rev. 95, 576 
(1954); Odian, Stein, Wattenberg, Feld, and Weinstein, Phys. 
Rev. 102, 837 (1956). 

*§. A. E. Johansson, Phys. Rev. 97, 434 (1955). 


of the fraction of disintegrations attributable to the 
quasi-deuteron model of the process. 

Numerous studies have already been made of the 
angular distributions of photoprotons without yielding 
much conclusive evidence about the nature of the inter- 
action taking place. However, with one exception (in 
the 200-Mev region),‘ the data obtained have related 
to the yield of protons due to the whole of a brems- 
strahlung spectrum, and the comparisons with theo- 
retical predictions are necessarily ambiguous, particu- 
larly if the proton energy resolution is wide as well. 
The present experiments, using the 110-Mev Oxford 
synchrotron, were aimed at determining the angular 
distributions of photoprotons of selected energies 
ejected by the photons within a limited energy range. 
The predictions of the quasi-deuteron model have been 
calculated by Dedrick® in the case of carbon, and by 
comparison with the experimental results it is possible 
to judge whether the quasi-deuteron model remains 
valid in this energy region. Measurements on lithium 
and beryllium have enabled the assessment of specific 
nuclear structure effects. The order of magnitude of the 
observable proton-neutron coincidences has also been 
estimated. 

Because of the subtraction technique employed to 
find the cross sections, the validity of the results leans 
heavily both on the accuracy of the beam normalization 
between different energies and on the elimination of 
spurious effects due to change of angular distribution 
of the beam with energy (and also due to random shifts 
in the beam direction). A system of “copper monitoring” 
was developed to take care of these points; this utilized 
the 9.7-minute 8* activity resulting from Cu®(y,n)Cu® 
and this reaction was also the basis of the absolute 
calibration of the bremsstrahlung beam. 


Il. EXPERIMENTAL DETAILS 
(i) General 


The general lay-out is shown in Fig. 1. The accelerated 

electrons strike a 0.2-mm thick platinum strip inside the 
‘J. W. Weil and B. D. McDaniel, Phys. Rev. 92, 391 (1953). 
5K. G. Dedrick, Phys. Rev. 100, 58 (1955). 
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Fic. 1. General experimental layout. A. Lead collimation block, B. Lead shielding, C. Ionization chamber, D. Neutron 
counter, £. Target, F. Proton telescope, G. Synchrotron target, H. Synchrotron equilibrium orbit, 51-3 plastic 


scintillators. 


synchrotron orbit tube and the resulting bremsstrahlung 
is collimated by a tapered rectangular hole in a 6-in. 
thick lead block; at the target position (180 cm from 
the platinum strip) the beam is 40 mm high and 7.8 mm 
wide. Immediately after collimation the beam passes 
through a thin air-filled ionization chamber and the 
charge produced in this during any proton counting 
period serves as a relative measure of the dose received 
by the target. Emitted protons were detected by a 
3-scintillator coincidence-anticoincidence range meas- 
uring telescope which could be rotated about a vertical 
axis so as to detect protons emitted at any angle to the 
bremsstrahlung beam between 35° and 140°. In inves- 
tigating neutron-coincidences, a large liquid scintillator 
was used to detect the neutrons and it was placed on the 
opposite side of the beam as shown. 


(ii) Proton Telescope 


The telescope (Fig. 2) consisted of three sheets of 
plastic scintillator (Pilot ““B”) with dimensions 5 cm 
X10 cm, 4.5 cmX12 cm, and 7 cmX16 cm, respec- 
tively, each sheet being 0.3 cm thick. To ensure 
optimum discrimination between proton pulses and 
background, each scintillator was viewed from both 
ends by photomultipliers (Dumont type 6292), the 
outputs of each pair of photomultipliers being connected 
in parallel. The light collection was found to be further 
improved by recessing the scintillators into thin sheets 


of Perspex, optical contact being obtained using a 
mixture of commercial “Vaseline” and liquid paraffin. 
Finally, the scintillators were surrounded with cylinders 
of specular aluminum foil. With such optical systems 
the variation of light collection over the scintillators 
was investigated using a well collimated beam of x-rays 
from a 100-kv x-ray set and in no case did the light 
collection vary by more than +15% over the area of 
the detectors. 

The geometry was totally defined by the target 
volume and the second scintillator. The angular resolu- 
tion was triangular with a base width of +10° and the 
effective solid angle was calculated to be 0.070+0.0014 
steradian. In view of the not quite perfect symmetry of 
the telescope with respect to the extended target the 
effective angles at which measurements were made 
differed slightly from the corresponding geometric 
angles. The three scintillator units operated as a coin- 
cidence-anticoincidence range measuring telescope, with 
resolving times of 0.2 usec. Provision was made for the 
insertion of aluminum absorbers in front of the telescope 
and between scintillators 2 and 3. 

The inherent proton range bracket width of the 
telescope was determined experimentally by observing 
the relative yields of photoprotons with different 
amounts of absorber between scintillators 2 and 3 and 
subsequent extrapolation to zero yield; good agreement 
was obtained with range data calculations. Measure- 
ments were made at the following mean proton energies: 
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Mean proton energy (Mev) 37 47 55 63 73 = 78 


Width of proton energy 
bracket (Mev) Se 45 39 35 66 ..63 


The bias levels of the three units were chosen to 
minimize both the random coincidence rate and the 
variation in proton energy bracket width due to drifts 
in gain and/or bias. The bias levels were set by ob- 
serving the coincident pulse height distributions in 
each unit using an electronic gate which could be 
operated by either anticoincidence or triple-coincidence 
output pulses from the coincidence units, and the coin- 
cident spectra were displayed on a 25-channel kick- 
sorter. ; 

When the bias levels had been set at their optimum 
values the gains of the amplifiers in the three channels 
were increased until gamma-rays from a weak Co” 
source mounted on the telescope could be counted. The 
counting rates with these higher gains were determined 
accurately and subsequent three-minute determinations 
of these counting rates, which were made before and 
after each days run, yielded a 0.25% check of the 
telescope bracket width and also a check of the asso- 
ciated electronic circuitry. 

Additional checks on the quality;of the optical 
contacts were made periodically by the introduction of 
sources of Po#® and Cs’ close to the centres of the 
scintillators and the observation of the resolution of 
the Po” a particle and Cs" internal conversion electron 
peaks. 


(iii) Neutron Counter 


This counter has been described in detail by Thresher, 
van Zyl, Voss, and Wilson,® and consisted of a right 
cylinder 25 cm in diameter and 25 cm long filled with 
a liquid scintillator consisting of benzene with 4 g/liter 
of p terpheny! and 0.02 g/liter of dipheny! hexatriene. 
The scintillator was viewed at one end by a five-inch 
E.M.I. type VX5046 photomultiplier set in a white 
painted truncated cone. 

The relative response of the counter over its volume 
was empirically adjusted for uniformity by the use of 
an opal disk situated between the photomultiplier and 
the scintillator tank. The measurements of the uni- 
formity were made with a Sr® source. The variation in 
response over the volume was reduced to + 15%. 


TABLE I. Neutron counter efficiency calibration. 





De 
Pn n—p coin- Random 
Target units) Protons cidences coincidences 
H,0 0.614 2524 10 3.8 
D.O 0.614 3268 89 5.0 
Diff. 744 79 














6 Thresher, van Zyl, Voss, and Wilson, Rev. Sci. Instr. 26, 1186 
(1955). 
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Fic, 2. Sketch of proton telescope. A1, 2. Aluminum absorber. 
G. Perspex light guides. PM. Photomultipliers. 51-3. Plastic 
scintillators. 


The background due to stray synchrotron radiation 
was considerably reduced by means of suitably placed 
lead walls, but even so the final level obtained was high 
and consequently the minimum resolving time of 0.1 
usec of the coincidence unit (Harwell type 1036) was 
used in seeking neutron-proton coincidences. The 
random coincidence rate remained an appreciable 
fraction of the observed rate and was measured directly: 
in a separate coincidence unit in which the pulses from 
the neutron counter were delayed by 1.0 usec. 

The position of the neutron counter with respect to 
the target and beam line is shown in Fig. 1; the front 
surface of the counter was 9 cm from the target center 
and in this position subtended a solid angle of 2.5 
steradians. 

The efficiency of the neutron counter was not readily 
calculable, especially in view of the large amounts of 
lead shielding which were in close proximity. The 
efficiency was more readily obtained from a measure- 
ment of neutron-proton coincidences from deuterium 
in a heavy water-light water difference method. In the 
photodisintegration of deuterium the coincident neutron 
and proton are emitted with defined angular correlation. 
In this experiment the proton telescope was set at 75° 
to detect protons of mean energy 37 Mev and the 
neutron counter was set at 90° with a bias estimated 
at 9 Mev. The solid angle of the neutron detector was 
such that in the center-of-mass system it more than 
encompassed the diametrically opposite solid angle of 
the proton telescope. 

The results obtained in this measurement are listed 
in Table I and give a measured efficiency of 0.11+0.02. 


(iv) Target Assembly 


To facilitate the measurement of angular distribu- 
tions cylindrical symmetry is desirable in the target 
assembly and a target consisting of nine 3-mm diameter 
carbon rods was used in these measurements. The rods 
were placed vertically in the bremsstrahlung beam, 
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Fic. 3. 110-Mev and 90-Mev bremsstrahlung spectra nor- 
malized at 30 Mev and the difference spectrum with the Davies 
end correction (Bethe-Heitler spectra are shown dotted for com- 
parison). 


their height being such that they more than encom- 
passed the vertical extent of the beam; the rods were 
spaced so that protons from any one rod did not 
traverse any part of an adjacent rod before detection. 
A number of rods were prepared by the U.K. Atomic 
Energy Authority, Harwell, from high quality carbon, 
and after being weighed and x-rayed nine were chosen 
being free from flaws or nonuniformity. The yield 
obtained from such a target is less than that from an 
extended plane target by the factor 0.47 but this loss 
is more than offset by the advantage of cylindrical 
symmetry. Measurements were also made on lithium 
rods with a thin protective coating of paraffin wax of 
known weight, and some measurements are given which 
were obtained using a 3-mm thick beryllium plate 
target. 


Ill. BEAM MONITORING AND ABSOLUTE 
BEAM CALIBRATION 
(i) General 
The use of the photon difference method to derive 
the cross sections, effectively by subtraction of the 


TABLE II. Copper monitoring corrections. 








Bias extrapolation factor 1.15 +0.035 


Self absorption 1.00 +0.015 
Aluminum foil absorption and backscattering 1.04 +0.01 
Geometrical 2.01 +0.005 
Long-lived activities (0.997 +0.002) 
Cu®(y,3n) correction factor 0.984+0.0004 
Over-all correction factor 2.36 +0.07 
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normalized proton yield at one beam energy from the 
normalized yield at some higher beam energy, requires 
that the beam monitor shall be sensitive only to 
photons having an energy appreciably lower than the 
minimum beam energy used. On the other hand, if the 
monitor is sensitive to low-energy photons (such as 
results from degradation of the primary beam), then 
it is not a direct measure of the beam intensity. The 
induced 6 activity in copper meets both of these 
requirements reasonably well whereas an ionization 
chamber satisfies neither fully. Therefore the ionization 
chamber, being more convenient in operation, was used 
only as a run-to-run monitor and its sensitivity relative 
to the copper monitor was measured a number of times 
during each day’s measurements at the various beam 
energies used. In fact no changes in relative sensitivity 
were observed during any one experimental period. 
The induced activity in copper is principally that 
due to the positron decay of the Cu® which is produced 
by the (y,#) reaction in Cu®. The absolute measure- 
ment of the cross section of the latter reaction by 
Berman and Brown,’ together with the Bethe-Heitler 
expression for the photon spectrum, was used to obtain 
an absolute calibration of the bremsstrahlung beam. 
Previously the beam had been calibrated by the 
method used by Blocker, Kenney, and Panofsky* for 
300-Mev bremsstrahlung, but for 110-Mev brems- 
strahlung this was not considered reliable to better 
than +30%,; in fact, according to the copper calibration 
the BKP method underestimated the beam intensity 
by 20%. 
(ii) Beam Monitoring 


In checking the sensitivity of the ionization chamber, 
a pair of copper rods 1.6 mm in diameter and 4 mm 
between centers were irradiated in the position normally 
occupied by the target. The rods covered the vertical 
extent of the beam and straddled the target center line; 
thus the induced activity in the copper rods was a good 
measure of the beam intensity at the target irrespective 
of beam shifts or changes in beam angular distribution. 

A four-minute irradiation was followed by counting 
the activity of the rods separately and successively for 
4 minutes and 6 minutes, respectively, on a 27 scintil- 
lation counter. Between 6000 and 17 000 counts (de- 
pending on the beam level) were obtained using this 
procedure and the break in the proton-counting 
schedule was only six minutes. The rods were always 
counted in the same order and a comparison of their 
activities afforded an accurate check of the beam 
direction. 

This method was extended to determine the ioniza- 
tion chamber sensitivity as a function of bremsstrahlung 
beam energy by measuring the activity of pairs of 
copper rods after activation for given ionization 
chamber doses at beam energies between 40 Mev and 


7A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 
® Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 
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TABLE III. Bremsstrahlung cross sections for photoproton ejection from carbon by 90-Mev and 110-Mev bremsstrahlung beams. 





ie Te — «(0,Ey) ub/Mev Q sterad 

Mev Mev 36.5 51.4° 71,2° 90° 128.6° 

110 37 1.55 +0.03 1.67 +0.03 1.32 +0.03 0.792+0.013 0.292+0.015 
47 0.948 +0.029 0.893+0.022 0.612+0.014 0.360+0.020 0.105+0:009 
55 0.550+0.024 0.561+0.030 0.331+0.028 0.153+0.009 0.060+0.007 
63 0.315+0.021 0.298+0.018 0.190-+0.014 0.080+-0.010 0.032+0.006 
73 0.142+-0.009 0.128+0.007 0.063+0.005 0.026+0.003 0.003+0.003 
78 0.087 +0.005 0.076+0.005 0.012+0.002 ree tee 

o0 37 1.36 +0.03 1.46 +0.03 1.09 +0.02 0.616+0.017 0.201+0.011 

47 0.66640.022 0.700+0.018 0.440+0.015 0.243+0.011 0.070+0.007 
55 0.331+40.019 0.359+0.018 0.203+0.015 0.096+0.008 0.013+0.003 
63 0.146+0.012 0.145+0.016 0.072+0.006 0.028+0.003 0.002+0.001 
73 0.013+0.003 0.010+0.004 0.003+0.005 0.002+0.003 see 
78 0.002+-0.005 0.001 +0.003 oes see 





110 Mev. By the use of these results, the yields of 
protons per unit ionization chamber dose were con- 
verted to yields per standard copper count. 


(iii) Absolute Beam Calibration 


Thin foils of natural copper of various thicknesses 
between 0.0005 in. and 0.040 in., width 0.12 in., and 
height greater than the vertical extent of the beam 
were irradiated separately to determine the extrapo- 
lation of the specific activity to zero foil thickness. 
This extrapolation was found to be independent of 
counter bias and in addition careful extrapolations to 
zero counter bias were made. 

The plastic scintillator of the standard copper 
activity counter was covered with 0.001-in. aluminum 
foil and by using thinner and thicker foils the absorption 
factor of the 0.001-in. aluminum foil was determined. 

The beam was calibrated absolutely by irradiating 
(0.004-in. copper foils for 10 minutes and then measuring 
the activity with the standard counter at a bias of 
400 kev. This bias was checked frequently using a 
standard Cs'*’ source and the stability implied an 
uncertainty (other than statistical) of <0.2% in the 
copper counts. 

As an additional check that this method had no large 
unforseen errors, the activity of aliquot portions of a 
calibrated source of P** were measured by this method. 
All the correction factors due to extrapolation to zero 
source thickness, to zero bias, and for absorption were 
remeasured for the P* electrons. The activities deter- 
mined were consistent, within the experimental uncer- 
tainty of +2%, with the standardization (measured 
at Harwell on a 4m counter) which had an assessed 
uncertainty of +1%. 

The counted activity of the irradiated copper rods 
is almost entirely the 9.7-minute half-life, 2.9-Mev 
positron decay of Cu®’. Measurements with a 0.0015-in. 
copper foil indicated that only 0.7+0.3% of the 
measured activity (extrapolated to zero bias) was due 
to longer lived activity [principally 3.3-hour half-life 
from the 1.2-Mev positron decay of Cu® formed by 


the reaction Cu™(y,2m)Cu®], and with the standard 
bias of 400 kev the contribution from this longer-lived 
activity was only 0.3+0.2%. 

The contribution to the Cu® activity by the reaction 
Cu®(y,3) was evaluated by irradiating a separated 
Cu® foil. Measurement of the observed activity indi- 
cated that in natural copper, 1.7% of the Cu® activity 
(due to 110-Mev bremsstrahlung) results from this 
reaction and that the cross section is appreciable only 
between 30 and 50 Mev. 

Table II lists the corrections and uncertainties 
applied to the activity measurements with the 0.004-in. 
copper foil. 

The absolute uncertainty quoted for the Cu™(y,m) 
cross section is +5%; thus the uncertainty in the 
absolute beam calibration obtained is +6% (ignoring 
any additional error arising from the use of the Bethe- 
Heitler expression). 


IV. TREATMENT OF EXPERIMENTAL DATA 


The bremsstrahlung cross sections for 37-Mev photo- 
protons were measured at various energies for all these 
target materials at one or more angles. The observed 
yields were normalized by the copper monitoring system 
and the cross sections derived by the photon difference 
method of Katz and Cameron.° 

In the case of proton energies above 37 Mev an 
abbreviated procedure was used. This was justifiable 
because of the relatively slow change of cross section 


TABLE IV. Carbon photoproton cross sections 
for 96-Mev photons. 








ph o(0,Ey) ub/ Mev sterad 

Mev 36.5° 51.4° 71.2° 90° 128.6° 
37. -—«-0,.744.0.24 0.8040.24 0.9540.19 0.824011 0.50+0.10 
47 1.374019 0.884015 0.814013 0.574012 0.17-40.05 
55 1.044015 0.964018 0.614016 0.2640.06 0.2440.04 
63 0.754014 0.854014 0.664008 0.29+40.06 0.18 -+0.03 
73 1.204008 1.12+0.08 0.59+40.07 0.2540.05 0.04-40.04 
78 149+0.11 1.3540.10 0.2340.03 = en 





L °L. Katz and A. G, W. Cameron, Can, J. Phys. 29, 518 (1951). 
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TABLE V. Bremsstrahlung cross sections for 37-Mev protons from carbon. 
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o(@,£,,,) ub/Mev Q steradian 





Mev 51.4° 71.2° 90° 118° 128.6° 
110 1.67 +0.03 1.32 +0.027 0.792+0.013 0.380+0.022 0.292+0.015 
100 1.176+0.025 

89 1.46 +0.02 1.09 +0.023 0.616+0.017 0.3024-0.019 0.201+0.011 

79 0.966+0.023 

69.6 1.110+0.032 0.844+0.022 0.440+0.009 0.175+0.014 0.134+0.022 

59 0.744+-0.031 0.553+0.018 0.296+0.011 0.102+0.010 0.055+-0.013 

53.6 0.158+0.016 

52.5 0.021+0.006 

50.1 0.180+-0.008 

48.5 0.174+0.012 0.080+0.008 0.041+0.004 0.005+0.005 

47.2 0.035+0.006 

45.1 0.007 +0.002 








with photon energy (see Fig. 7) and, for 37-Mev 
protons, the cross sections deduced by each procedure 
were in good agreement. In the abbreviated procedure 
the proton yields were measured at two beam energies 
only : 90 and 110 Mev. The yields were then normalized 
to radiation doses such that the representative photon 
spectra were the same height at 30 Mev: these are 
shown in Fig. 3, the spectra being calculated from the 
Bethe-Heitler expression for electrons incident on 
platinum, using the Davies" end correction. The differ- 
ence between the normalized yields due to the difference 
between the two spectra and the cross sections deduced 
are ascribed to photons having the mean energy of the 
difference spectrum, 272. : 


110 110 
— f (An,)kdk / f (An,)dk, 
30 30 


TABLE VI. Carbon: photoproton cross sections for 37-Mev protons 
as a function of photon energy. 











aa o(@) ub/Mev sterad 
Mev 51° 71° 90° 119° 129° 
47 4.7640.33 2.9820.22 1.2220.15 0.224011 0.1120.11 
54 2.6140.36 2.4740.22 1.5440.15 0.714018 0.65+0.18 
64 1.874049 1.284033 0.64240.18 0.5340.22 0,01+0.25 
78 1.3440.27 1.0920.25 0.82240.11 0422015 0.49+40.16 
99 0.84240.35 1.0840.25 1.0940.15 045+0.22 0.40+0.16 





TABLE VII. Lithium: bremsstrahlung cross sections for 
37-Mev protons. 





where (An) is the number of photons in the difference 
spectrum having energies between k and k+dk. 

The normalization was achieved by calculating the 
ratio of induced copper activities due to each of the 
spectra normalized at 30 Mev. This ratio is 


90 110 
J Ngo, (bdr / f 110, 0 (k)dk, 
0 0 


and with the use of the values of the (7,m) cross section 
for Cu® measured by Berman and Brown’ for o(k), 
the ratio was evaluated numerically as 1.025. Hence 
normalization at 30 Mev was obtained by multiplying 
the copper normalized yield at 90 Mev by 1.025 and 
subtracting from the copper normalized yield at 110 
Mev. 

In the case of cross sections for the production of 
protons of mean energies 63, 73,"and 78 Mev, it is 


TABLE VIII. Lithium: photoproton cross sections 
for 36-Mev protons. 








o(6,E,,,) ub/ Mev Q sterad 





ee o(6,Ep) ub/Mev sterad 
Mev 51,4° 90° 
42 1.76+0.13 0.54+0.09 
47 1.54+0.22 1.00+0.20 
52 0.66+0.36 
54 0.60+0.11 
57 0.07 +0.42 
62 2.73+0.47 
64 0.55+0.11 
67 1.04+0.13 
74 0.59+0.22 
78 1.04+0.13 
84 0.94+0.30 
99 0.49+0.15 0.23+0.10 





TABLE IX. Lithium: photoproton cross sections for 
96-Mev photons. 








Evm 

Mev 51,4° 90° 

110 1.020+0.011 0.558+0.009 
90 0.890+0.014 0.475+0.009 
80 0.375+0.015 
70 0.605+0.013 0.300+0.010 
65 0.490+0.013 
60 0.366+0.011 0.212+0.008 
55 0.326+0.008 
50 0.231+0.008 0.096+0.006 
45 0.102+0.008 0.031+0.008 


40 0.009+-0.002 








1 H. Davies (private communication). 





—— o (0,E») ub/ Mev sterad 
Mev 51,4° 71.2° 90° 128.6° 
36 0.58+0.07 0.66+0.10 0.31+0.05 0.14+0.05 
55 0.51+0.05 0.34+0.03 0.03+0.03 
78 0.11+0.03 0.03+0.02 
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TaBLe X. Beryllium: bremsstrahlung cross sections 1.5 
for 37-Mev photons at 90°. r, V\ 
37 
Mev o (6,E.,,, ) ub/ Mev O sterad 
110 0.523+0.010 
89 0.404+0.007 
69.6 0).212+0.008 © 1.0 
59.0 0.094-4-0.005 g 
48.5 0.005+0.001 4 
wy 
ee 
” 
TaBLe XI, Beryllium: photoproton cross sections Oo x 
for 39-Mev protons at 90°. > 47 
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Fic. 7. Cross sections for photoproton production by 96-Mev photons on carbon. The curves shown 
are the quasi-deuteron calculations by Dedrick.° 
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to contribute was obtained by dividing the number of 
photons on the difference spectrum by factors dependent 
on the angle of emission of the photoprotons and 
lying between 1.03 and 1.06 for 63-Mev protons, 
between 1.60 and 2.30 for 73-Mev protons, and between 
2.86 and 4.60 for 78-Mev protons. 

In the foregoing it was assumed that o(k), the cross 
section for the production of Cu®, fell to zero at 30 
Mev as measured by Berman and Brown and remained 
zero at all higher energies. Since these authors did not 
make measurements above 35 Mev, it is not immedi- 
ately justifiable to do this. However, measurements 
made by Jones"! between 40 Mev and 300 Mev indicate 
that any high-energy tail to the cross section for the 
photoproduction of Cu® from natural copper is small. 
Calculation in the limit of the experimental uncer- 
tainties of Jones’ determination results in possible 
corrections to the calculated cross sections in the 
present work which never exceed 4% and in most cases 
are less than 2%. Such a high-energy tail would include 
the reaction Cu®(y,3m) of which mention has already 
been made. 

The results are presented in Tables III to XIT and 
Figs. 4-15; the errors given are statistical. 


V. DISCUSSION 


Dedrick® has made a detailed application of the 
quasi-deuteron model of Levinger' to the emission of 
photoprotons from carbon in the energy range 50 Mev 
to 125 Mev. In Dedrick’s model the photoprocess occurs 
when the energy of an incident photon is absorbed by 
a neutron and proton which are in the process of 
scattering each other inside the nucleus, and which 
then escape from the nuclear potential well. A wave 
function to describe the scattering was chosen such that 
it correctly describes the low-energy neutron-proton 
scattering and reduces to that of the deuteron ground 
state for the Hulthén potential. Dedrick includes in 
his calculation a momentum distribution having a 1/e 
value of 16 Mev, and the cross sections calculated from 
his work used a nuclear radius of 1.44! 10~" cm and 
a 40-Mev potential well. 

Good agreement is found between these calculations 
and the absolute cross sections observed. This is at 
first sight surprising, as the Hulthén potential has been 
used by Schiff and by Marshall and Guth" to predict 
the photodisintegration cross section for the deuteron 
and at 100-Mev photon energy these latter calculations 
predict a value which is too small by a factor ~1.7 
than that observed. By analogy, Dedrick’s results 
might also be expected to underestimate the cross 
sections for carbon by the same factor. Great weight 
cannot be given to this analogy for although the wave 
function used by Dedrick does reduce to that of Schiff, 

1 [,. Jones, thesis, University of California Radiation Labora- 
tory Report UCRL-1916 (unpublished). 

21, Schiff, Phys. Rev. 78, 733 (1950); J. F. 
E. Guth, ibid. 78, 738 (1950). 
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Fic. 8. Yield curves for 37-Mev photoprotons from carbon. 


Marshall, and Guth, in Dedrick’s theory it describes a 
neutron-proton system different from that in the 
deuteron. 

Two further factors must be considered: firstly, 
Dedrick does not take into account the effects of the 
scattering of the photoparticles in emerging from the 
nucleus, and a calculation given in the Appendix 
indicates that the number of observable photoparticles 
is reduced by the factor ~0.7 on this account. Secondly, 
the use of the more generally accepted value of 1.2A! 
xX 10-* cm for the nuclear radius increases the value of 
Dedrick’s predictions by the factor ~1.5. With all 
these adjustments made the cross sections observed 
have only half the magnitude to be expected from the 
quasi-deuteron interaction. ; 

Confirmation of the validity of the quasi-deuteron 
model by neutron-proton coincidence observations is 
not necessarily feasible in this energy region. Neverthe- 
less a brief investigation was made and the results are 
given in Table XIII (the results for oxygen arise 
incidentally from the calibration of the neutron counter 
efficiency). The fraction of protons accompanied by a 
coincident neutron has been calculated for two limiting 
assumptions: 


(a) That there is complete directional correlation 
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(b) 


Fic. 9. Cross sections for the production of 37-Mev photoprotons from carbon. The curves shown are the 
quasi-deuteron calculations by Dedrick.® 


between the proton and the neutron (carbon 0.012+ 
0.006; oxygen 0.027+0.012). 

(b) That correlation is completely absent (carbon 
0.1; oxygen 0.25). 


In case (a) the efficiency of detection of neutrons is 
just that obtained from the deuteron calibration and 


TABLE XIII. Neutron-proton coincidences with 
110-Mev bremsstrahlung. 








n-p coincidence 
counting rate 


Proton counting 


(p =75°, (On =90°, 
Target E, > 32 Mev) En >10 Mev) (n+p)/p 
Carbon 2220 2541.1 0.0011-+0.0005 
Oxygen 2524 6.243 0.0025+0.0011 





gives a lower limit to the yield of neutron-proton 
coincidences relative to the proton yield. 

In case (b) the efficiency was calculated from the 
geometry and the n-# cross section in the liquid scintil- 
lator. This calculation can be done only approximately 
as the neutron counter is nonuniform in response over 
its volume; edge effects are unknown and will be 
complicated by the close proximity of the large amounts 
of lead shielding. The efficiency was calculated to be 
approximately 1% and on this basis an upper limit to 
the relative neutron-proton yield is obtained. That this 
limit is substantially less than 100% for carbon and 
oxygen strongly suggests the presence of interactions 
additional to the quasi-deuteron effect. This evidence 
is not conclusive because one member of the coincident 
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pair may have been scattered so strongly that it has 
failed to emerge from the nucleus. Accordingly the 
remainder of this discussion will be concerned with the 
evidence afforded by observation of single protons. 
The experimentally observed angular distributions 
[Figs. 7(a) and 9(a)] are in good agreement with 
Dedrick’s predictions except when the energy of the 
emitted proton is close to that of the incident photon. 
Thus, for hkv=95 Mev and £,=73 Mev, for hv=95 
Mev and £,=78 Mev, and for hy=47 Mev and 
E,=37 Mev, the cross sections are anomalously high 
in the forward direction. This cannot be an effect due 
to scattering of the protons during their emergence 
from the nucleus because such scattering, being inde- 
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Fic. 10. Yield curve for 37-Mev photoprotons from 
beryllium (0; = 90°). 
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Fic. 11. Cross sections for the production of 37-Mev 
photoprotons from beryllium (@4,=90°). 
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Fic. 12. Energy spectrum of photoprotons emitted from beryllium 
at 90° by 96-Mev photons. 
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pendent of angle of emergence and involving loss of 
energy, would leave the angular distribution of such 
“threshold” protons unaltered in shape. In any case 
the scattering would tend to smooth out the angular 
distribution, and in fact it shows itself as an enhanced 
yield at backward angles when the proton energy is 
appreciably below the photon energy; the additional 
protons detected arise from energy degradation in the 
scattering process. 
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Fic. 13. Yield curves for 37-Mev photoprotons 
from lithium. 
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Fic. 14. Cross sections for the production of 37-Mev 
photoprotons from lithium. 
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Fic. 15. Energy spectra of photoprotons from lithium pro- 
duced by 96-Mev photons (a) 51°, (b) 90°, and (c) 129°. 


Figure 9(b) shows the sharp peaking of the cross 
section just above the energetic threshold for 37-Mev 
protons from carbon. This sharp peaking is absent in 
the case of beryllium (Fig. 11), which indicates that 
the peaking is not a systematic experimental error. 
It appears that the beryllium results (Figs. 10-12), 
limited though they are, are in better general agreement 
with the quasi-deuteron theory than in carbon, where 
some further process appears to be contributing. In 
this respect the lithium results are even more striking ; 
Fig. 13 shows a pronounced break in the excitation 
curve for 37-Mev protons at forward angles. As for 
carbon these effects near threshold appear to be strongly 
forward peaked. Although the relationship between 
photon and proton energy for these threshold protons 
is consistent with a direct or single nucleon interaction, 
the angular distributions are difficult to explain unless 
there is a very large quadruple interaction. 


VI. CONCLUSION 


Although detailed comparison between the observed 
results and Dedrick’s predictions for carbon is made 
difficult by numerous experimental and _ theoretical 
uncertainties, the general trends agree remarkably 
well and the quasi-deuteron interaction must be ac- 
cepted as a major contribution in this energy region. 
The large cross sections near threshold indicate contri- 
butions from other processes which are specific to 
particular nuclei. The occurrence of neutron-proton 
pairs lends further weight to the quasi-deuteron inter- 
action and the relatively small probability of their 
occurrence is shown to be compatible with the estimated 
internal nuclear scattering. 
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APPENDIX 
(i) Nuciear Attenuation of the Protons 


The nuclear attenuation of the protons in the 
aluminum absorbers was calculated using the total 
inelastic cross section for protons in aluminum obtained 
from 

Fip= (1—W/E)oin, 


where W=Ze*?/R and E=the energy of the nucleon. 
gin, the total inelastic cross section for neutrons, was 
obtained from the work of Voss and Wilson.” 

Corrections were calculated relative to the yield of 
37-Mev protons; the correction rises to 5% for the 
maximum energy protons observed and this correction 
has been applied. The protons will also be attenuated 
by the plastic scintillator; but while this correction is 
less than 2% and has not been made, an additional 
+1% uncertainty is placed on the correction for nuclear 
attenuation. 


(it) Multiple Coulomb Scattering 


This was calculated from the formula given by 
Massey" but as the absorbers were appreciably larger 
than the scintillators the correction is less than 1%. 


(iii) Nuclear Scattering of the Protons in 
Emerging from the Nucleus 


The nuclear absorption coefficient for protons in a 
carbon nucleus was calculated from the total inelastic 
scattering cross sections of Voss and Wilson” for 
neutrons in carbon. The carbon nucleus was assumed 
to be spherical and it was further assumed that the 
photoprotons were produced uniformly throughout the 
nucleus. The probability of escape of the protons with- 
out scattering was calculated as a function of energy 
and following Weil and McDaniel‘ it was supposed 
that scattered protons of initial energy E would be 
scattered with equal probability into the energy range 
20 Mev to E—10 Mev, the upper and lower regions 
being excluded by the Pauli exclusion principle. 

A typical energy spectrum of photoprotons as pre- 
dicted by Dedrick was then taken and the effects of 
internal scattering were calculated. It was found that 
the shape of the final spectrum differed only slightly 


1 R. G. P. Voss and R. Wilson, Proc. Roy. Soc. (London) 236, 
41 (1956). , 

4 H.S. W. Massey, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1952), 
Vol. 4 p. 32. 
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from the original spectrum (energies below 35 Mev were 
not considered), the percentage decrease being inde- 
pendent of energy and having the value of approxi- 
mately 35%. No correction was made for this effect in 
view of the assumptions in the calculation, but the 
order of magnitude of the effect has been referred to 
in the text. 


(iv) Summary of Applied Corrections 
and Uncertainties 


The following list gives the uncertainties in the 
factors used to derive the absolute cross sections: 
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Solid angle of telescope 1% 

Efficiency of copper monitor 3.5% 

Statistical uncertainty in copper monitor 1% 

Cross section of Cu®(y,n)Cu® reaction 5% 

Half-life of Cu® 1.5% 

Bremsstrahlung calculations assumed precise 

Tail of Cu®(y,n)Cu® reaction 2% 

Proton telescope bracket width {3% for E,<60 Mev 
\1.3% for E,>60 Mev 

Nuclear attentuation correction 1% 


The over-all precision of the cross sections excluding 
counting statistics: 


7.6% for E,<60 Mev, 6.4% for E,>60 Mev. 


NUMBER 4 MAY 15, 1958 


Natural Radioactivity of V°° and Ta’*’ 
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The methods of proportional counter and scintillation spectroscopy have been used to examine the pos- 
sible radioactivity of the naturally occurring nuclides V® and Ta!®. Some positive evidence is obtained that 
V® decays by K capture to the 1.58-Mev excited state of Ti® with a half-life of (4.841.2)X10" yr. A 
search for titanium K x-rays gave negative results. For Ta! a lower limit of (2.34+0.7)X10" years was 
found for the half-life against decay by K capture and a lower limit of (1.7+0.6)X 10" years against beta 


decay. 


1. INTRODUCTION 


WO naturally occurring odd-odd nuclei have been 
discovered during the last decade in investiga- 
tions using a mass-spectrometer. They are! »;V°° and? 
7sla!®; it may be expected that they are both radio- 
active. 
23V® is the central member of the isobaric triple 
V* is tl tral I f tl I triplet 
Ti°— V— Cr®° and should be unstable against both 
beta emission and electron capture. Its relative abund- 
ance is 0.25%.' From direct mass measurements, the 
energy available for the decay of V® to Ti® is 2.39+0.13 
Mev and from V® to Cr°® is 1.18+0.12 Mev.‘ The spin 
of V* in its ground state is known to be 6.° A search 
for the radioactivity of V*° by other workers has so far 
yielded negative results.® In an earlier investigation in 
this laboratory, using Geiger counter technique, a lower 
limit for beta emission of 10"? years was found. In the 
present work we have searched for K x-rays of Ti with 
a shielded proportional counter and have examined the 
gamma-ray spectrum of vanadium using a scintillation 
spectrometer within an iron and mercury shield. 
1D. C. Hess, Jr., and M. G. Inghram, Phys. Rev. 76, 1717 
(1949). 
2 White, Collins, and Rourke, Phys. Rev. 97, 566 (1955). 
§’ White, Collins, and Rourke, Phys. Rev. 101, 1786 (1956). 
4 W. Johnson, Phys. Rev. 87, 166 (1952). 
5 Kikuchi, Sirevetz, and Cohen, Phys. Rev. 92, 109 (1953), 
®W. T. Leland, Phys. Rev. 76, 1722 (1949); H. Selig, thesis, 
Carnegie Institute of Technology, 1954 (unpublished) ; J. Heintze, 
Z. Naturforsch. 10A, 77 (1955). 


From measurements of the proton spectra in the 
(d,p) reaction’ on Ti, it appears that the first excited 
level of Ti®® is at 1.58 Mev above the ground state. In 
accordance with the general behavior of excited states 
of even-even nuclei, this is almost certainly a 2+ state. 
Because of the high spin value of V® (J =6), it is to be 
expected that V® will prefer to decay with a high prob- 
ability to this excited level of Ti®, rather than decay by 
a direct transition te the 0+ ground state, despite the 
smaller energy difference. In this case one would expect 
electron capture to be accompanied by a gamma ray of 
1.58 Mev. It was decided, therefore, to look particularly 
for a 1.58-Mev gamma ray. 

73Ta!® has the very low abundance of 0.012%.5 Its 
stable isobaric neighbors are 72Hf!*° and ;,4W?*. A short- 
lived isomer of Ta!*® has been known for some years. 
It is produced in the reaction Ta! (y,n)Ta'® and has a 
half-life of 8 hours.* Its decay scheme according to 
Brown ef al.’ is shown in Fig. 1. The average total in- 
ternal conversion coefficient of the two gamma rays of 
93 and 102 kev has been found to be 4.6 and the average 
K to L ratio is 0.15. It is to be expected that in the de- 
cay of the natural Ta'* the same gamma rays might be 
found. From the decay of the 5.5-hr isomer ;2Hf!®,? a 
series of excited levels of Hf!* are known, which fit 


7G. F. Pieper, Phys. Rev. 88, 1299 (1952). 

§ Brown, Bendel, Shore, and Becker, Phys. Rev. 84, 292 (1951). 

§ Mihelich, Scharff-Goldhaber, and McKeown, Phys. Rev. 94, 
794 (1954). 
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Fic. 1. The decay scheme of 8-hr Ta!®™ and excited levels of Hf!®™. 
The energy released in the decay of Ta!® to Hf!™ is unknown. 


very well the rotational states of the Bohr-Mottelson 
model. Because of the high spin value which should 
certainly be ascribed to the natural long-lived Ta!® 
(1=1 was proposed for the 8-hr Ta), it is to be expected 
that if enough energy is available, Ta'® would prefer- 
ably decay to the higher energy states of its neighbors, 
with their higher spin values. One then would expect 
to find gamma rays with energies which equal those 
appearing in the rotational spectra of Hf'**. It is prob- 
able that a similar rotational spectrum exists in the 
excited states of W'®, although this has not yet been 
confirmed experimentally. 

A priori, one does not know which of the two levels 
of Ta'* is the ground state and which is the isomeric 
state. If the naturally occurring Ta’* is the ground state 
[possibility (a) in Fig. 1] then the energy available for 
beta decay will be less than 700 kev. If, on the other 
hand, natural Ta!* is an excited isomeric state [possi- 
bility (b) in Fig. 1], then a possible mode of decay of 
the latter could be by a direct transition to the ground 
state of Ta!®® which would then decay with an 8-hr 
half-life, and one should be able to detect the known 
radiations of Ta!*. 

In this work, a search was made for gamma rays of 
energy of approximately 100 and 200 kev and for K 
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Fic. 2. Spectrum of pulse heights obtained from vanadium ox- 
ide and background spectrum, using a proportional counter. The 
vertical lines indicate typical statistical errors. 
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x-rays from hafnium and tungsten of energy 54 and 58 
kev, which would result from K capture and from internal 
conversion from the 93- and 102-kev energy states. 
Eberhardt et al.!° have attempted to find evidence for 
the radioactivity of Ta!® in old minerals. Their results 
were negative and they obtained a lower limit of 10” 
years for beta decay. 


APPARATUS 


For the search for K x-rays of Ti, which would follow 
the K-capture decay of V® to Ti®°, a shielded propor- 
tional counter was used. The proportional counter was 
30 cm long and 5 cm in diameter and the high-tension 
electrode was equipped with guard rings to eliminate 
spurious counts. The counter was calibrated with Mn 
x-rays from Fe®, which entered the counter through a 
4 mg/cm? beryllium window. For these x-rays (5.8 kev) 
the resolution was 18%. The counter was shielded with 
anticoincidence counters and a 2-ton iron shield. The 
integral background from the shielded counter was 
about 16 counts/minute, above a bias corresponding 
to 2 kev energy. 

The pulse-height spectrum was analyzed by photo- 
graphic methods. The pulses from the proportional 
counter, after linear amplification, were displayed on 
an oscilloscope screen after being stretched to 50 micro- 
seconds. The pulses from the anticoincidence counters, 
after being lengthened, served to modulate the inten- 
sity of the oscilloscope, so that simultaneous propor- 
tional counter pulses were not recorded. The pulses 
were then photographed on a slowly moving film and 
analyzed after projection. 

For the analysis of the gamma-ray spectra, NaI(T1) 
crystals mounted on a Dumont K1234 photomultiplier 
were used. The crystals were shielded by 15 cm of iron, 
2 cm of mercury, and 7 mm nickel. The function of the 
nickel was to absorb the characteristic x-radiation of 
mercury of about 70-80 kev, which results from the 
K ionization arising in the interaction of the back- 
ground radiation with the mercury shield. 

For the investigation of vanadium, a large crystal 
was used (12 in. in diameter and 2 in. thick), which 
gave a resolution of 8% for 660-kev gamma radiation. 
For the measurements on tantalum, where we are con- 
cerned with low-energy radiation, a small crystal of 
Nal is more advantageous in order to diminish back- 
ground effects. In this case a crystal of } in. diameter 
and 3 in. in thickness was used. In order to diminish 
the absorption at low energies a light reflector of alumi- 
num without magnesium oxide was used. The resolu- 
tion of the apparatus with this crystal was 9.5% at 
660 kev, 18% at 100 kev, and 24% at 40 kev. 

The pulse-height spectra were analyzed first by 
means of the photographic method mentioned above, 
and later by an 80-channel pulse-height analyzer of the 
Hutchinson-Scarrott type. 





10 Eberhardt, Geiss, and Lang, Z. Naturforsch. 10a, 796 (1955). 
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3. EXPERIMENTAL RESULTS WITH VANADIUM 


The background spectrum of the proportional counter 
was measured with a clean aluminum sheet inside the 
counter, since aluminum foil was used as a support for 
the vanadium sample. It was found that the aluminum 
available was slightly contaminated and increased the 
integral background rate above 2 kev by 2-3 counts 
per minute. In the search for x-rays from vanadium, 4 g 
of spectrosocopically pure V,O5 were spread uniformly 
over an area of 370 cm? on the aluminum sheet by using 
a solution of 5% collodion in butyl acetate. This was 
formed into a cylinder and placed into the counter. 
The results are shown in Fig. 2. There is no evidence 
for K x-rays. A lower limit of (3.31.2) 10" years for 
decay by K capture was deduced from these results. 

In the search for gamma rays from V™, 32 g of spec- 
troscopically pure VO, were used. This was firmly 
packed around the crystal with 14 g placed in front of 
the crystal on an area of approximately 20 cm? and 18 g 
surrounding the crystal on the cylindrical surface, on 
an area of 60 cm’. This distribution of the source was 
estimated to be the most effective, after measuring the 
relative efficiency of the crystal for 1.33-Mev gamma 


TaBLeE I. Total counts recorded for different energy ranges for 
the background and in presence of vandium oxide. 


Energy range 1.2—1.65 1.65—2.2 1.5—1.65 
in Mev 
Background counts 32 950+180 183104130 7780+90 


8030-+90 
250-4120 


33 960+ 180 
10104250 


18 350+.130 
40+. 180 


VA Vs counts 
Difference 


rays with a point source of Co™ placed at different 
points around the crystal. In order to calibrate the en- 
ergy scale, the gamma rays from Co® (1.17, 1.33 Mev), 
Cs? (660 kev), and K*° (1.46 Mev) were used. The 
spectrum of the vanadium sample and the background 
were taken during frequently alternating periods for a 
total counting time of 306 hours. The over-all stability 
of the counter and electronic equipment was checked 
constantly throughout the measurements, by examin- 
ing at frequent intervals the gamma spectrum produced 
by Cs? and Co®. 

The experimentally recorded spectra between the 
energy limits of 1200 and 2200 kev are shown in Fig. 3. 
The ordinate shows separately the total number of 
counts recorded per channel for background and also 
in the presence of the V,0; sample. The period of count- 
ing in each case was 153 hours. 

It is seen from Fig. 3 that throughout the energy 
region from 1.2 to 1.6 Mev more counts are recorded 
in the presence of the vanadium oxide sample. The 
excess number of total counts recorded in the presence 
of V2O;, in this energy range during the whole counting 
interval was 1010+ 250. No excess counts were recorded 
above 1.65 Mev. In this region the pulse spectra re- 
corded in the two cases are seen to be identical. The 
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Fic. 3. Spectrum of pulse heights obtained from vanadium oxide 
and background spectrum, using a scintillator. 


numerical results for the integral number of counts are 
summarized in Table I. 

These results indicate with a high degree of likeli- 
hood that gamma radiation is emmitted from the vanad- 
ium sample, producing a scintillation pulse spectrum with 
an upper limit at about 1.65 Mev. This conclusion is 
consistent with the assumption that a gamma ray of 
1.58 Mev is emitted. Because of the statistical errors 
it is difficult to draw definite conclusions from the ac- 
tual shape of the difference between the two recorded 
spectra shown in Fig. 3. This difference spectrum is 
shown in Fig. 4(a). It is seen that more counts are re- 
corded in the region of the expected full peak at 1.58 
Mev. The calibration spectrum obtained with K* is 
shown in Fig. 4(b) on the same energy scale. The 
smooth line drawn in Fig. 4(a) would be the expected 
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shape of the scintillation pulse spectrum for the 1.58- 
Mev gamma ray. The total excess number of counts 
recorded in the region of the expected photopeak is 
250+ 120 (see Table I). In very many runs which were 
carried out over a long period of time, the essential 
shape of the spectra described above was found to be 
reproducible and hence would seem to be a real effect. 

Since a 1.46-Mev gamma ray appears in the disin- 
tegration of K**, which has a half-life of 1.28X 10° years 
and a relative abundance of 0.012%," and since this 
energy is close to the energy of the expected gamma 
ray from V®, it was necessary to exclude the possibility 
of contamination by potassium. In fact, in the early 
stages of this work excessive background in the energy 
range concerned was obtained because of the 1.46 
gamma ray of K*°, arising from the potassium content in 
the glass of the photomultiplier tube which was origi- 
nally used. This effect was not found in the Dumont 
tube which was finally used. In order to estimate ac- 
curately the concentration of potassium which it would 
be necessary to assume exists in the vanadium sample 
in order to explain the observed results, the gamma-ray 
spectrum arising from K* was measured after surround- 
ing the crystal with 41 g of potassium metabisulphite 
(K2S:05) which was distributed in exactly the same 
geometry as the vanadium [Fig. 4(b) ]. The measure- 
ment of the ratio of the intensity of the gamma rays in 
the two experiments then gives the ratio of the amounts 
of K® in the two samples, under the assumption that the 
observed counts in the vanadium are due completely to 
potassium contamination. In this way it was found 
that one must assume a concentration of 1 part in 10* 
of potassium by weight in the vanadium sample, in 
order to explain the results by contamination. This is 
at least two orders of magnitude greater than the upper 
limit of the concentration of potassium estimated by 
spectroscopic analysis. 

While the statistical errors do not permit absolutely 
certain conclusions regarding the energy and intensity 
of the detected radiations from the vanadium sample, 
we feel that the experimental results provide fair evi- 
dence for radioactivity of V*° by the expected mode of 
decay. 
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Fic. 5. Pulse-height spectrum obtained from 
tantalum and background. 


1! McNair, Glover, and Wilson, Phil. Mag. 1, 199 (1956). 
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The same peak at 1.58 Mev was also observed with 
far better statistics and in the same relative intensity 
in a much larger sample of 500 g of V20;5. This material 
was not spectroscopically standardized, but since it 
gave essentially the same results, we regard this as a 
confirmation of the existence of a 1.58-Mev gamma ray. 

From these results one can arrive at an estimate of 
the half-life of V*° in terms of the half-life of K*°, using 
the measured intensity of the 1.46-Mev gamma ray 
obtained from a known quantity of potassium sulphite 
under similar geometrical conditions, as described in 
the previous paragraph. After making small corrections 
for the change in efficiency of the scintillator crystal 
between energies 1.46 Mev and 1.58 Mev and also for 
small changes in self-absorption of the gamma rays in 
the solid samples for the two energies, we arrive at the 
following result for the ratio of the half-lives: 


T;(V)/T,(K*) = (3.8+0.9) X 10°. 


Using the most recent estimate of the half-life of K*°, 
(1.28+0.02) X 10° yr," we obtain the value of (4.8+ 1.2) 
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Fic. 6. Pulse-height spectrum obtained from 
tungsten and background. 


X 10" yr for the half-life of V°° for decay by K capture 
to the 1.58-Mev level of Ti*’. 

In a search for the radioactivity of vanadium, using 
Geiger counter techniques, Heintze® obtained some ex- 
cess counts, which he ascribed to impurities. In the 
light of the present results it seems probable that his 
effect was a real one. 

After completion of this work, a recent paper of 
Glover and Watt”? has appeared: in which a search for 
a 1.58-Mev gamma ray from V*® was made, using a 
scintillation counter in a manner similar to the above. 
In this work again some positive evidence for the ex- 
pected gamma ray is obtained, especially in the Comp- 
ton region. In the present work, the evidence for the 
full peak at 1.58 Mev seems more convincing. The half- 
life estimated by these authors is (4.0+1.1) 10" yr, 
in fair agreement with the present results. 


4. EXPERIMENTAL RESULTS WITH TANTALUM 


The energy calibrations of the scintillator in this ex- 
periment were made using a source of Gd!®*, which 


2 R. N. Glover and D. E. Watt, Phil. Mag. 2, 697 (1957). 
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gives radiations at about 42 kev and 103 kev. The Gd 
spectra were photographed during the experiment each 
hour and showed that the stability of the equipment 
was excellent. 

The tantalum was examined in the form of three 
sheets of pure material, each of thickness 300 mg/cm’. 
These sheets were disposed on the plane surface of the 
cylindrical crystal and also around the curved surface 
over an over-all area of about 32 cm’. Similar sheets of 
pure tungsten were examined for comparison. 

First, the scintillation spectrum obtaining with tan- 
talum was compared with the background spectrum 
(Fig. 5). A clear peak at approximately 55 kev shows 
up in the tantalum spectrum. This fits quite well the 
energy of the A x-rays of tantalum. A similar peak, 
however, was also obtained with the tungsten sheets 
(Fig. 6). It must be concluded that most of this peak 
results from the interaction of background activity 
with the materials, which produces A ionization and 
accompanying characteristic x-rays. 


TABLE IT. Characteristics of long-lived A-capture transitions 


Ele Half-life Energy % 

ment in years Transition 1 Me K-capture log ft 

wk (1.28 40.02) 10° 2yes 0.03 +0.07 10.8404 13.33 

2Ca® (1.2 +0.4) X10° 2Z2yes O44 +0.02 100 10.78 
(7,541.3) X108 1.065 +0.03 100 11.87 
2.2 40,4) K10" 4 yes 0.810 +0.13 21.1 





In further experiments, the spectra resulting from 
tantalum and tungsten were measured over a period of 
18 hours, 9 hours with tantalum, and 9 hours with tung- 
sten, interchanging the two materials each hour. The 
results are shown in Fig. 7. The correspondence of the 
two spectra is seen to be very good, except possibly 
between 55-60 kev, where there is a small surplus of 
counts with the tantalum sample. This is indeed the 
region of energy of the x-rays which would result as a 
consequence of A capture or internal conversion in the 
K shell. However, this surplus is only slightly outside 
the standard error and therefore the results provide 
only slight evidence for the radioactivity of Ta!™. 
From the results one obtains a lower limit of 50 counts 
in 9 hours between 55 and 60 kev which might be pro- 
duced by the tantalum, and therefore a lower limit of 
(2.1+0.4) X10" yr for the half-life of decay by K cap- 
ture to the ground state of Hf'*’. Considering the pos- 
sibility of decay by K capture to an excited state, one 
must take into account that some of the A x-rays would 
result from K conversion. For this possibility we obtain 
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a lower limit for the half-life of (3.50.7) X 10” yr. For 
the possible decay of Ta!*® by negatron decay to the first 
excited level of W'* or positron decay to the first ex- 
cited level of Hf'**, we obtain a lower limit of (1.7+0.3) 
10" yr. 

5. DISCUSSION 


The energy difference between the ground state of 
V* and the 1.58-Mev level of Ti®® is about 810 kev. 
This, together with our results for the half-life for decay 
by K capture to the 1.58-Mev level of Ti®® leads to a 
log ft value of 21.1 for this transition. 

In the Table I, we compare the log ft values of the 
few very long-lived K capture transitions that are 
known, together with the other characteristics of these 
transitions, when known." 

Returning to the possibility mentioned in the intro- 
duction that naturally occurring Ta'*® may be an iso- 
meric state of an 8-hr ground state, it would be inter- 
esting to see if 8-hr Ta'® could be separated from 
naturally occurring tantalum. However, a rough esti- 
mate shows that very high spin differences between the 
two levels would be required (A/~8) in order that the 
half-life of the level should be greater than 10” years 
and that simultaneously the decay by direct de-excita- 
tion should compete seriously with beta decay to the 
rotational levels of high spin in W'**, which may be 
assumed to exist. Hence this possibility seems rather 
unlikely but not impossible. If a good chemical method 
of separating the isomers could be devised, a very good 
lower limit to the half-life for this mode of decay could 
be obtained, because of the concentration of the 8-hr 
activity. 

8 J. K. Major and L. C. Biedenharn, Revs. Modern Phys. 26, 
321 (1954 
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The structure of the S states possible for a system consisting of a A particle and two nucleons is discussed, 
and criteria are laid down for a trial wave function suitable for describing the orbital motion. In order to 
obtain an upper bound for the A-nucleon interaction strength, variational calculations are carried through 
for the hypertriton with a simple trial function. Following the discussion of the results, it is concluded that 
it is very unlikely that there should exist bound states for the hyperdeuteron or for ,He’. 


1. INTRODUCTION 


HE simplest system consisting of nucleons and a 

A particle for which a bound state is known to 
exist is the hypertriton ,H*. Nine clearly identified 
examples of ,H* decay events are listed in the world 
survey of hypernuclei recently given by Levi Setti, 
Slater, and Telegdi.! The binding energy By, for the 
A particle in the hypertriton is still subject to consider- 
able uncertainty. Its value is obtained from the ex- 
pression 


By=Qs—T+B;— Ba, (1) 


where Bz and By, denote the deuteron binding energy 
and the total binding energy of the nuclear fragments 
resulting from a w~-mesonic decay of ,H*, T denotes the 
total kinetic energy released in the decay, and (), is the 
energy released in the charged mode (x +>) of free 
A decay. At present the straggling in T, due to the 
causes discussed by Levi Setti ef a/., contributes +0.31 
Mev to the uncertainty in By. There is also some doubt 
about the value of Qs. The By values given by Levi 
Setti ef al.! were obtained by using an early Qa value 
obtained in an emulsion study by Friedlander ef al.’: 
Qx=36.940.21 Mev. Application of the range-energy 
relation used to calculate T for the hypernuclear decay 
events to the A-decay data of Friedlander ef al. leads to 
a value® of 36.75%0.2 Mev for Qs. Further emulsion 
data obtained by Barkas e/ al.* have led (with use of 
the same range-energy relation) to the value 37.45 
+0.17 Mev. The average of these last two values, 
weighted by the number of events (9 for the former, 


* This work was begun at the Department of Mathematical 
Physics, University of Birmingham. At the present institutions, 
it has been supported by the U. S. Atomic Energy Commission 
program at the University of Chicago and by the joint program 
of the U. S. Atomic Energy Commission and the Office of Naval 
Research at Cornell University. 

1Levi Setti, Slater, and Telegdi, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 
1957 (Interscience Publishers, New York, 1957), Sec. VIII, p. 6. 

2 Friedlander, Keefe, Menon, and Merlin, Phil. Mag. 45, 533 
(1954). 

3 W. Slater, University of Chicago dissertation, 1958 (unpub- 
lished). 

4 Barkas, Giles, Heckman, Inman, Mason, and Smith, Uni- 
versity of California Radiation Laboratory Report UCRL-3892, 
1957 (unpublished). 


18 for the latter), is 
Qa=37.22+0.22 Mev. (2) 


With this value (2), the identified hypertriton events 
correspond to the binding energy 


At present the only definite statement which can be 
made is that By for the hypertriton is positive and 
almost certainly less than 1 Mev. Fortunately the 
qualitative conclusions to be reached in the present 
work remain the same for any value of By, within this 
range. 

The low value of the total binding energy By+ By ~ 2.8 
Mev for the hypertriton means that this system has a 
very open structure, the mean separation between any 
pair of particles being at least of order h/[.M (Bat Ba) }! 
~3X10~-* cm, which is large compared with the range 
of their nuclear interaction. This means that, while the 
nuclear interaction is effective between two of the 
particles, the third particle is on the average relatively 
distant from them, so that it has no important effect 
on their mutual interaction.® The interaction of each 
pair of particles therefore takes place under circum- 
stances closely related to those of free two-body collision 
at low relative energy. For this reason the analysis of 
the hypertriton is of special interest in the study of 
the nuclear interaction of the hyperon, since it may be 
expected to lead to a reliable estimate of some of the 
low-energy properties of this interaction which do not 
depend on its detailed form. For example, this analysis, 
taken together with other evidence on the spin-de- 
pendence of the A-nucleon interaction,® leads to the 
conclusion that there is no hyperdeuteron (ié.; there is 
no bound system consisting of a A particle and one 
nucleon), and this is consistent with the absence of any 


° This is also the reason why any three-body forces which may 
exist between a A particle and two nucleons will play a very small 
role in the hypertriton. Such three-body forces could arise, for 
example, from the pion-pair interaction A>A+2+7 allowed by 
charge independence [see R. H. Dalitz, Phys. Rev. 99, 1475 
(1955)], a pion being transferred to each of two neighboring 
nucleons. 

®R. H. Dalitz, Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. 20, p. 163. 


958 








REMARKS ON 


hypernuclear event which requires the existence of a 
hyperdeuteron for its interpretation. 

The A particle is an isotopic-spin singlet state (7’=0). 
Charge independence then requires’ that the A-neutron 
and A-proton interactions be identical for a given state 
of spin and relative orbital motion. In terms of the 
interactions which are known to exist, contributions to 
these forces may arise from (a) the exchange of two 
or more pions between the A particle and the nucleon 
(the exchange of a single pion is forbidden by the 
charge symmetry of the interactions), (b) the exchange 
of one or more K mesons between the A and the nucleon, 
and (c) the exchange of both pions and K mesons. 
Each of these contributions gives rise to an interaction 
whose range is h/2m,c~0.7X10~-" cm or Jess, which is 
shorter than the range of the nucleon-nucleon interac- 
tion. The exchange of pions alone (or with an even 
number of K mesons) would lead to an ordinary force 
between A and nucleon, whereas the exchange of an 
odd number of K mesons (with or without additional 
pions) transfers “strangeness” between the A and 
nucleon and will therefore contribute an exchange term 
to the A-nucleon interaction. This difference between 
these two mechanisms for the A-nucleon force may be 
seen clearly by considering the simplest contribution of 
each type, namely 


(a) A+ N—At+aet+e4+NAtN, 
(b) AF+-N—-N+-K4+NNR+A. 


The contributions from the two mechanisms could be 
most readily distinguished by comparison of the inter- 
actions between A and nucleon in S-wave and P-wave 
relative motion of given total spin, since the exchange 
term has a sign proportional to the parity of the relative 
motion, the ordinary force having a sign independent 
of the parity of this motion. In a system as lightly 
bound as the hypertriton, however, the interactions 
between each pair of particles take place almost entirely 
in relative S states, so that the distinction between 
these two types of force has little effect. 

The S-wave interaction between A and nucleon may 
still have spin dependence, the strength of the inter- 
action depending on whether the spins are coupled 
parallel or antiparallel. These interactions may also 
contain tensor terms, as does the nucleon-nucleon inter- 
action. The short range of the A-nucleon forces means, 
however, that any A-nucleon tensor forces would con- 
tribute much less to the D state of the hypertriton than 
does the neutron-proton tensor force, since the cen- 
trifugal barriers effective in the D state will prevent 
the very close A-nucleon approach necessary in this 
state before the short-range A-nucleon tensor force 
comes into play. It is therefore reasonable to expect 
that the D state of the hypertriton will be considerably 
smaller in magnitude than the (already small) com- 
ponent of D state in the normal triton. In this situation, 





7R. H. Dalitz, Phys. Rev. 99, 1475 (1955). 
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the effect of a tensor component in the A-nucleon force 
will be indistinguishable from that of an additional 
central interaction in this force. What is important for 
the binding of the hypertriton are the low-energy 
scattering characteristics of the A-nucleon interaction, 
the zero-energy scattering lengths, and the effective 
ranges; the central potentials to be used are to be 
considered only as equivalent potentials giving the 
same low-energy scattering as the actual A-nucleon 
interaction. 

It is now generally accepted that the A particle has 
spin 4. This is consistent with all of the evidence ob- 
tained to date* on the angular correlations in A-particle 
decay following the s+ reactions, although much of 
the data does not really exclude a spin value of $. This 
is also true of the Ruderman-Karplus argument’ based 
on analysis of the internal conversion coefficient for 
nonmesonic decay of helium and of heavier hyper- 
fragments. Also Lee and Yang” have pointed out that 
the large up-down asymmetry recently observed in A 
decay following the x~+ >) production reaction excludes 
high spin values for the A particle, being consistent only 
with a A-spin value of $ or (possibly) $. Since a A spin 
of 4 turns out to be slightly exceptional in the dis- 
cussion of the ,H® system, we shall give the formulas 
for a general A-spin S, although it is now most probable 
that S=4 is the physically relevant case. 


2. POSSIBLE STATES OF A A PARTICLE 
AND TWO NUCLEONS 


The A-nucleon interaction will be represented by an 
equivalent central potential as discussed above. This 
potential is denoted by V, for the parallel spin con- 
figuration where the A-spin S and the nucleon spin 
couple to a total spin $+ 4, and by V, for the anti- 
parallel configuration with total spin S—}. With this 
notation this potential may be written generally 


o-$+S+1 S—e:S 
VV op Vg, (4) 
+1 2S+1 


where the coefficients are the spin projection operators 
for states of total spin S+4 and S—4; S denotes the 
A-spin operator, and 3 the nucleon-spin operator. 
With this assumption of equivalent central forces, the 
wave function for the system will be the product of a 
spin wave function and a coordinate wave function. 
In this section we discuss the possible spin wave func- 
tions and their properties. 

The system of a A and two nucleons can exist in 


8D. Glaser, Proceedings of the Seventh Annual Rochester Confer- 
ence on High-Energy Nuclear Physics, 1957 (Interscience Pub- 
lishers, New York, 1957), Sec. 5, p. 24; L. Leipuner and R. K. 
Adair, Phys. Rev. 109, 1358 (1958); Alvarez, Bradner, Falk- 
Vairant, Gow, Rosenfeld, Solmitz, and Tripp, Nuovo cimento 5, 
1026 (1957). 

9M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956); 
Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957). 
© T, D. Lee and C. N. Yang, Phys. Rev. 109, 1755 (1958). 
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states of isotopic spin T=0 or T=1. The T=0 states 
occur only for (Anp) systems and require parallel spins 
for the neutron and proton. The A-spin S can then 
combine with the spins of these two nucleons to give 
states of total spin S+1, S, S—1. The expectation 
values of the interactions effective in these states are 
the following: 


j=S41: Vie(np)+2V (A), (5a) 
e 2S 
j=S: V ie(np) +——_V , (AN) 
2S+1 

2(S+1)_ 
——V,(AN), (5b) 
2S+1 

j=S—1: Vie(np)+2V(AN). (5c) 


In these expressions advantage has been taken of the 
symmetry of the space wave function with respect to 
and p, so that V(An)=V(Ap)=V (AM). Generally the 
lowest state for which T=0 has spin S+1 if parallel 
A-nucleon spins are favored (V,>V,.), or spin S—1 if 
antiparallel A-nucleon spins are favored (V.>V,). For 
S=4, however, the state 7=S—1 does not exist; and 
with V,>V,, the lowest state will have 7=S=}4, the 
mean A-nucleon potential being a combination of both 
V, and V,. The case with V.>V, and S=} must 
therefore be regarded as an exceptional case. This 
situation has been remarked also by Derrick." 

In the T=1 states, the two nucleons have unit 
isotopic spin and form a singlet spin system. These 
states therefore have spin j=S and appear as charge 
triplets in ,*, ,4H*®, and ,He*. The expectation value of 
the total interaction is here 


z 2(S+1) _ ae 
Vsing(np) +——V , (AM) +——V (AN). (6) 
2S+1 2S+1 


van 


For the ,He* system there is an additional Coulomb 
repulsion between the protons. From (6) it is clear that 
both the nucleon-nucleon attraction" and the A-nucleon 
attractions are weaker in a T=1 state than in the 
lowest T=0 configuration. For this reason it is natural 
to identify the observed ,H* system with the T=0 
configuration of lowest energy. This is consistent’ with 
the absence of experimental evidence for a ,He* state 
corresponding in total energy with the observed hyper- 
triton. 

It is also of interest to list the magnetic moments 
associated with each of these states, since Goldhaber™ 
has pointed out the possibility of measuring the mag- 
netic moment of hyperons and hypernuclei by observing 
the effect of a strong applied field on the axis of any 
anisotropy in their decay. For the T=1 configurations 





1G. H. Derrick, Nuovo cimento 5, 565 (1956). 

12 This has been emphasized by J. T. Jones and J. K. Knipp, 
Nuovo cimento 2, 857 (1955). 

18 M. Goldhaber, Phys. Rev. 101, 1828 (1956). 
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the magnetic moment equals that of the A particle, 
ua Say, since the nucleons are in the singlet state. For 
T=0, the magnetic-moment operator reduces to 


M=}(uptun)(op+en)+ (ua/S)S. (7) 


In the state 7=S+1, the total magnetic moment is 
simply the sum (u»+“.+Aa), while in the configuration 
j=S—1, 


1 1 
u(S—1)= (1-—)u- (1-<)iurtu 
5? 3. 


In the intermediate configuration j7=S (of interest 
only for S=4), the magnetic moment is 


1 1 
u(S)= ( = Yau — -(up+Hn)- 
S(S+1) S+1 


3. TRIAL WAVE FUNCTION AND VARIATIONAL 
CALCULATION FOR ,H?* 


Since the low binding energy of the A particle in the 
hypertriton means that the A particle is distant from 
the nucleons for a large fraction of the time, it is tempt- 
ing to consider a product form, 


¥=dnp(r)g(s), (8) 


as being appropriate for this system, where r is the n-p 
separation and s is the distance of the A particle from 
the n-p center of mass. This has the advantage of giving 
the correct asymptotic form to y for Jarge s if On» is 
chosen to be the free-deuteron wave function; in this 
case only the small separation energy By is left to be 
accounted for by the A-nucleon interactions. If this y is 
taken as a trial function for a variational calculation of 
the A-nucleon interaction to produce a given By, then 
it is clear that this will lead at least to an upper bound 
for the actual strength of the A-nucleon interaction; 
a variational calculation of this kind has been made by 
Derrick.'! The upper bound obtained in this way will, 
however, be a poor estimate, becoming increasingly 
worse the shorter is the range of the A-nucleon inter- 
action. The wave function (8) does not have sufficient 
flexibility to allow strong correlation in position between 
the A and a nucleon. The A-nucleon interaction is 
effective only when these two particles are close to- 
gether, so that the function (8) does not lead to a 
sufficiently large estimate of the attraction due to the 
A-nucleon interactions. This defect becomes increasingly 
serious with decreasing range for these interactions. 
This may be seen in the following way. Taking the 
form V f(r/a) for the A-nucleon potential, the average 
potential seen by the A particle in the motion described 
by the function (8) is obtained by folding this A-nucleon 
potential with the probability distribution ¢,,?(r) for 
the -p separation. When a is sufficiently small, it is 
clear that this effective potential is given by ¢n»?(2s) 
multiplied by a factor proportional to the volume 
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integral Va* of the A-nucleon interaction. For a given 
By, therefore, the trial function (8) requires a potential 
strength V proportional to a~* for small a. On the other 
hand, it is known that the correct potential strength V 
has the asymptotic form Ca~* for small a," the correct 
wave function having strong correlations between the 
particles. The upper bound for V obtained with (8) 
therefore becomes increasingly worse as a decreases; 
this was already realized by Derrick." 

The wave function (8) may also be used allowing dis- 
tortion of ¢,,(r) from the deuteron form. This can be 
advantageous despite the corresponding increase in the 
n-p relative energy, since the more concentrated average 
potential seen by the A particle can give the increased A 
binding necessary for a given total By+B, with a 
smaller value of V. If both @ and g are permitted to 
vary, however, it is essential that a finite range be 
used for the A-nucleon potential, which corresponds to 
some physically reasonable mechanism. As was first 
shown by Thomas," a zero-range interaction allows the 
system to collapse, as small a volume integral Va* as 
desired being obtained for a fixed By by considering 
sufficient collapse. On account of the ease with which 
the n-p system may be distorted, not even a local 
minimum in any physically reasonable region will be 
found for the volume integral of the A-nucleon potential 
corresponding to a given By (see Appendix). 

The following features appear to be necessary in a 
variational calculation in order that the upper limit 
obtained be reasonably close to the physically correct 
value : 


(i) It is essential that finite-range interactions, which 
are appropriate to the physical situation, should be 
used (although it will be shown that there are certain 
parameters whose determination seems relatively in- 
sensitive to the range assumed, in the region of physical 
interest). 

(ii) The trial wave function must have sufficient 
flexibility to allow strong correlations in position be- 
tween the A particle and each nucleon; this is necessary 
in order that the contribution of the strong short-range 
A-nucleon interactions to the total potential energy 
should be estimated adequately. The wave function 
should also have a long tail for separation of the A par- 
ticle, corresponding to the low separation energy Ba, in 
order that the A kinetic energy should not be over- 
estimated. 

(iii) The separation energy (By+ B,) of each nucleon 
being considerably larger than the A separation ehergy 
By, an appropriate trial function must clearly allow a 
lack of symmetry between the A particle and the 
nucleons; this is also required by the rather different 
ranges of the A-nucleon and nucleon-nucleon inter- 
actions. 


4, H. Thomas, Phys. Rev. 47, 903 (1935); N. Svartholm, 
thesis, Lund, 1945 (unpublished). 
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One form of trial function which allows these condi- 
tions to be met makes use of the triangular coordinate 
system (r1,72,73) appropriate to a three-particle system. 
Here r; will be taken to be the neutron-proton separa- 
tion, r; and ry being the distances of the A particle 
from each nucleon. These coordinates are subject to 
the usual triangular inequalities, r:+722 1s, ret+rs2n, 
13+11:>12. With these coordinates an appropriate trial 
function, 
y= u(r3)0(r1)0(r2), (9) 


was proposed by Wigner’ for three-particle systems, 
and this has been used by a number of authors!® for 
the study of the H® and He’ systems. According to the 
discussion in the Introduction, these functions # and v 
should be expected to have substantially the same form 
as the low-energy scattering (or bound state) wave 
function for the appropriate pair of particles, at least 
over the region of their nuclear interaction. 

With triangular coordinates, the variational principle 
for the bound state system takes the form 


h?(M+M,) 
te? f rdrrdradrs “’ 
2MM, 


3 Oy 2 
x|2 ( ) +1(123)-+4(281) +4(312) 
1 \ Or; 


h?(Mi—M)f / dy? 
i. ( ) = 1(123) +4(281) +1(312) 
2MM, Ors 


—V f(2xrs)¥?— UL g(2dr1)+g(2dr2) W” 


— (Bat Ba)v’ | 20, (10) 


r?+r—nZ\ dp dp 
Hijh)=(— a = —, 


2rr Or; Or 
5] J 


with 


(11) 


This inequality (10) will be used here to provide a 
variational! principle for the strength U of the A-nucleon 
potential effective in the configuration considered. The 
masses of A and nucleon have been denoted by Ma, 
and M, respectively. 

Calculations have been carried through only for 
exponential and Yukawa shapes for f and g, the forms 
of the nucleon-nucleon and A-nucleon potentials. For 
Yukawa shape these functions are written ¢~**"/2«r, 
where 2x=2.1196/6 in terms of the intrinsic range ); 
for the exponential shape, e~-*” where 2«=3.5412/0. 
The parameters for the’ nucleon-nucleon potentials 
were taken from the low-energy p-p scattering data!’ 
15 E. P. Wigner, Phys. Rev. 43, 252 (1933). 

16 See, for example, R. D. Present, Phys. Rev. 50, 635 (1936); 
Fréhlich, Huang, and Sneddon, Proc. Roy. Soc. (London) A191, 


61 (1947). 
17J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 
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TABLE I. A-nucleon interaction in the 7=0 ,H®* configuration. 
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(a) Yukawa 
potential (i) Intrinsic range 0.8411 X10- cm (ii) Intrinsic range 1.4843 X10-" cm 
shapes 0: (Mev Us (Mev 
(Ba+B,a) Mev a (10%cm-) £8 (10% cm™) s (107% cm)*] @ (107% cm) a (10%cm-!) 8 (10%cm™) s X(107%cm)*] a (107% cm) 
2.226 0.62 0.69 0.76 489 -1.8 ce gene ae 166 —3,2 
2.626 0.64 0.71 0.77 494 —1.9 0.39 0.65 0.70 786 —2.4 
3.226 0.67 0.71 0.78 501 —2.0 0.43 0.66 —2.6 


0.72 813 





(b) Exponential 





potential (i) Intrinsic range 0.841 1 x10-8 cm (ii) Intrinsic range 1.4843 X1078 cm 
shapes Us [Mev Us [Mev 
(Ba+Ba) Mev a (10%cm™) £6 (10% cm) s (10-8 cm)*) a (107% cm) a (10%cm™) £8 (10% cm~) s (107% cm)*}] a (10-% cm) 
2.226 0.52 0.52 0.75 492 —-. -— . mn sa —2.0 
2.626 0.55 0.53 0.76 500 —2.0 0.33 0.52 0.66 772 —2.2 
3.226 0.58 0.53 0.77 510 —2.1 0.37 0.52 0.70 810 -2.6 





and from the deuteron binding energy'* Bg= 2.226 Mev. 
For the Yukawa shape the intrinsic range was taken 
to be 2.4995X10-" cm, the volume integral of the 


For exponential potentials, the expectation value may 
be written down in terms of the function J ; for example, 
the two A-nucleon potential terms are each 





potential then being 1404 MevX(10~" cm)* for the 
triplet state and 952 MevX (10~-" cm)* for the singlet 
state. For the exponential shape an intrinsic range of 
2.4938 X10-" cm was taken with volume integrals of 
1533 MevX(10~-" cm)* for the triplet state and 962 
Mev X (10-" cm)* for the singlet state. Two cases were 
considered with each shape for the A-nucleon potential : 
an intrinsic range 6>=0.8411X10-* cm, corresponding 
to a Yukawa potential with range parameter 2A 
=(h/mxc)~' such as K exchange would produce; and 
an intrinsic range b=1.4843X10-" cm corresponding 
to a Yukawa potential with range parameter 2) 
= (h/2m,c)~', appropriate to the exchange of two pions. 

In these preliminary calculations a very simple form 
has been used for y: 


U gJ (2a+2X, 2a,28)/J (2a,2a,28). (15) 


Expectation values for Yukawa potentials may be 
expressed in terms of K=0*//0adb; for example, the 
two A-nucleon potential terms are then each 


UyK (28,2a, 2a+-2d)/2dJ (2a,2a,28). (16) 


The expression thus obtained for U’ from (10) has been 
minimized with respect to the parameters a and £. 
The final results for the 7=0 configuration are given 
in Table I. 

In Table I the upper bound for the A-nucleon poten- 
tial as a function of B, has been specified in three ways: 
(a) by the volume integral U, for both A-nucleon inter- 
actions in the system, (b) by the zero-energy scattering 
length for the A-nucleon potential, and (c) by its well- 
depth parameter s. This well-depth parameter s is the 
ratio of the potential strength to the strength necessary 
to give a bound A-nucleon system at zero energy. 
Although UU has considerable range dependence, the 
well-depth parameter and also the scattering length a 
vary relatively little with variation of range and shape 
for a given By. Apart from the exceptional case S=} 
and V,>V,, the value obtained for a may therefore 
be regarded as a reliable upper bound (in magnitude) 
for the scattering length a appropriate to zero-energy 
A-nucleon scattering in the most strongly attractive 
spin configuration. These results imply that it is rather 
safe to conclude that the hyperdeuteron does not form 
a bound state, with the possible exception of the case 
S=}3, Va>V,. In the latter case the amplitude a no 
longer has direct physical significance, the mean A-nu- 
cleon interaction being the combination (3V.+V ,)/4. 
The well-depth parameter” s, for the potential V, can 
be deduced only with knowledge of the relative strengths 


P= Nem airst ra e brs, (12) 


This form of trial function has been used"* in variational 
calculations for the normal triton, where it has provided 
much better results than other trial functions of com- 
parable simplicity which have been explored. The 
integrals required to form the expression (10) may all 
be expressed in terms of the basic integral 


1(0h)=8e* f drdrsir exp — (arit+bre+crs) | 


= 16n°/[ (a+b) (b+<) (c+a)]. (13) 
For example, the normalization factor N is expressed as 
N2J (2a,2a,28) =1, 


where J (a,b,c) = — 0°I (a,b,c) /dadbdc. The kinetic energy 
terms may be written down explicitly : 


h?(M+Ma) (a+8) (16a*+9a°8+4a8?+ 8?) 








2MM,4 8a*+5a8+8* of V, and V,. There is evidence® from the analysis of 
the binding energies for light hypernuclei that there is 
h?(M— M) B(a+8) (Sa*+4a8+6") —__— 
of ag ——. (14) 19 It is of interest to note here that, in the present case, s_ (for 
2MM,4 8a*+ Sa8+ 6? Yukawa shape) cannot exceed 1.15 for 2\=(h/mxc)™ nor 1.27 


for 2\=(h/2m,c)~. This follows from the stability of ,4H* against 


18 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). disintegration to ,jH?+n. 
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some spin dependence in the A-nucleon interaction, 
but with V,>V, it appears very unlikely® that V, 
should be less than V,/3. In this case sq will not exceed 
0.9 in any of the possible situations, and the existence 
of a bound hyperdeuteron is excluded. 

It is of interest to compare briefly the results of this 
paper with calculations in which other simple wave 
functions for ,4H® have been used. Comparison may be 
made with Derrick’s result!! s=0.94 for Bys=0 and a 
Yukawa potential of range parameter (h/mxc)~', a 
value which is about 24% higher than given in Table I 
for this case. Jones and Keller®! used an Irving wave 
function exp[ —a(r;?+12?+13")!]; for By =0.5 Mev and 
a Yukawa potential of range parameter (h/mx«c)~', they 
find a well-depth parameter 16% above the corre- 
sponding value in Table I. 

The simple wave function (12) has a number of obvious 
defects. For smal! By, the volume integral U’2(B,) should 
have the expansion U.(0)+¢ ‘\/ Byt+-O( By), whereas the 
tabulated U» is almost linear in By itself. This defect 
may be traced to the incorrectness of the asymptotic 
form of (12) for large separation of the A from the 
nucleons, especially for very small By; the value of a 
obtained represents a compromise between the small 
value of a appropriate to small By and the large value 
of a required to give adequate probability for the A 
and nucleon to be found within the range of their 
nuclear interaction. For this reason the upper bound 
obtained for U, from (12) may be expected to be at its 
poorest for Bs=0. Moreover, the neutron-proton wave 
function in (12) is simply e~®"* when the A particle is far 
distant, and a simple exponential function gives a very 
poor estimate of the relative neutron-proton energy in 
the deuteron. In fact, with a Yukawa potential and 
the nuclear parameters given above, this function gives 
at best 1.626 Mev for the deuteron binding energy. 
The energy of relative motion between the A particle 
and the n-p system, being the difference between 
(2.226+ By) Mev and the internal n-p energy, is there- 
fore required to be much too large with this choice of 
trial function; this also results in a serious defect for the 
asymptotic form, especially for the low By of physical 
interest. These are criticisms which do not apply to 
the use of this wave function for H*, where the neutron 
binding energy is much larger (about 6.3 Mev) and 
comparable with the proton binding energy (about 
8.5 Mev). It appears that a substantial improvement in 
these upper bounds for s, VU», etc., should result from 
the use of a more flexible trial function for ,H*. For 
example, the wave function (17) given below*? would 
have sufficient flexibility to avoid the defects just dis- 
cussed and would also allow the integrations of ex- 
pression (10) to be carried through in terms of the 


” R. H. Dalitz and B. W. Downs, Phys. Rev. (to be published). 

21 J. T. Jones and J. M. Keller, Nuovo cimento 4, 1329 (1956). 

2 Tt is of interest to note that the function (e~ + ye~#s) leads 
to a deuteron binding energy of 2.221 Mev for the nuclear param- 
eters given above, with a=0.38, 8=1.12, and y=2.27. 
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same functions J, K, and other derivatives of J: 
v=Nle anit ve bri) (¢ aret ye—br2) (¢ ara ye~Brs) (17) 


The possibility of excited 7=0 states of ,H* should 
also be considered. ‘This will be discussed briefly here 
for the case S=} only. If V,>V, and spin 4 holds for 
the ground state of ,H*, then the spin $ excited state 
will be bound only if the potential V, has well-depth 
parameter exceeding s(0), the potential (3V,+V,)/4 
effective in the ground state corresponding to s(B,). 
Even in the most favorable case possible (B,y=1.0 
Mev), this requires V, to have at least 86% of the 
strength of V,. (This figure refers to h/2m,c range; for 
h/mxc range V, is required to be at least 95% of Va.) 
This appears very unlikely on the basis of the present 
evidence from other hypernuclear binding energies.” 
Similarly with V,>V., the spin 3 excited state could 
be bound only if the potential (3V.+V,)/4 had well- 
depth parameter exceeding s(0), the potential V, 
corresponding to s(B,). This requires V, to have 
strength at least 85% of V, for h/2m,c range (95% 
again for h/mxc range), whereas the binding-energy 
data require that V, be repulsive for this case. Even if 
such excited states did exist, they would be expected to 
decay to the ground state of ,H* with emission of an 
M1 photon (energy A Mev) in a time of order A-*10-“ 
sec, a time generally short relative to the hypernuclear 
decay time. 


4. DISCUSSION OF THE T=1 HYPERNUCLEAR 
CONFIGURATIONS 


There have not been any hypernuclear decay events 
observed to date whose interpretation requires the 
existence of a bound 7=1 hypernuclear configuration 
of mass 3. This situation is particularly clear for ,He’* 
whose decay should involve a relatively high branching 
ratio for the mode 


sHe’—>x-+ p+ pt Pp, 


an event which would readily allow a unique identifica- 
tion for this hypernucleus. Stability of this ,He* complex 
against nuclear disintegration would require only that 
its total binding energy B be positive ; with very small B, 
however, the formation of this hypernucleus might well 
be relatively rare. This same remark applies to the 
neutral counterpart ,m*, whose detection would be 
more difficult since it would generally decay in flight 
with decay modes + p+n-+n and, less frequently, 
a~+H®. A corresponding T=1 state would then exist 
for ,H® also; however, this state would generally have 
a rather short lifetime for radiative M1 decay to the 
ground state ,H’ or for dissociation to H?+A if B< By. 
(This dissociation is forbidden by the selection rules 
based on charge symmetry, but it would still compete 
successfully with radiative decay as a result of nucleon 
mass differences and virtual electromagnetic effects in 
the A-nucleon interaction, for which charge symmetry 
does not hold.) 
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TABLE II. A-nucleon interaction for zero binding in the T=1 
systems. U,’ is given in units MevX (10~" cm)’; @ and 8 are in 
units of 10% cm™. 














Potential < aya e 
shape Intrinsic range a 8 U2’ Us’ (Coulomb) 
Yukawa 0.8411 X10-8 cm 0.84 0.51 584 596 
1.4843 X10-8 cm 0.49 0.41 973 1008 
Exponential 0.8411 X10—% cm 0.71 0.39 594 608 
1.4843 X10-8 cm 0.41 0.34 973 1014 





An upper bound for the strength which must be 
exceeded by the mean A-nucleon potential effective in 
the T=1 configuration in order to produce a positive 
binding energy B may be obtained by use of the varia- 
tional principle (10). In this case, the nucleon-nucleon 
potential appropriate to the singlet state must be 
inserted and the total energy of the system replaced by 
zero. Calculations have been made using the simple 
trial function (12), and the results have been listed in 
Table II for the various potential shapes and ranges 
considered. The volume integral U,’ for both A-nucleon 
interactions is given both for ,He*, including the 
Coulomb repulsion between the protons, and for the 
case where there is no Coulomb repulsion. (The param- 
eters a and @ refer to the latter case.) Quite considerable 
reduction in these estimates may be expected with the 
use of a trial function more flexible than (12), because 
the criticisms made in the last section concerning its 
application to the hypertriton apply even more strongly 
here where the binding energy is zero for each particle 
of the system. In each case, the estimate obtained for 
U.’ greatly exceeds the volume integral U, for the 
A-nucleon interaction effective in ,H*. This means that, 
even if the A-nucleon interaction were spin-independent, 
the low binding energy for ,H* excludes the possibility 
of a bound T=1 system for ,n*, ,H*, ,He’, in which 
the nucleon-nucleon attraction is considerably less than 
in T=0 ,H®*. In fact, with spin dependence in the 
A-nucleon potential, the potential strength available 
for Us! is necessarily less than that for Us, since only 
the spin-average potential is effective in the T=1 
system, whereas full advantage can be taken of the 
spin dependence of the potential only in the T=0 
ground state. 
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APPENDIX. USE OF A PRODUCT WAVE FUNCTION 
WITH 5-FUNCTION POTENTIALS 


The use of a product wave function Wpucieusg(s) for 
the representation of a large hypernucleus finds con- 
siderable justification as a result of the successes of 
shell-model wave functions for the ground states of 
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nuclei. It is then plausible to go on and obtain an 
estimate of the volume integral U of the A-nucleon 
potential by representing this potential as a 6 function, 
because the range of the interaction is small compared 
with the radius of a large core nucleus. Caution must 
be exercised in the use of 5-function interactions since 
there is then no (nonzero) absolute minimum for U 
corresponding to given By, the value U=0 being 
attained for complete collapse of the system. There is, 
however, still the possibility that a local minimum may 
exist provided the distortions permitted for the core 
nucleus are sufficiently limited. The existence of such a 
local minimum will depend on the stiffness of the 
nuclear core in resisting deformation. This point is 
illustrated by Fig. 1, which shows a plot of U(a) as 
function of a compression of the core nucleus by a radial 
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Radial Compression Factor a 


Fic. 1. The volume integral U (a) [in units of Mev (10- cm)*] 
of the total A-nucleon interaction for given binding (B,=1.44 
Mev) of a A particle to a nuclear core (radius Ro= 1.37 X 10-" cm) 
is plotted as a function of a= Ro/R for compression of the core to 
radius R for four values of K, the stiffness of the nuclear core. 


factor a. For this case the core nucleus was chosen to 
be of Gaussian form with radius appropriate to H® for 
a=1; the Schrédinger equation for g(s) was solved 
numerically to compute U (a) for each a, the distortion 
energy of the nuclear core being represented by E(a) 
=E(1)+3K(a—1)*. It is apparent that there is a 
well-defined minimum near a=1 for sufficiently large 
stiffness K, but that this disappears as K is reduced in 
strength. 

Reasons why this product wave function should give 
a poor approximation to U for the hypertriton when 
Waueleus is taken to be the normal deuteron wave function 
have already been discussed in Sec. III. In view of the 
remarks above, it is reasonable to expect that, on 
account of the small energy required to deform the 
deuteron, not even a local minimum in U will be found 
if radial distortion of the deuteron wave function is 
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TABLE III. Values of U, [MevX (10~" cm)*] as a function of 
the parameters y, \ for a Huithén n— p function, using a product 
wave function and 6-function potentials. 


My 0.20 0.25 0.30 0.35 
20 742 540 441 390 
2.5 652 487 415 372 
3.0 600 459 400 360 
B 547 442 389 350 


allowed with the use of 6-function potentials. In order 
to show this, a calculation has been carried through 
using a Hulthén form e~”(1—e~*"")/r for the deuteron 
core, for various values of y and \. The n-p potential 
was chosen to be of Yukawa form with the parameters 
previously given. The A-function g(s) was obtained by 
direct integration of the Schrédinger equation; for 
this it was most convenient to consider the equation 


w+ Be*(1—e~™*)*u/x? =n? u, 
the eigenvalue B(n,A) being computed™ as a function of 
2% These numerical computations were performed at the Com- 
puting Center of Brookhaven National Laboratory, and we are 


pleased to thank Dr. M. Rose and Mr. P. Mumford for their 
assistance 
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n and X. The value of the volume integral U2(y7,A) 
appropriate to By=0.3 Mev is readily obtained from 
this as a function of y and X. Table III gives values 
of U2(y,d) in the relevant region and shows that 
U.(y,X) decreases monotonically with increasing + or \. 
No local minimum appears (this can be shown analyti- 
cally for the case A=0); this is in contradiction with 
the result of the hypertriton calculation reported by 
Brown and Peshkin.™ 

In conclusion, it should be emphasized here that, 
although the use of 6-function potentials (without dis- 
tortion of the nuclear core) allowed a convenient dis- 
cussion of the qualitative features of the A-nucleon 
interaction from the binding energies of light hyper- 
nuclei,® the use of potentials with physically appropriate 
ranges is essential not only for the case of the hyper- 
triton but generally for complex hypernuclei if 
quantitatively reliable estimates of the interaction 
strength are to be obtained. 


* 1. M. Brown and M. Peshkin, Phys. Rev. 107, 272 (1957). 
(Note added in proof.—Dr. Peshkin has informed us that he has 
recently carried out more accurate calculations with the product 
wave function, which agree with the above remarks in giving no 
local minimum for the case of 6-function potentials.) 
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The analytic extension of the Schwarzschild exterior solution is given in a closed form valid throughout 
empty space-time and possessing no irregularities except that at the origin. The gravitational field of a 
spherical point particle is then seen not to be invariant under time reversal for any admissible choice of time 
coordinate. The Schwarzschild surface r=2m is not a singularity but acts as a perfect unidirectional mem- 
brane: causal influences can cross it but only in one direction. The apparent violation of the principle of 
sufficient reason seems similar to that which is associated with instabilities in other nonlinear phenomena. 


I, INTRODUCTION (c) Invariance under the connected three-parameter 


O define a gravitational universe we must give an 8'OUP 
analytic manifold and an analytic quadratic form 


x9 —> f= 39 
g,» of correct signature. R.; } PRS Sree. ALM 
For the manifold 91% associated with a universe con- xi Fi=z,ix! 
taining one point particle, one takes all of 4-space 
{x“} less the line x'=0. (Greek indices=0, 1, 2, 3; (d) Asymptotic to the Lorentz metric 
Latin=1, 2, 3.) We might subject the gravitational 
field g,»(x) to the following requirements: Zpv(X) > Mp, xix'—> @., (1.4) 


(a) The free space equation of Einstein: 
R,,(x)=0. 


(b) Invariance under the one-parameter group 


(e) Not extendable to the line «'=0 (true singu- 
larity). This excludes the trivial case gyu»(x)=my». 
(f) Invariant under the discrete group generated by 


(1.1) 


YP — P=x7—t, P— P= 


T:: (1.2) P; 


xi F=x', xi = — 2" 








966 


(g) Invariant under the discrete group generated by 
YP P= —x 
so = x', 
(h) «° timelike: 


goo(x)>0 throughout IM. (1.5) 


If a solution to these conditions exists, it is given in’ 


part by Schwarzschild’s line element,! but it is well 
known that this is analytic throughout 9M only for a 
particle of negative mass. For positive mass the problem 
of analytic extension arises. 

We shall see that for a particle of positive mass, the 
conditions (abcde) uniquely determine an analytic 
Zu»(x). This g,»(x) then satisfies (f); but not (g) which 
is thus incompatible with (abcde). Likewise, (h) is not 
satisfied and is incompatible with (abcde). 

Thus it seems that T invariance and general relativity 
are incompatible for a spherical point particle: although 
the requirements (abcde) do not distinguish between 
past and future, the only universe which obeys them 
does. 

How is it possible that causes which are symmetric 
can have effects that are not? Such a violation of the 
principle of sufficient reason must be attributed to the 
nonlinear nature of gravitational theory. The time- 
symmetric universe can be extended from its asymp- 
totic behavior to the gravitational radius and there it 
becomes singular. This wandering singularity is typical 
of nonlinear theories.? However, an analytic extension 
of the manifold through the gravitational radius is 
possible and is given in closed form below. The re- 
markable fact is that the extension is possible in exactly 
two distinct ways, neither of which is T invariant, but 
each of which is the other’s image under 7. 

There must be theoretical processes in which this 
situation causes an instability of the type common in 
nonlinear phenomena. One imagines, for example, a 
slow process of accretion or compression that makes an 
initially weak gravitational source approach and finally 
pass through the critical situation in which the 
Schwarzschild radius of the source equals the extension 
of the source. At first the structure of the surrounding 
metric field is approximately time-symmetric. The 
present result suggests that near the critical situation 
the metric field will “buckle” into one of two quite 
distinct situations which are approximate T images of 
each other. 

The Einstein-Rosen two-sheeted prolongation of the 
Schwarzschild exterior solution’ now appears as a 
rather patchwork sort of manifold. Since the manifold 

1K. Schwarzschild, Sitzber. preuss. Akad. Wiss. Physik.-math. 
Kl. (1916), p. 189. 

2 See, for example, D. Finkelstein, Ph.D. thesis, Massachusetts 
Institute of Technology, 1953 (unpublished). See also N. V. 
Mitzkevich, Zhur. Eksptl. i Teort. Fiz. 29, 354 (1955) [transla- 


tion: Soviet Phys. JETP 2, 197 (1956) ] for similar results. 
3 A. Einstein and N. Rosen, Phys. Rev. 48, 73 (1935). 


DAVID FINKELSTEIN 


3 with the metric (2.1) given below is analytic and 
complete and contains the manifold defined by the 
Schwarzschild exterior solution as a proper subset, it 
is the unique completion of the Schwarzschild exterior 
solution. One recalls of course that unlike 9 the 
Einstein-Rosen manifold fails to satisfy the free-field 
equations at the “seam.” Also the modified equations 
proposed by Einstein and Rosen’ are satisfied by our 
solution as well as by the Einstein-Rosen solution and 
thus are deficient in an important uniqueness require- 
ment. 


Il. LINE ELEMENT OF A POINT PARTICLE 


On the manifold 9M, define the _line-element 


ds*= g,,dx"dx" by 
ds? = (1—9r) (dx®)? + 2r-'da'dr — (14-91) dr’ 


— (dxidx‘'—dr*), (2.1) 


Here the abbreviations r=(x‘x')!, dr=r-‘x'dx' were 
convenient. (It will be seen that the units used are 
such that the Schwarzschild gravitational radius and 
c are unity.) Note that this g,,, analytic in OM, has 
determinant 


detg=1 in M. (2.2) 
Let us verify conditions (a)—(e) of Sec. I. 
(a) For r>1, the coordinate transformation 
P=2+1n(r—1), (2.3) 


Zi=xi, 
is weli defined, and transforms the line element to 


ds?= (1—#) (de)?— (1—F")“"“dP* 


— (deidz'—d#). (2.4) 


This is the Schwarzschild line element! and thus 
R,,=0, #>1. Since R,, is a tensor it follows that 
R,,=0 for r>1. Since R,, is analytic on IN, it follows 
that R,,»=0 everywhere on SM. 

(b), (c), (d) These are clear. 

(e) This is shown by the singularity of the Petrov‘ 


scalars 
a, =a2=1/2r', 


It is well known that the conditions (a)—(e) uniquely 
determine the solution except for scale. We now examine 
the remaining properties (f)—(h): 

(f) This is clear. 

(g) It is not sufficient to observe that ‘“time”- 
reflection affects the sign of the term ~dx*dr to estab- 
lish a past-future asymmetry. One would have to show 
that no coordinate transformation can eliminate this 
cross-term (globally). It suffices, however, to observe 
the following invariant distinction between the two 
halves of the light-cone at any point x* of IN: One 


a= —1 iy, 





4A. Z. Petrov, Sci. Mem. Kazan State Univ. 114, 55 (1954); 
F. A. E. Pirani, Phys. Rev. 105, 1089 (1957). These scalars are 
eigenvalues of the complete curvature R,y,, regarded as defining 
a quadratic form on bivectors: R(X,Y)=RaxwX"Y”. 
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half-cone contains a null ray-direction which reaches 
the singular point r=0 when prolonged geodesically, 
the other half-cone does not. Indeed n#= — (r,x!,x*,2*) 
is the only null ray-direction at (2°,x',2*,.*) whose 
geodesic reaches r=0. The “‘time’’-reflected direction 
Tn* (see Fig. 1) defines a geodesic which does not reach 
r=( but instead becomes asymptotic to the surface 
r=1. In the manifold 9M with the line-element (2.1) 
causal influences propagating into the “future” (in- 
creasing x”) can cross the Schwarzschild surface only 
in an outward direction. This is seen immediately from 
an inspection of Fig. 1, which shows the light-cones at 
various points in the (°,«')-plane. 

The surface r=1 is thus a true unidirectional 
membrane: causal influences can pass through it only 
in one sense. This again demonstrates the asymmetry 
between past and future. 

Moreover, this demonstrates the existence of two 
distinct completions of the Schwarzschild exterior 
solution as asserted. One has the structure (2.1) and 
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NZ L. he A YP AT 
7~ 1 Yo i “ ae Te 
* A. > re ae. 


| 
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Foam 
Fic. 1. The line-element in the (x°,x')-plane. The light-cones in 
the (x°,x',x*)-space are indicated in perspective. The semiper 
meable membrane is x!=+1. A null geodesic (with tangent n*) 
is shown which reaches the center x'=0. A null geodesic (with 
tangent 7'n“) is shown which becomes asymptotic to the Schwarzs- 
child surface. The lines of constant 2, defined in (2.3) and usually 
identified with astronomical time, are the dotted curves. 


the other, obtained by time-reversal, has a negative 
coefficient of dx*dr. The completions must be distinct 
even if the resulting manifolds are isomorphic under T, 
because a particular geodesic segment in one completion 
reaches the center and in the other completion does not. 

(h) This is clear. 

A transformation similar to (2.3) shows that the 
structure of the “core” r<1 of the manifold 9M is that 
of the Schwarzschild interior solution. The only new 
information in this work, accordingly, is the connection 
of the interior and exterior solutions to form a single 
manifold. 

So much for the one-body problem in general rela- 
tivity. In conclusion, some speculations on the many- 
body problem: consider a universe populated with 
point singularities of positive mass. It is customary to 
assume that when they are far apart their short-range 
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Fic. 2. Particle and antiparticle? If solutions to the free-space 
equations exist with a singular world-line like that shown sche- 
matically, then the two classes of particles are related as particle 
and antiparticle. 


structures are little affected by each other. Then each 
must surround itself with a unidirectional surface, 
similar to the surface r=1 of (2.1). Accordingly they 
all fall into two classes according to whether their 
surfaces are permeable inwards or outwards, one class 
being the time-reversal of the other. It may be that 
according to the gravitational equations universes like 
Fig. 2 can exist. If so, the two classes of particles con- 
stitute a classical model of the relation between a 
particle and its antiparticle. On the other hand, in view 
of the delicate nature of the choice between the two 
classes, it is possible that the gravitational equations 
imply that all particles in one universe belong to the 
same class. If that is the case, the law of interaction 
between the particles is apparently asymmetric with 
respect to interchange of past and future, in spite of 
their origin in general relativity.T 
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t Note added in proof.—Schild points out that SW is still incom- 
plete, it possesses a nonterminating geodesic of finite length in one 
direction. Kruskaal has sketched for me a manifold SW* that is 
complete and contains JI. SW* is time-symmetric and violates one 
of the conditions on SI: it does not have the topological structure 
of all of 4-space less a line. Kruskaal obtained SIT* some years ago 
(unpublished). 
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We examine the general properties near threshold of the reactions y+nucleon—hyperon+K meson, 
especially from the point of view of using these reactions to determine the intrinsic Y —K parity relative to 
that of the nucleon from which they are produced. We base our computations on the possibility that, unlike 
the pion case, there may be no enhancement of the interaction in some special state. Alternatively, departure 
of the observations from the predictions of such considerations will point out the importance of enhanced 
states. The approach is through a perturbation computation in which we use, however, a simple model of 
the Yukawa interaction in order to exhibit in explicit form the dependence of the reaction properties on the 
hyperon and K-meson moments and on the nature of their interaction. In general, it is pointed out how 
observations on angular distributions must be combined with relative cross sections and their energy 
dependence in order to draw unambiguous conclusions. 


INTRODUCTION 


HE determination of the intrinsic parities of the 

K meson and hyperons is one of the outstanding 
current problems in the physics of ‘“‘strange”’ particles. 
This problem is rendered more difficult by the non- 
conservation of parity in the (weak) interactions re- 
sponsible for the decay processes. Accordingly, it is 
necessary to confine our attention to the strong inter- 
actions involving the production or absorption of 
strange particles, such as the associated production on 
nucleons of a K meson with a A or 2 hyperona, or the 
capture of K mesons by nucleons, leading to A- or 
>-hyperon production. 

Such processes are, at least according to our present 
concepts, governed by a Yukawa interaction between 
nucleons (N=proton, p, or neutron, ), hyperons 
(Y=A° or 2+) and the K*-°-meson field, 

NeY+K. (1) 
The nature of the interaction (1) is determined by the 
intrinsic parity of the hyperons as well as that of the 
K meson. Assuming spin 3 for hyperons and spin 0 for 
the K meson, the Y—K system in (1) is in either an 
$4 Or a p; state, depending upon whether the intrinsic 
parity of the Y—K system is positive or negative with 
respect to that of the nucleons. For convenience of 
notation, we refer to the former as a scalar K meson 
(interaction) and to the latter as a pseudoscalar. 

It should be noted that, in principle, the K meson in 
(1) might behave as a scalar with A hyperons and as a 
pseudoscalar with = hyperons, or vice versa, if the A 
and = have opposite intrinsic parities. Since the relative 
parity of the A and = hyperons can in principle be 
determined, by virtue of the strong interactions 


T+N—A+N’, (2) 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

t+ Some of these considerations were communicated at the 
Padua-Venice Conference on Mesons and Recently Discovered 
Particles, September 23-29, 1957 [Suppl. Nuovo cimento (to be 
published) J. 








this possibility is subject to experimental investigation. 
Alternatively the same information would be provided 
by independent determinations of the K-meson parity, 
in the sense defined above, in strong interactions 
governed by reaction (1) for processes involving the 
associated production of K mesons with A or = 
hyperons. 

In a previous communication! we have discussed the 
possibility of determining the hyperon-K-meson parity 
by observations on the reactions. 


N+N—-N'+Y+K. 


This possibility arises as a result of the Pauli principle, 
which permits only singlet even-parity and triplet odd- 
parity initial states for identical nucleons, thus pro- 
viding a connection between the spin and parity of the 
possible final states. On the other hand, if we consider 
the most extensively investigated associated-production 


reaction, 
. r+N—-Y+K, (4) 


we have, in the absence of some special properties of 
this reaction, no means of distinguishing the parity of 
any state: a state of given angular momentum, j, can 
be produced by incident pions of orbital angular 
momenta /=j+}. Furthermore, the pion energies 
required for reaction (4) are sufficiently far above the 
angular momentum barriers so that the dependence of 
cross section on pion energy cannot be used to determine 
the pion angular momentum corresponding to an ob- 
served angular distribution. 

However, the preceding arguments notwithstanding, 
it is possible to conceive of situations in which reaction 
(4) could be used to distinguish between a scalar and 
pseudoscalar K. What is required is that there should 
be some independent means of determining the angular 
momentum of the pions responsible for the reaction. 
Thus, for example, given a resonance in the total r—N 
cross section? it may be possible to ascertain, from 


(3) 


1G. Costa and B. T. Feld, Phys. Rev. 109, 606 (1958). _ 
2 Such as the ¢=} resonance at ~1.3 Bev; Cool, Piccioni, and 


Clark, Phys. Rev. 103, 1082 (1956). 
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observations on the pion scattering, the angular mo- 
mentum and parity of the resonant state; the angular 
distribution of the resonant part of reaction (4) would 
then be determined by the K-meson parity. 

Most of the above considerations concerning reaction 
(4) apply also to the photoproduction reaction 

y+ N--Y+K, (5) 
with, however, the important difference that it may be 
possible to take advantage of the special and relatively 
well-understood features of the electromagnetic field in 
order to obtain information concerning the parities of 
the states involved. In particular, electric and magnetic 
radiations carrying the same angular momentum have 
opposite parities and interact, in general, in relatively 
distinctive manners. 

A number of authors*~® have recently presented theo- 
retical considerations on the photoproduction of K 
mesons from protons near threshold which indicate the 
possibility, as a result of such observations, of deter- 
mining the parity of the K meson. Since experimental 
information is now becoming available® on this subject, 
it is important to examine the physical bases of such 
theoretical considerations and to attempt to determine, 
in particular, which features of the photoproduction 
process will be most susceptible to relatively unam- 
biguous interpretation. 


A. PHENOMENOLOGICAL APPROACH 


We consider reactions (5) at photon energies suffi- 
ciently close to threshold so as to preclude appreciably 
K-meson production in states of angular momentum 
1>1. Then, in a manner completely analogous to that 
previously employed to describe the photoproduction of 
pions,’ we may write the cross section in terms of the 
amplitudes for electric and magnetic multipole absorp- 
tion in the states whose angular momentum and parity 
permit the emission of an s- or p-wave K meson. The 
pertinent states and their properties are summarized 
in Table I, in which we also show the dependence near 
threshold of the cross sections (amplitudes squared) on 
the K-meson momentum. 

For a scalar K meson, the differential photoproduc- 
tion cross section, corresponding to s- and p-wave 
production, is 


da /dQ= |Mi+ (E,—E;+ M;’) cos6 |? 
+${|£i+22;|?+ | £i—E:—M;' 


*) sin’@. (6) 





*M. Kawaguchi and M. J. Moravesik, Phys. Rev. 107, 563 
(1957). 

4A. Fujii and R. E. Marshak, Phys. Rev. 107, 570 (1957). 

5D. Amati and B. Vitale, Nuovo cimento 6, 394 (1957). 

6 P. L. Donoho and R. L. Walker, Phys. Rev. 107, 1198 (1957); 
Clegg, Ernstene, and Tollestrup, Phys. Rev. 107, 1200 (1957); 
Silverman, Wilson, and Woodward, Phys. Rev. 108, 501 (1957); 
McDaniel, Cortellessa, Silverman, and Wilson, Bull. Am. Phys. 
Soc. Ser. IT, 3, 24 (1958). 

7B. T. Feld, Phys. Rev. 89, 330 (1953); J. J. Sakurai, Phys. 
Rev. 108, 491 (1957). 
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TABLE I. Processes leading to s- and p-wave K mesons 
in the reaction y+N—-Y+K. 


Pseudoscalar 


Scalar 
K meson K meson 
K-momen- K-momen- 
Ampli- tum de- tum de- 


Photon absorbed 


tude State Ix pendence* Ix pendence 








ee 


Electric dipole Ey 


ee ” 0 ” 

13 j * 1 n* 2 7? 

Magnetic dipole M, 6 n 1 7? 
M; #t 2 7” 1 n* 

Electric quadrupole Ey oe if 7? 1 n* 
Magnetic quadrupole ars 7"? 2 7"? 


M; 





_ = We define » =px/mc, where m is the K-meson mass. We also adopt, 
in the following, the notation M =nucleon mass, Si =hyperon mass. 


The cross section for pseudoscalar K-meson photopro- 
duction is obtained from (6) by the substitution EM, 
everywhere; the resulting expression is identical with 
the one which describes the photoproduction of pions, 
a fact which can be both suggestive and misleading. 
In this section we examine some of the properties of 
Eq. (6) on the basis of our experience with pions and 
with electromagnetic interactions in general. 

(1) Low-energy pion interactions are dominated by 
the strong enhancement in the j= 3+, t=} state. The 
situation with regard to the possible enhancement of 
the K—Y interaction in some special state is, to the 
authors’ knowledge, a matter of pure conjecture at the 
present stage of our knowledge of these fields and their 
interactions. Accordingly, we must be prepared for a 
behavior of Eq. (6), or its counterpart for pseudoscalar 
K mesons, which is essentially dominated by a single 
amplitude. On the other hand, observations on the 
photoproduction of pions also indicate that processes 
involving the other, nonenhanced states behave in a 
“normal” fashion—i.e., that they may be understood 
by adopting a perturbation approach to a nonrelativistic 
field-theoretic description of the pion-nucleon field.* In 
the absence of an a priori reason for favoring any state 
we can, if we wish to proceed at all, proceed only on 
the assumption that the interaction follows ‘‘normal” 
lines. Nevertheless, it cannot be overemphasized that 
the results of the considerations which follow are based on 
a perturbation approach which, according to previous 
experience with meson field theories, we have every reason 
to regard with strong suspicion. 

Proceeding on the naive assumption of “normalcy” 
we may, assuming a Yukawa interaction of form (1) 
and without the necessity of detailed computation, 
draw certain general conclusions concerning the ampli- 
tudes in Table I. 

(2) The magnitudes of the electric and magnetic 
dipole amplitudes may be obtained from essentially 
dimensional arguments. The coefficients of the energy- 
dependent factors given in columns 5 and 7 of Table T, 
neglecting numerical factors (to be estimated in a 





8 Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
(1956). 
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following section), are 
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where G is a “coupling constant” characterizing the 
strength of the Yukawa interaction (1), p is the electric 
dipole moment of the Y—K system in units of e times 
the K-meson Compton wavelength, and g is the gyro- 
magnetic ratio governing the magnetic dipole transi- 
tions, in nucleon magneton units. We shall return to 
the problem of estimating p and g; for the moment, 
it is sufficient to note that if the anomalous hyperon 
magnetic moments are comparable to those of the 
nucleons (|g|~4~2M/m) we have, at least for charged 
K-meson production (p~1), |E|~|M}|. 

As to the electric and magnetic quadrupole ampli- 
tudes, we shall disregard these in the general qualitative 
discussions of this section, although we shall attempt to 
estimate them later. 

In considering the properties of Eq. (6) it is necessary 
to have information concerning the phases of the ampli- 
tudes as well as their magnitudes. Our approach assumes 
that the amplitudes are all real, an assumption which 
is justified in a perturbation approximation. Here again 
it is necessary to emphasize that this situation would 
not hold for a strongly enhanced state. Furthermore, 
unlike the case of photopion production,’ we do not 
have the possibility of deducing the phases from the 
K—Y scattering phase shifts, even assuming we knew 
how to determine these, since there are a number of 
other absorption channels of comparable or greater 
importance (absorption with single or multiple pion 
production) available to the K—Y system.'° 

(3) In the case of the electric dipole matrix elements 
we may, again on the basis of a simple perturbation 
approach, note a number of important general proper- 
ties. First, we expect the Hamiltonian describing the 
electric dipole absorption process to be essentially spin- 
independent. This has the consequence, for scalar 
K mesons, that E,;=£; in Eq. (6). Hence, insofar as it 
is justifiable to neglect magnetic quadrupole absorption 
(M;’), the interference term vanishes in Eq. (6) and 
the scalar K-meson photoproduction cross section may 
be written 


do, /d9&aM n+ Ey sin’, (9) 


where E? and M? are given by Eqs. (7) and (8) anda 
and y are numerical factors. 
(4) Magnetic dipole absorption, on the other hand, 


®K. M. Watson, Phys. Rev. 95, 228 (1954). 

0 This consideration, as well as the arguments concerning the 
electric dipole amplitudes developed in Sec. (6) below, must be 
borne in mind in considering the suggestions of Amati and Vitale® 
for determining the K-meson parity. 
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is inherently spin dependent. Accordingly, without in- 
voking any specific model or theory, we expect, barring 
accidental cancellations, that | M,—M;|~M for pseudo- 
scalar K mesons, with a resulting cross section of the 
form 


do_/dQ&a' E°n+8’ EM7n? cos6+ M*n}(y' sin*6+6'). (10) 


Equations (9) and (10) are sufficiently different, pro- 
vided 8’ is appreciable, so as to indicate a relatively 
straightforward means of distinguishing between a 
scalar and pseudoscalar K meson as a result of obser- 
vations on their photoproduction. Indeed, it is precisely 
the features discussed above, exhibited quantitatively 
as a result of perturbation field-theoretic calculations, 
which have been emphasized in previous publications 
on this subject.** However, aside from the ever-present 
possibility of enhancement of some state, there remains 
the possibility that, fortuitously or otherwise, M,~ M3, 
in which case 6’ ~ 6’ ~0 in Eq. (10) and the cross sections 
for scalar and pseudoscalar K-meson photoproduction 
would have identical forms. In this connection, it is 
of interest to recall that early computations by Kaplon"! 
on the photoproduction of pions, utilizing a perturbation 
field-theoretic approach which included effects of the 
anomalous nucleon moments, yielded just such a cancel- 
lation in the case of charged-pion production. Of course, 
such a fortuitous cancellation in the photoproduction of 
mesons of one charge would not be expected to apply 
for the other charge. Indeed, Kaplon’s computations 
gave no such cancellation for x production. Accord- 
ingly, we may conclude that while observation of a 
relatively large interference (cos#) term in one process, 
say 


yt+pon+Kt, (11) 


would represent evidence for a pseudoscalar K meson, 
its absence should not be construed as strong evidence 
for a scalar K meson without the observation of its 
absence, also, in a process involving other charges, say 


yt+n—-A°+ K°. (12) 


(5) The possibility of effects such as those discussed 
in (4) above arises for a pseudoscalar Y — K interaction, 
as a result of the complex magnetic structure of the 
virtual Y—K state of the nucleon. Depending on the 
details of this structure, other simplifications might 
occur in Eq. (10). Thus, it might be possible, in some 
reactions, to have y’~0. This possibility (still neg- 
lecting E;’) requires either M;~0 or My~ —2M, [see 
Eq. (6) ]. Since the latter situation appears to be a 
general feature of some reactions according to the 
simplest kind of models, such as that discussed in the 
following section, the experimental observations of the 
presence of an appreciable cos term in the angular 
distribution, especially if coupled, in the appropriate 
reactions, with the relative absence of a sin’# term, 


1M. F. Kaplon, Phys. Rev. 83, 712 (1951). 
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may be construed as relatively strong evidence for a 
pseudoscalar Y —K interaction. 

(6) There is another means, based on the perturba- 
tion approach, for distinguishing between scalar and 
pseudoscalar K mesons. This involves the observation 
that the electric dipole matrix element is determined by 
the charge of the K meson produced.’ Thus, in this 
approximation we would expect, for reactions (11) 


and (12), 

p(A°K+)&{1, 

p(A°K°)=0, 
and the vanishing of either the n or the 7 term in re- 
action (12) would represent a stronger argument for 
a pseudoscalar or scalar K meson. 


The situation is somewhat more complex for K— 
production; we consider the four possible reactions 


1+ p-2°+ Kt, (13a) 
v+p-2t+K°, (13b) 
yt+tn—- 2+ Kt (14a) 
ytn—- 2+ K°. (14b) 


The electric dipole moments are influenced by the 
charge of the = and also by the amplitude of the final 
state in the Yukawa interaction (1). Assuming charge 
independence, with isotopic spins 1 and 4 for the 
> and K, respectively, reaction (1) becomes 


po (4)'=°K ++ (2) iy +Ko 
na— (3)§2- K++ (4)!2°K®, 


(15) 
(16) 


and we obtain, taking into account the hyperon recoil 
effects in a classical approximation, 


p?(2°K +) >}, 


p?(2+K)3 (m/mM)?=0.115, 
: @ K*)=3(1+m sv)? = 
(2°K")=0, 


where 9M is the hyperon mass. In particular, we note 
that owing to the relatively large K-meson mass as 
well as to the weighting factor in (15), reaction (13b) 
as compared to (13a) should be reduced only by a 
factor 3 in electric dipole absorption. 

For magnetic dipole absorption, on the other hand, 
at least insofar as effects of the anomalous hyperon 
moments are concerned, we would expect all the photo- 
production matrix elements [reactions (11), (12), (13), 
and (14) ] to be of comparable magnitude. Accordingly, 
studies of the relative magnitudes of the » and n° terms 
in the various photoproduction reactions may provide 
the least ambiguous evidence concerning the K-meson 
parity. 

(7) Finally, it is important to note that even in the 
(likely) event that the photoproduction reactions are 
dominated by an enhanced state, considerations of the 
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type outlined above will be important in interpreting 
the observed cross sections. The angular momentum of 
the enhanced state can be obtained directly from the 
angular distributions and energy dependence of the 
cross sections: see Table I and Eq. (6); its isotopic spin 
follows from equally simple observations: e.g., a reso- 
nance in reactions (11) and (12) must be in a T=} 
state, etc. However, as pointed out in the introduction, 
the parity of the enhanced state does not follow from 
such considerations. The parity can, nevertheless, be 
determined as a result of the effects on the cross sections 
of the other, unenhanced states which, even if relatively 
small, produce relatively important interference phe- 
nomena. The above considerations can then be applied 
to the interference effects. 

This point is perhaps best illustrated by reference to 
photopion production, whose energy and angular distri- 
butions indicate the importance of the j7=!=} state. 
The fact that this state has positive parity (i.e., is 
produced by M1 and E2 absorption) may be deduced 
from the observation that unenhanced s-wave produc- 
tion is important for charged pions and negligible for 
neutral pions. From this, it may be concluded that 
s-wave pions result from electric dipole absorption and, 
consequently, that the pion is pseudoscalar. 


B. PERTURBATION ESTIMATES OF 
THE AMPLITUDES 


The qualitative statements of the preceding section 
may be put into more quantitative form by deriving 
expressions for the amplitudes in Eq. (6). One method 
is by use of conventional meson field theory in a per- 
turbation approximation; this is the basis of the 
computations already reported.** However, this method 
has the disadvantage, from our point of view, that the 
resulting expressions for the cross sections do not 
permit easy separation into the component processes 
which are the bases of a phenomenological analysis. 
Consequently, it is difficult to observe directly the con- 
sequences of simple changes in the assumptions, such 
as those concerning the values of the anomalous mag- 
netic moments of the hyperons. Furthermore, it is 
difficult to use the field-theoretic results to investigate 
the consequences of possible final-state enhancements. 

We have, instead, derived the amplitudes in Eqs. (6) 
by use of an approximation to meson field theory in 
which the virtual Yukawa interactions [e.g., Eqs. (15) 
and (16) ] are replaced by a description of the nucleons 
in terms of wave functions in which the Y—K state is 
regarded as a real bound state (the atomic model).'* 
Starting with such definite wave functions, the reaction 
matrix elements are computed by the conventional 
techniques of nonrelativistic quantum mechanics. Since 
we are interested in the reactions only near threshold, 
we have estimated the electric and magnetic transition 


2 EF. Fermi, Suppl. Nuovo cimento 2, 17 (1955); B. T. Feld, 


Ann. Phys. 1, 58 (1957) and to be published. 








972 We 2 


TABLE II. Amplitudes for scalar K-meson photoproduction.* 


FELD AND G. COSTA 








Value of ({ ) 























Element Value A°K* A°Ke z°*K+t =*Ke =-K* =°Ke 
M, (m/2M)(gy) ga ga (4)igse (¥)agst (¥)tgz- (4)4gse 
E.-E; 0 gt pat tie het det “pie 
E,+2E; 4np*( pi) 1 0 (3)+ (3)4m/m (3)4(1+-m/m) 0 
M;’ ne?M, ga° ga° (4)4gx° ($)igs* (§)'gs- (4)4gx° 
* In units of o,4 = {p*G2(e2/hic) (h/mc)%}t ~ {12p'G%y wb/sterad }}. ss og = 
TABLE III. Amplitudes for pseudoscalar K-meson photoproduction." 
Value of ( ) 
Element Value A°K* A°K? =°K* =*K* =-K* =°K® 
Ey 2(p1) 1 0 (})4 (3)4m/on (3)*(1+ (m/mn) J 
M,-—M; (m/2M)(2gx —gy) [2(M/m)—ga°] —ga® (4)9[(2M/m)—gy°]) =—(3)'gst = (9) (2M /m)—gz-] = —(4)igze 
M,+2M; n(m/2M gy) ga° ga® (4) bg (3)4gx* (G)dgs- (4) age 
E;’ (12/5)np*p2) 1 0 0 





® In units of o4 = { (4/9) p5G2(e2, hic) (h/mc)%y }4w {5.2p5G2y ub. /sterad }}. 


matrix elements in the approximation of long wave- 
length,” and suppressed such slowly varying factors 
as (E,/mc*) and (1+ 7’) which, near threshold, are 
approximately 1. The results of these computations are 
exhibited in Tables II and III. In these tables, G? is a 
(dimensionless) coupling constant representing the 
strength of the appropriate Yukawa interaction and p? 
is a parameter which is a measure of the extension of 
the K-meson cloud, in units of h/mc; the rest of the 
parameters are as previously defined. 

Substitution of the elements of Tables IT and III into 
Eq. (6) and its counterpart for pseudoscalar K mesons 
gives results which reflect the qualitative features de- 
scribed in the previous section. For the pseudoscalar 
case (Table III), we observe that the magnitude of the 
interference term, E,(M,—M;+E;’) cosé, depends in 
a critical fashion on the values of the intrinsic hyperon 
magnetic moments. These can, at best, be only guessed 
in the present state of our knowledge. However, since 
2g¢x*=2M/m~™4, it is seen that a Y—K* photoproduc- 
tion process in which the hyperon happened to have a 
g factor~4 would have M,—M;~0, a situation whose 
possibility was envisaged in Sec. A(4). Furthermore, 
from Table III we observe that, at least on the basis 
of the model used in these computations, the sin’@ term 
should be absent [y’=0 in Eq. (10) ] in all pseudoscalar 
Y—K°® photoproduction reactions, as anticipated in 
Sec. A(5). This result, as well as the predictions of this 
model for the relative values of the electric matrix 
elements, provides the means for a set of unambiguous 
tests of the relevance of the model to the photoproduc- 
tion reactions (5). 

In order to use Tables II and III to provide numerical 
estimates of the cross sections, it is necessary to adopt 
values of the hyperon magnetic moments. Marshak and 
co-workers have attempted to compute these moments 

18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 


(John Wiley and Sons, Inc., New York, 1952), Chap. 12. 
4 Marshak, Okubo, and Sudarshan, Phys. Rev. 106, 599 (1957). 


(})4 0 (})4 


by deriving field-theoretic connections between the 
anomalous magnetic moments of the hyperons and 
their mass differences, assumed electromagnetic in 
origin. Their results are not unambiguous, but their 
values fall into two groups, of which we quote repre- 
sentative samples in Table IV. Also included in Table IV 
are the predictions of the model of Goldhaber,"* in which 
the hyperons are assumed to be bound states of a 
nucleon and an anti-K meson. 

The estimates contained in Table IV indicate a wide 
range of possibilities for the K-meson photoproduction 
cross sections. It would not seem fruitful, in the present 
state of our understanding, to attempt a definite choice 
between such possibilities. It is of some interest, how- 
ever, to notice how these choices affect the cross sections 
for the processes which are most likely to be investigated 
in the near future. Table V presents a summary of the 
estimated coefficients in the anguiar distribution, written 


1 dox. . ° 
— ——=A,+A yn’?+ Bn cosd+Cr? sin’6 
Ot dQ 


(17) 


for associated photoproduction of A°K*, 2°K*+, 2+K° 
on protons, according to the different moment assump- 
tions contained in Table IV. Some entries in Table V 
contain two values; the main values correspond to 


TABLE IV. Estimates of hyperon magnetic g factors.* 


Marshak ‘ef al.» Goldhaber model 








Hyperon Set 1 Set 2 Scalar K Pseudoscalar K 
A° 2.42 —2.42 0.88 —1.56 
zt 2.10 —16.28 5.59 — 1.86 
> 2.27 —2.27 0.88 —1.56 
z= 2.44 11.74 — 3.83 — 1.26 








* All values assume spin 4 and are in units of nucleon magneton 


po =eh/2Mc, 
b See reference 14. 


15 M. Goldhaber, Phys. Rev. 92, 1279 (1953) ; 101, 433 (1956). 
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TABLE V. Some estimated values of the coefficients* in the angular distributions for y+p—>Y+K. 


Scalar K Pseudoscalar K 
Process As Ap B cS As Ap B c Assumed moments? 
y¥+p ~A°+K* 0.40¢ 0.40(0.10) 0.82(0.41) 7,80(1.95) 4.00 7.60 (2,44) 11.0(3.74 —5.32(—1.89) Marshak ef al. (set 1) 
2°+K* 0.12 0.12 (0,030) 0,24(0.12) 2.63 (0.66) 1,33 2.62 (0.84) 3.76(1.27) —1,89( —0.68) 
z=++K?e 0.20 0.20(0.050) 0.40(0.20) 0.82 (0.20) 0.46 0.20 —0.61 0 
¥+p-A°+K* 0.40 0.40(0.10) 0.82 (0.41) 7,80(1.95) 4.00 16.2(8.05 16.1 (6.80) —15,.7(—7.75) Marshak ef al. (set 2) 
=°+K* 0.12 0.12 (0.030 0.24(0.12) 2.63 (0.66) 1.33 5.38 (2.62) §.30(2.24 5.22(—2.53 
=*+K? 12.2 12,.2(3.05 24.4(12.2) —5.18( —1.30) 0.46 12.2 4.75 0 
yt+p—-A°+K* 0.054 0.054 (0.013) 0.11 (0,053) 7.97 (2.00) 4.00 14.6(6.85 15.3 (6.30 ~14.0( —6.74) Goldhaber model 
z°+K* 0.018 0.018(0.004} 0.036(0.018) 2.68 (0.67) 1.33 4,.86(2.28) 4.90(2.08 4.67 ( —2.24) 
=*+Ke 1.44 1.44(0.36 2.88(1.44 0.20(0,050 0.46 0.16 0.54 0 


* Values in parentheses correspond to p? «4; other values correspond to p? =1. 
bSee Table IV 
* Where no value is given in parentheses, the amplitude in question is independent of p; see Tables II and III. 


p’=1, while those in parentheses assume p?=}. The _ illustrate the type of behavior to be expected of the 
latter assumption is intended, in an extremely crude K-meson photoproduction cross sections. Clearly, they 
fashion, to reflect the observation" that, at least in the depend critically on the specific assumptions, of which 
case of the Yukawa reaction for pions, the meson cloud — the most crucial is the use of the perturbation approxi- 
appears to be concentrated in a region considerably mation. However, the main ieatures follow from the 
smaller than h/yc. much more general arguments developed in Sec. A. 
Figure 1 shows a comparison between the available With regard to our approximation to meson theory, 
experimental observations’ on the reaction y+p— it should be remarked that the results, although they 
A°+K* and our computations. We have, for this may appear quite different from those of conventional 
comparison, arbitrarily chosen the anomalous moments meson theory,’ essentially reduce to the latter for 
of Marshak, set 1, and p?=}. No attempt has been sma!] » (near threshold). There is, however, one im- 
made to adjust the parameters for a “best fit”; instead, portant exception to the foregoing statement, and that 
is in the appearance of the factor gx=M/m in the 
matrix elements for magnetic dipole production of 
charged pseudoscalar K mesons (Table III). This factor 
leads to a reversal of the sign of the interference term 
for charged K-meson production, but does not appear 
in K® production. We may regard this as indicating, 
for our model, an enhancement of magnetic dipole 
photoproduction for charged K mesons. Alternatively, 
this may simply indicate a difference in the anomalous 
ol = ~ L L moments of the hyperons associated with charged and 
"Gem neutral K mesons. There is no way, at this stage, of 
Oe a ee ee eee ee distinguishing between these alternatives. The effect is, 
predictions of Table V, row 1, assuming p?=}. The data are for however, to facilitate agreement between our model and 
photon energies of 1000 Mev (open circles, Cal. Tech.; open the observations (Fig. 1) for either parity K meson. 
squares, Cornell) and 1060 Mev (solid circles, Cal. Tech.), of , : : 
momenta n=0.385 and 0.499, respectively. The curves are arbi- We must re-emphasize that computations based on a 
trarily normalized to do/d0(90°)=0.22 wb/sterad for Ey=1000 perturbation approach cannot provide for the possibility 
Mev; this choice corresponds to G,?=0.19, G_?=0.15. that the Y—K interaction may be enhanced in some 
| as ; special state. The experimental results will, as they are 
we have arbitrarily normalized the 1-Bev cross sections extended, undoubtedly shed light on this question. The 
to the value 0.22 ub/sterad at 90°. It is clear that these main purpose of our examination of the qualitative 
data do not yet provide means for distinguishing be- features of the reactions, and the reason for the adoption 
tween the scalar and pseudoscalar K-meson interactions, of oyr particular mode of expression of the results, is to 
at least not on the basis of the considerations of this provide a physical basis for determining whether such 
pape. an enhancement is, indeed, a feature of the Y—K 
interactions. The elucidation of the properties of these 
interactions should help to provide a firm foundation 
The computations of the previous section and the on which to base a field-theoretic description of the 
numerical estimates, Table V, are intended only to Yukawa reactions involving the strange particles. 
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It is shown that the first two terms in the series expansion of the differential bremsstrahlung cross section 
(in powers of the energy loss) may be calculated exactly in terms of the corresponding elastic amplitude and 
the electromagnetic constants of the participating particles. 





1. INTRODUCTION 


T is well known that the cross section for brems- 
strahlung in a finite-range force field has a dk/k 

dependence on the energy & of the radiated photon as 
k— 0. Except for trivial factors associated with the 
current producing the radiation, the coefficient of 1/k 
is, in the limit of k=0, just the square of the elastic 
amplitude for the scattering that produced the radia- 
tion. (Elastic, as used here, refers to the absence of 
energy loss to the electromagnetic field rather than to 
the identity of the initial and final constituents of the 
collision.) It will be shown in this paper that not only 
the 1/k term but also the term of order zero in & in the 
bremsstrahlung cross section may be exactly calculated 
as a function of the corresponding elastic amplitude. 

This result is a consequence of electric charge con- 
servation. It appears to have a wide range of validity: 
it was originally proved for systems interacting through 
a potential by using the Lippmann-Schwinger for- 
malism, but it can equally well be derived using the 
formalism of quantum field theory. In this paper we 
shall restrict ourselves to the latter case since algebraic 
manipulations are thereby reduced to a minimum, 
particularly in the relativistic region. 

We may imagine the cross section to be expanded in 
powers of the energy loss k for small k (we use units 
h=c=1 throughout) : 


do 
8 tennis pedi (1.1) 


or 


ka=aotkhoit+hkoo+:::. (1.2) 


The results just stated predict a unique value for 


(1.3) 


oo=lim ko 
k0 
and 


(1.4) 


oi=lim —(ko), 
k-0 dk 


provided the corresponding scattering amplitudes are 
known. The term g; in the cross section arises from an 
interference between a term of order 1/k and one of 
order 1 in the amplitude. Unlike the situation in the 
scattering of light, where there is no interference be- 
tween the Thompson and magnetic amplitudes for 
unpolarized targets, there is in general an interference 


term in this case. The coefficient o» contains all electric 
multipoles whereas o; contains all magnetic multipoles 
as well as electric ones. The usefulness of Eqs. (1.3) and 
(1.4) depends on how close one must come to k=0 
before the limit is approximately reached. Barring 
accidentally strong energy dependence, one expects, for 
the case of strong coupling, that the most important 
parameter be k/E. Thus we must have 


k/ EA, 


(1.5) 


In a normal radiation problem one expects that the 
(l+-1)st multipole amplitude will have the ratio kd to 
the /’th, where d is a length characteristic of the source, 
either its linear dimension or, for close collisions, the 
wavelength of the scattered particles. The brems- 
strahlung problem is peculiar in that one finds, instead, 
the ratio v. The explanation is that there exists another 
length, that is, the distance a particle can move with 
energy imbalance AE=k. This length is d’=Altv=v/k, 
so that d’'k=v. Furthermore, unless d’>>b, where 3 is 
the range of the force producing the scattering, it must 
be impossible to separate the scattering from the radia- 
tion; we must therefore have, in addition to (1.5), 


d'/b=0/kb>1, or kb/v<1. (1.6) 


For a sufficiently singular potential, presumably b 
may be replaced by 1/p, leading back to our condi- 
tion (1.5). 

For a nonrelativistic system the electric dipole ampli- 
tude is ~ (ev/k)T where T is the scattering amplitude. 
We here calculate the k/E (or kb/v, as the case may be) 
correction to it. The electric quadrupole amplitude is » 
times as small; we calculate it and also its k/E cor- 
rection. The magnetic dipole is k/p=(k/E)v times as 
small as the electric dipole; it is calculated here only in 
lowest order. 

We state in this section our result for two special 
systems. Formulas for other systems may be derived 
easily using the methods developed in Secs. 2 and 3. 

Case A.—Two spin-zero bosons, with initial four- 
momenta p; and py», final four-momenta p,;' and py’. 
Particle one carries charge e, particle two is neutral. 
The S-matrix element is 


(kpx' po’ | S| pipe) = — (2x) 16 ( pi’ + po’ +k— pi— po) 
X (32kEy'Ey'E,E:)1M ,¢,, 
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with 
Mywof 2 a 4) 
pick pick (1.7) 
u po’ -k upo'k OT (v,A 
+e" p: de ae Ps ~tu) ; vA) OU), 
pi'-k pick Ov 


where v=: pot pi’: po’, A=(p2—po')*, T is the in- 
variant scattering amplitude, and ~::po= piso. The 
photon polarization is ¢,. For a nonrelativistic system v 
is proportional to the average (of the initial and final) 
kinetic energy and 4/A is the momentum transfer of 
the neutral particle. 

Case B.—One neutral spin-zero boson, of four- 
momenta go and g,, and one spin-one-half fermion of 
charge e, anomalous moment \, mass m, and four- 
momenta fo and p;: 


1 
M,=«( p1)| (erst ido) T 
iy: (py+k)+m 


1 


+T —(1ey,+1A0,k,) 


iy (po- k)+m 

Qs kP iu qo" kpoy oT / 

+e ' - Qtut — Jou u( po) 
py k po-k Ov 


+O(k), (1.8) 


where 7 1s the invariant scattering amplitude, ex- 
pressed in the form T=A(v,A)+ }iy: (go+q,)B(v,A), 
and where v=po-gotpys-qs and A=(go—q,)*. Equa- 
tions (1.7) and (1.8) are correct to order k. 

In general, the methods developed in this paper 
make it clear that, given the amplitude for any radia- 
tionless process, the amplitude for the process accom- 
panied by radiation may be calculated to order &° in 
terms of it. 

We give finally the nonrelativistic limit of Eqs. (1.7) 
and (1.8). In this limit A~(p.—p2')*=(pi—pi')?? 
= (pi— p,’)® and v= — (m,+m,)(E+E’), where p; and 
p: are the initial and final momenta of particle 1 in the 
c.m. system and £ and E£’ are the initial and final 
energies of the particles in the c.m. system. One finds 
easily : 


ma2[O oP (— s) 
my k F 
oT 
—Hort mt) (a) (1.7 N.R.) 


Cc 


2. DERIVATION FOR TWO SPIN-ZERO PARTICLES 


We shall for simplicity consider here radiation by a 
system of two spin-zero bosons, of which only one is 
charged. The generalization to two charged particles, 
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charge exchange scattering, etc., is obvious; the 
generalization to the case where at least one of the 
particles has spin 4 is less obvious and will be discussed 
in the next section. 

Let 1, p2 be the initial and py,’ and py’ the final four- 
momenta of the two particles. The photon has energy- 
momentum k, so that 


Pit po= pi’ t+ po +k. 
The bremsstrahlung matrix element may be written 


¢,M ,(32kE,' E,’E,E2) i (2.2) 


(2.1) 


where M,=M,+M, and M, consists of the sum 
of all Feynman diagrams in which the photon is emitted 
before or after the interaction; M,® consists of all 
other diagrams. As k— 0, M“)~1/k, M®~constant, 
independent of how k, — 0. 

The current that emits a final photon (let particle 1 
carry the charge) is 


ID =epy,! pi'-k, 
whereas the current that emits an initial photon is 
J, =—epy pick. (2.4) 


Equations (2.3) and (2.4) are exact. To prove this, we 
use the relation 


AF. (p2)(po— Pr uT a (Po, Pr) AFe( pr) 
=e[Ar.(pi)—AF.(p2) ], (2.5) 


(2.3) 


where Ar, is the exact renormalized boson propagation 
function and 7, the exact renormalized electromagnetic 
vertex operator. It follows from (2.5) that 


(P2— pr) pI) y(P2,pi) = —e, 


where J,(p2,p1) is the final current and where 


(2.6) 


p?+m’=0, i.e., J =T (po, pr) APe( pi). (2.7) 


Now 
J u= (pot piuf(pi+m’, p2+m’, (p2—p.)*) 
+ (p2—- Piug(pet+m’, pr+m’, (po— pr )?). 


In our application, po= pi’, pi=pi'+k, so that the 
coefficient g multiplies k, and may be ignored. Equa- 
tion (2.6) tells us that 


— 2k: pr’ f(0, 2k: py’, 0) =—e, 


or {(0,x,0)=e/2x so that (2.3) holds. The proof for 
(2.4) is identical. 

The coefficients of J,‘ and J, are the appropriate 
invariant scattering amplitudes, which we shall call T: 
thus 


(2.8) 


Myo (pi +k, po’ | T | pr,pox 
pi'-k 


Pin eet 
isp! pi-k, »)} (2.9) 


1° 
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The 7 matrices in Eq. (2.9) conserve momentum and 
energy but not mass. Let us call the initial and final 
masses of which the JT matrix is a function M, and 
M,’, respectively ; the actual masses of the two particles 
are m, and m2. The T matrices with which we have to 
deal depend on the two mass values assumed by m, as 
well as on two other variables, essentially energy and 
angle. It is convenient to choose these last to be 
v=Ppi- pot pr’: po’ and A= (po’ — pro). At M,=M,'=m, 
the T matrix is a known linear function of the scatter- 
ing amplitude. We write 


T= T(M,",M ;’,v,A). (2.10) 
Then 
e / 
M0 =e" 12 —2k- py’, m?, 
pi'-k 
Pi Pot pr’: po’ +k: po’, (p2— pr’)*) 
CPip 
ei m+ 2p.-k, 
" pubet pip! —k- Ps, (bop). (2.11) 


Since the over-all current is conserved, we have 


k,M,=0, (2.12) 
so that 
k,M,® =—k,M,™ (2.13) 
=eLT2(2p1-k)+T1(2p1' -k)—Ts(p2+ pz’) -k] 
+O(R), (2.14) 


where 7,, means differentiation with respect to the mth 
of the four arguments given by Eq. (2.10). The deriva- 
tives in (2.14) may be evaluated at k=0 to give us the 
necessary accuracy. From (2.14) and the absence of 
singularities of M,® as k— 0, we have 


M, =| 2pipT 2+ 2pry’'Ti— (pout pry’ )Ts]. 


If we now expand Eq. (2.11) in power of k, and add 
Eq. (2.11) and Eq. (2.15), we find, keeping only the 
first two terms: 


(2.15) 














Msa¢ Pip ‘2 Pis )romamén) 
pi'-k pick 
Pix Pu’ 
+4 po: R— pot pik pa | 
pick pi'-k 
oT 
X omctsanr's7 A) + OC), (2.16) 
v 


where v= fi: pot pi’: po’ and A=(p2—p.’)*. It will be 
seen that the derivatives with respect to M? have dis- 
appeared from the final formula; that is, the matrix- 
element has been expressed, to order °, as a function 
of the (mass-shell) scattering amplitude and its deriva- 
tives with respect to energy and angle. Before going on 
to more complicated processes we may emphasize that 
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although the details of the correction terms depend on 
the system under consideration, the cancellation of the 
derivatives of the T matrix with respect to the masses is 
a very general result. Thus, although we shall only give 
the result for two special cases, the procedure is suffi- 
ciently straightforward so that it can be applied to 
bremsstrahlung in any kind of process. As our second 
example, we consider a boson-fermion collision. 


3. DERIVATION FOR ONE SPIN-ZERO AND 
ONE SPIN-ONE-HALF PARTICLE 


Here, again for simplicity, we consider scattering of 
a charged spin —} fermion of four-momentum /p, mass 
m, and anomalous magnetic moment \ by a neutral 
boson of four-momentum g, mass y, and spin zero. The 
case of a charged boson may be treated by the same 
methods as were introduced in Sec. 2. Although the 
case of fermion-fermion scattering is considerably more 
complicated, it will be clear that the same methods can 
be applied there as here. 

Our procedure parallels that of Sec. 2. As before, we 
write the radiation matrix element as 


€,M , (32kRE;Eqw pw) - (3.1) 
where M,=M,+M,® with 
M,” =J,“(ps+k, qr| T| Po, Jo) 
— (py, qr\T po—k, go)J,"”, (3.2) 


and M,® again to be determined by Eq. (2.12). Here 
we can no longer calculate the /,’s exactly; however, 
we can still calculate that part of the /,’s which has a 
singularity as k — 0; it is, for J,”, 


1 
JP =U ps) (ieyy tide yk,)———— » (3.3) 
iy: (pyt+k)+m 
and for J,”, 
1 
JO =————(teypt iro yk,)(p;). (3.4) 
iy: (pi—k) +m 


Now consider the operator 


1 1 
ty Pett —M,), (3.5) 
iy: (pytk)+m 2py-k 
where 

Ps=pytkhk, Mf=—PP=m'*—2p,;-k. (3.6) 
Since m—M,~(p,;-k)/m, the m—My in Eq. (3.5) 
cancels the 1/k singularity, so that its effect may be 
included in M,®. Thus for the purpose of calculating 
M,, we may let 


(iey,+ IAG pk ») 
J,0=8(p)————— 
2py-k 


(—iy:P;+My), (3.7) 


with a similar equation for J,‘. The point now is that 
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iy: Ps acting to the right of J,” gives —M,, since Therefore 
(—ty:Pyt+M,)iy:Ps=PP+M js (iy: Ps) M, =eil(ps)} 2pp,T1+2po,T 2 

=—-M/+M py: Ps=(—ty: Py t+My)(—My). 1 
Therefore the T matrices in Eq. (3.2) have the same + (iv,T+ Ti1)-—— (qy+qo)uTs}u(po), (3.14) 
number of independent functions as the real 7 matrix, — 
that is, two: T=A+hiy-(o,+0)B (3.8) where, as in Sec. 2, subscripts refer to differentiation, 

ee a ee re and all quantities in (3.14) may be evaluated at k=0. 

where, exactly as in Eq. (2.10), We turn now to M,. We may replace 


(— iy: Py+M y)/2py-k by (— iy Py+m)/(2py-k)—1/2m 


A=A(My,,Mo,v,A), B=B(M,,Mo,v,d), (3.9) The second term, —1/2m, will cancel the next to 


v= ps: gst po: qo, A= (qs—o)’. the last term in (3.14) and may be ignored. Also, we 
W idles dan DE expand A and B in powers of k; associated with the first- 
a a order term we may set (—?y-Ps-+m)=(—iy- pyt+m) 
; since the difference is of first order and will result in a 
M,"= ap,)| (1€Y p+1No phy) second-order product. Finally we note that 
; (Py )ivu(—ty: py )=a 
—tyPyt+My ae U(ps)ivul(—ty:pytm)= ips) 2Ds,, 
x( ey ) [A(M/,m?,v+q7-k,A) and, of course, that 
2py-k 
éy- (eet-@s) ve —ty:(pyt+k)+m . 1 | 
+— " B(M 7,m*, v+q;-k, A) 2py-k ty: (by-+h)-b 0 
ty: (go+qy) With these remarks, (3.10) becomes 
> E (m?,M °’, me qo k, A) + 
2 1 
-yPot+M M,0=a(p){ (tey,+1A0 ky) T 
a ty: 5 4 0 1 + ( +k)+m 
X B(m?,M*, v—qo-k, »|( ) id 
2po-k 1 
.; (iey,+ido,k,) 
ty: (po—k)+m 


X (iers+ dont.) (po). (3.10) 


Qs kP iu qo" kPoy oT 
; ’ Poe +e + 
In Eq. (3.10), we have Po=po—k, Me? =m?*+2po-k, py-k pork J dv 
v=po'gotpys-qs, and A=(go—q,)*. We proceed exactly 
as in Sec. 2 by calculating k,M,°=—k,M,. The ~¢(2pisTi+2puTs)}ulpo. (3.15) 
only new algebraic points included are the following: 


—iy:P;+M, We now add (3.14) and (3.15) to get M,: 
i(py)iy-k 
wAPY ( 2p -k ) M,=M,+M,®, 
or 
=U(pys) |- iy: (pyt+k)+m—- | M,=a(p))| (teyp+1ro pky)- —T 
2py-k m | ty: (pytk)+m 
ty'k 1 
=u(p/)(1- z ), (3.11) +T-— -(iey,+ido,,k,) 
2m iy: (po—k)+m 


—iy: Pot+Mo iy:k -k -k aT 
~_ ry ku (po) = (14 (po). (3.12 iu 4 . 
( rr i u( po) ( ‘ ) po) ) +e allah fo P u( po) 


7 Ps Po v 
The calculation of k-M“ is now straightforward and +0(k). (3.16) 
yields 
iy:k\ ACKNOWLEDGMENTS 
k-M“ =eu(py)} { 1-—— )ran rm, v+qy-k, A) : 
2m The author would like to thank J. Schwinger for a 


stimulating and helpful conversation. He would also 


—T(m?,M 2, v—qo-k, (142 ) mcr, (3.13) like to thank J. Bernstein for arousing his interest in 
2m the bremsstrahlung problem. 
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In proving the TCP theorem, it is customary to assume, besides other assumptions, that kinematically 
independent fermion fields anticommute with each other and boson-boson and boson-fermion pairs satisfy 
ordinary commutation relations. In this paper, it is shown in an elementary fashion that this assumption is 
actually not necessary to prove the invariance of field theory under TCP. 





zz is well known, relativistic quantum field theory 
is invariant under TCP where 7, C, and P repre- 
sent time reversal, charge conjugation, and space 
reflection,! provided that it satisfies (i) invariance 
under the continuous Lorentz transformation, (ii) 
Hermiticity of the Hamiltonian, (iii) the usual con- 
nection between spin and statistics, and (iv) locality 
of the field equation. Actually, under these assump- 
tions, each term H;,(x) of the interaction Hamiltonian 
density is shown to be invariant under TCP except 
that its resultant sign cannot yet be determined. To 
guarantee that H; is invariant without any change of 
sign, it is customary to make the further assumption: 
(v) kinematically-independent fermion fields anticom- 
mute with each other, while boson-boson and boson- 
fermion pairs always commute. 

In view of the apparently minor role of the last 
assumption, however, it has been suggested that such 
an assumption might not be necessary for the sub- 
stantial validity of the TCP theorem.” Recently Liiders 
has shown that the assumption (v) is actually not neces- 
sary and thus the TCP theorem, if suitably modified, holds 
under the assumptions (i)—(iv) only.*4 This follows from 
the observation that any field theory built on the 
assumptions (i)—(iv) can be transformed to the normal 
theory’ by means of a certain Klein transformation® 
which leaves all physical content of the theory un- 





* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1J. Schwinger, Phys. Rev. 82, 914 (1951); 91, 713 (1953); 
G. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954); W. Pauli, in Niels Bohr and the Development of 
-_—- edited by W. Pauli (Pergamon Press, London, 1955), p. 

0; J. S. Bell, Proc. Roy. Soc. (London) A231, 79 (1955); R. Jost, 
Hae, Phys. Acta 30, 409 (1957). 

? T. Kinoshita and A. Sirlin, Phys. Rev. 108, 844 (1957), refer- 
ence 22. This was the starting point of the present investigation. 
Because of the preliminary nature of that footnote, its content 
should be superseded by the present paper. 

3G. Liiders (to be published). I would like to thank Dr. Liiders 
for sending me his paper before publication. 

‘T. Kinoshita (unpublished). In this paper, a proof of this 
theorem was given for the case where no assumption is made 
about the commutation relation of kinematically-independent 
fermions but boson-boson and boson-fermion pairs are assumed 
to be commutative. In this restricted case, a suitable Klein 
transformation can be easily constructed making use of the result 

of our previous consideration on the classification of fermion fields. 
See T. Kinoshita, reference 7. 

5 We shall call a field theory “normal” if it is based on the five 
assumptions (i)—(v). In contrast, field theory built on (i)-(iv) 
only will be called “general.” 

®Q. Klein, J. phys. radium 9, 1 (1938). 


changed, although it may convert some commuting 
pairs of fields into anticommuting ones and vice versa. 
The following lemma plays an important role in proving 
the existence of such transformations’:*: Lemma 1. Any 
term of the Hamiltonian must contain an even number of 
field operators which anticommute with any given field 
operator. 

The purpose of this note is to present an alternative 
proof of the equivalence of the general field theory and 
the normal theory.® Although this is not quite as rigor- 
ous as the previous proof,’ it may be helpful for the 
better understanding of this problem, the derivation 
being short and elementary. 

As was mentioned at the beginning, an interaction 
term H;,(x) will be transformed under TCP into 
+H;,(—x) in the general case. We shall denote this by 

H,(x) > mHi(—x), (1) 
where m,.=1 or —1 depending on what particular 
assumption one makes about the commutation relation 
of different fields. In the normal theory, 7, is of course 
equal to unity for any term of the interaction Hamil- 
tonian. Let us now ask the following question. Is it 
possible to distinguish by any physical means the 
effects produced by a Hamiltonian with indefinite 7,’s 
from those produced by a Hamiltonian which is for- 
mally identical with the first one but is made TCP- 
invariant by some additional assumption? 

Since all sorts of relevant information can be derived 
from the S matrix, we shall study the transformation 
properties of the S matrix under TCP. In the inter- 
action representation, the S matrix may be written 
formally as follows: 


s=P[exn| ~ifas 2 aut.) | 


where P is an operator which orders the factors chrono- 
logically so that time values decrease from left to right. 


(2) 


7S. Oneda and H. Umezawa, Progr. Theoret. Phys. (Japan) 
9, 685 (1953); T. Kinoshita, Phys. Rev. 96, 199 (1954); H 
Umezawa, Quantum Field Theory (North-Holland Publishing 
Company, Amsterdam, 1956), p. 198. 

8 If more than two field operators A; and A,* of the same kind 
appear in the terms of the interaction Hamiltonian, each such term 
must be properly symmetrized or antisymmetrized beforehand. 
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The TCP operation is defined by® 
¢*(x)— ¢*(—x), forspin0, (3) 


¥(x) — i (—-x)ys, for spin 4, 


¢(x) — 9(—2), 
Vx) > ty(—2), 


etc., followed by inversion of the order of all operators 
in the Hamiltonian and other quantities. If one applies 
TCP to the S matrix (2), the latter is transformed into 


S’ = Plex — if a D mH (—x) i] (4) 
k 


which may also be written in the form 


S'= P| exo| _ if as > nH, (x) i (5) 
k 


where P orders the factors in the opposite way to P. 

We first note that individual terms of the S matrix 
give transition probabilities which are completely in- 
sensitive to the signs of m,’s since m,’=1 for any m. It 
is only when some observable quantities change sign 
under TCP that the sign of , becomes a matter of 
interest. This could possibly be found in the inter- 
ference of various terms of the S matrix which have 
common initial and final states. 

Let us start our consideration of interference effects 
with a simple example in which a second-order process 
caused by the two interaction terms H2(x) and H;(x) 
interferes with a first-order process due to H,(x). The 
S and S’ matrices are then approximated by 


(—4 
af f d‘x H,(x)+- ne f f d*yd's P(H2(y)H3(2)), (6) 


and 


n|- if as Hy( x) 


(-i) 
+— ann f f d'yd's Peas(y)Hs(9)} (7) 


respectively. To see whether or not the interference of 
the two terms of (7) can depend on different assump- 
tions about the commutation relations, it is therefore 
sufficient to study the sign of the product :n2;. This 
means that we have only to look at the product 
H,(x)H2(y)H3(z) at equal times and different space 
points instead of the S matrix itself, and study its be- 

See W. Pauli, reference 1. There is still an arbitrary phase 
factor left in the spinor transformation of (3). Thus, the TCP 
operation may also be defined by ¥(x) > —iys(—-x) for any 
fermions and ¥(x) ~ +yw(--x) for fermions other than the 
Majorana particles. The definition of 7CP may further be gen- 
eralized by assigning different rules to different fermions. It is 
easy to see that the conclusion of this paper is not affected by 
such generalization. 
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havior under the TCP operation 


H,(x)H2(y)H;3(2) — 
TCP(Hi(x)H2(y)Hs(2) (TCP). (8) 


Now, there are two ways to rearrange the Hamiltonians 
on the right-hand side of (8) into the original order. 
The first method is to express it in the form 
ninmsll ;(—2)H2(—y)H;(—x) using the definition (1) 
and then rewrite it in the form n:nm/,(—x)H2(—y) 
<H;(—z), making use of the integrability condition of 
the Schrédinger equation in the interaction representa- 
tion. The second method is to apply the TCP operation 
to the product H,H.H; as a whole, which may be 
symbolically expressed as a product A;A2°--An. To 
simplify the necessary calculation, let us introduce a 
symbol ¢;; defined by” 


A;Aj= 6A jAi. (9) 

Taking into account the fact that H;(x) is the 00 

component of a second-rank tensor, the right-hand side 
of (8) can then be rearranged in the form 

H,(—x)H2(—y)H;(—2)i JT ey, 


i>j 


(10) 


where i, 7=1, 2, ---, m, and 2g represents the total 
number of fermion operators that appear in the product 
H,H.H;. Although almost nothing is known about 
individual ¢;;, it is possible to evaluate [];+je;; in this 
case. For this purpose, we have only to notice that the 
product H,H.H; is characterized by the fact that it 
contains an even number of field operators of each kind. 
It is then easy to see that the equation 


II ej = (—1i) 


>) 


(11) 


holds if A; commutes with both A; and its adjoint A ;* 
or anticommutes with both. This condition can be 
expressed by the following single formula: 


[AA ;*A,;J=0. (12) 


Comparing the results obtained in two different ways, 
one can conclude at once that the relation 


nnms=1 (13) 
must be valid under any assumption about the com- 
mutation relations of different fields, provided that the 
condition (12) and the integrability condition are satis- 
fied. In this example, it is therefore impossible to detect 
any breakdown of TCP invariance of field theory by 
looking at the interference effect. 

The same consideration applies to any complex dia- 
grams of the S matrix since only those features of the 
particular example were used in the above argument 


1 We have to choose ¢;;=1 or —1 depending on whether A; 
and A; commute or anticommute. When 4; is adjoint to A;, one 
finds an additional ¢ number on the right-hand side of (9). But 
this can be neglected because of the remark of reference 8. 
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which are also valid in the general cases. Thus it is 
easily seen that relative signs of the terms of the S 
matrix having the same external lines are independent 
of any permissible choice of n,’s and are always identical 
with those of the corresponding normal theory. This 
may be restated as follows: although individual terms 
of the interaction Hamiltonian may not be invariant 
under TCP when the assumption (v) is not used, the non- 
invariance of various terms is not completely arbitrary 
and is always correlated in such a manner that it cannot 
be detected by any physical means. The only arbitrari- 
ness that remains in the S matrix is therefore the rela- 
tive sign of various physically unrelated processes. This 
does not give us any trouble, however, since it is not 
observable by any means. The unitarity of the S 
matrix may seem to introduce further restriction on the 
relative signs. But, as is easily seen, this does not 
produce any new consequences. We may therefore 
conclude that it is impossible to distinguish the predic- 
tions of the field theory which is built on the assumptions 
(i)—(iv) from those of the normal theory in which the 
additional assumption (v) is made. 

In deriving this result, we have used only the in- 
tegrability condition and the formula (12), both of 
which are involved in Lemma 1 as particular cases. 
On the other hand, Lemma 1 has apparently played a 
substantial role in the previous treatments.** One 
might therefore think that the present method is based 
on weaker assumptions than the previous one. This is 
not correct, however, since we have developed our 
argument using the interaction representation which 
cannot be justified unless one makes use of conditions 
like (A.3)." This, however, is equivalent to Lemma 1. 

The above consideration makes it clear that the TCP 
theorem must hold, after an insignificant modification 
of terminology, for the general field theory in which 
only assumptions (i)—(iv) are used. If any deviation 
from the predictions of the TCP theorem were observed, 
one would therefore have to conclude quite definitely 
that some of the assumptions (i)—(iv) are in serious 
trouble. Processes like the r—y—e decay and the K- 
meson decay may serve as experimental tests of the 
TCP theorem, as has been suggested recently.” 
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APPENDIX. SOME REMARKS ON LEMMA 1 


For a systematic investigation of commutation rela- 
tion between kinematically-independent fields, Lemma 
1 seems to provide the most reasonable starting point, 


1 Y. Takahashi and H. Umezawa, Progr. Theoret. Phys. 
(Japan) 9, 14 (1953). See also C. N. Yang and D. Feldman, Phys. 
Rev. 79, 972 (1950). 

12T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 
H. P. Stapp, Phys. Rev. 107, 634 (1957); T. Kinoshita and 
A. Sirlin, Phys. Rev. 108, 844 (1957). 
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It would therefore be useful to clarify some features of 
this lemma in this Appendix, even though it has been 
discussed previously in the literature.’: 

One of the most elementary requirements of any 
theory would certainly be that its formulation should 
at least not contain any obvious inconsistency. Lemma 1 
derives essentially from application of this logical re- 
quirement to the equations of motion of field theory. 
In a formulation of field theory in which a g-number 
Lagrangian of the system is given, the equation of 
motion is derived most directly from the action prin- 
ciple. Since there are two ways (left variation and right 
variation) to apply the action principle, two equations 
are obtained in this manner for any given field operator, 
say A;. Requiring that they must not contradict each 
other since they describe the same process, one sees 
readily that Lemma 1 is valid for those terms of the 
Lagrangian that contain the operator A ,*."* 

To extend this result to all terms of the Lagrangian, 
it is sufficient to remember that the equation of motion 
can also be derived from the infinitesimal generating 
operator of our system. In the case of simple translation 
of the space-like surface, this operator may be written 
as P,dx* where P, is the energy-momentum 4-vector. 
Such an operator induces the canonical commutation 
relation 

[ Py,A«(x) ]=i0A ,(x)/Ox*. (A.1) 
Lemma 1 follows immediately if one requires that this 
equation must be identical with the equation of motion 
for A; derived from the action principle. 

If one imagines that certain terms of Po do not satisfy 
Lemma 1, it is easy to see that 0A ;/dx» of (A.1) depends 
on the behavior of kinematically independent fields at 
arbitrarily distant points space-like to x,. This seriously 
violates the causal requirement of relativity. In fact, 
such a theory would not even belong to the ordinary 
category of nonlocal theory since it contains no new 
constant having the dimension of length that would 
give a measure of the range of acausality. Furthermore, 
as was pointed out by Pauli,!® the usual spinor and 
tensor characters of fields, and hence the Lorentz in- 
variance of the formalism, would be destroyed if Lemma 
1 is not satisfied. One may thus regard Lemma 1 as being 
equivalent to the assumption that the equation of 


18 Tn previous work (reference 7), Lemma 1 has been used in 
particular to classify the interaction fermion fields into several 
sets, called fermion “families,” taking advantage of restrictions 
imposed by Lemma 1 on the commutation relation of kinemati- 
cally independent fermions. The “family” was conceived in an 
attempt to find some properties that could characterize the 
ordinary concept of baryon and lepton families. Such a classifica 
tion has not much physical significance, however, since it is based 
on the hard-to-justify assumption that boson-boson and boson- 
fermion pairs are always commutative. 

4 Tn a previous paper (T. Kinoshita, reference 7), Lemma 1 was 
proved explicitly only for this case. Thus, that proof is obviously 
incomplete. 

et "4 Pauli (private communication to R. Spitzer). See refer- 
ence 17. 
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motion (A.1) must be local and Lorentz-invariant if the 
Hamiltonian is local and invariant.!® 

If one chooses the interaction representation instead 
of the Heisenberg picture, Eq. (A.1) is reduced to an 
equation for the free field 


[P,',A i(x) ]=i0A «(x)/dx*, (A.2) 


where P,’ is the energy-momentum 4-vector for an 
assembly of free fields, and thus gives no restriction on 
the interaction Hamiltonian. At first sight, this might 
look rather puzzling. As is well known, however, field 
operators in the interaction representation must satisfy 
equations like 


(A «(x),Hi(x’) |= —iS;(x—x')0H,(x’)/0A;, (A.3) 
where 
[A i(x),As(x’) ]4= —iSi(x—2’), (A.4) 
16 This would be the assumption one kas to make, if one wants 
to derive Lemma 1 not from the Lagrangian formalism but from 
the canonical commutation relation. 
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and H, is any term of the interaction Hamiltonian 
density." Equation (A.3) is the complete condition for 
the existence of a unitary transformation which con- 
nects the equation of motion in the interaction repre- 
sentation with that of the Heisenberg picture. It leads 
us immediately to Lemma 1, as was pointed out by 
Oneda and Umezawa.’ Spitzer’s recent work'’ on the 
commutation relations of fermion fields does not in- 
clude the consequences of requiring condition (A.3). 

It is to be noted that Eq. (A.2) is not completely free 
from assumptions about the commutation relation of 
different fields. In fact, the condition (12) follows from 
(A.2) by requiring that it should be an equation involv- 
ing only the field A; Obviously, Eq. (12) must be 
satisfied even in the theory of free fields. 

17 R. Spitzer, Phys. Rev. 105, 1919 (1957). That this crucial 
point is overlooked in Spitzer’s work has also been pointed out by 
Pauli (reference 15). His argument is based on the conditions 
imposed by Lorentz-invariance upon the vacuum-expectation 


values of the products of field operators. For details, see A. S. 
Wightman, Phys. Rev. 101, 860 (1956). 
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Statistics of Pi Mesons 
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(Received january 10, 1958) 


By analyzing the decay of the r* meson, evidente for the boson character of x* mesons is obtained which 
is independent of the Pauli relation between spin and statistics. The usual Dalitz-Fabri expansion in angular 
momentum eigenfunctions is made, with the important difference that only antisymmetric states are 
allowed for the two like pions. The matrix elements and x~ distributions are calculated and the latter are 
compared with the data from 481 r* decay events by using x? to test the statistical significance of each 
hypothesis about the spin and parity of the final state. If parity is conserved in the decay, then no reasonable 
fit can be obtained for any spin Jess than 4. If parity is not conserved, then no reasonable fit can be obtained 
for any spin less than 3. Thus, if the 7 spin is less than 3, we conclude that x* mesons obey Bose statistics. 
This result is independent of any assumption about invariance under time reversal. 


I. INTRODUCTION 


SING very general postulates within the frame- 
work of quantum field theory, Pauli’ showed in 
1940 that particles with integral and half-integral spins 
would be characterized by Bose-Einstein and Fermi- 
Dirac statistics, respectively. This connection between 
spin and statistics has been experimentally verified in 
the cases of photons, electrons, and nucleons. Since 
m mesons have spin zero, it has been natural to assume 
that they are described by Bose-Einstein statistics. 
However, it would be desirable to have direct experi- 
mental verification of this point. For this purpose it is 
necessary that a system of at least two identical 
mesons be available so that one may determine whether 
the wave function describing them is symmetric (Bose- 
Einstein) or antisymmetric (Fermi-Dirac) under inter- 
1 W. Pauli, Phys. Rev. 58, 716 (1940). See also W. Pauli, Progr. 
Theoret. Phys. (Kyoto) 5, 526 (1950). 


change of their coordinates. It is not particularly easy 
to create such a system under conditions that permit a 
fairly definitive determination of the symmetry 
properties of the wave function. However, the decay 
of the r+ meson r+ — x++a+-+a~ furnishes the re- 
quired experimental situation, for the energy and 
angular distributions of the #~ meson are found to 
depend on the symmetry assumed for the part of the 
final-state wave function that describes the system of 
two r*’s. The w distributions are obtained by using 
the expansion in angular momentum eigenfunctions 
developed by Dalitz? and Fabri’ for the purpose of 
determining the r*+-meson spin and parity. Eisenberg 
et al.* have analyzed the results of 481 cases of r+ decay 


?R. H. Dalitz, Phys. Rev. 94, 1046 (1954). 

3 E. Fabri, Nuovo cimento 11, 479 (1954). 

‘Eisenberg, Lomon, and Rosendorff, Nuovo cimento 4, 610 
(1956). (Hereafter referred to as I.) This paper contains references 
to all the events analyzed. 
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TasLe I. Absolute squares of matrix elements. 











JF (L,L’) Ss ,P(b,0' 0) 

0,- (1,1) p?p"? cos’é 

1,-— (1,1) i sin’? 

1,+ (1,0) 

— (1,1) Pyr(3-co0¥) 

2,+ (1,2) p*p’* sin’? 

oe (1,3)\ sin’@[|an3| *pp'*+| asi |*p%p” 
(3,1) / +4 @13| | G31 | |cosep'p’*(S cos*@—1)] 

we (12) \auz|2p#p"4(2-+cos*®) + §| ayo | 2p? 
3,0)) 


+ |ar2| |as0| cosep*p’?(3 cos’? — 1) 








and have found that good agreement between experi- 
ment and theory is obtained for a r* meson of (spin, 
parity) (0,—) if it assumed that + mesons obey Bose 
statistics. Baldo-Ceolin et al.® have reached the same 
conclusion from another sample of 400 events. We make 
here the alternate assumption that pions obey Fermi 
statistics by assuming that the system of two z*’s has 
odd orbital angular momentum. The results presented 
in Sec. II, where parity conservation is assumed in the 
decay, show that agreement with experiment cannot 
then be obtained if the r* spin is less than or equal to 
13. In view of the conjecture by Lee and Yang* that al 
weak interactions fail to conserve parity, an attempt 
is made in Sec. III to fit the data by allowing a final 
state of mixed parity, which may occur if parity is not 
conserved in the decay. In this case, it is not possible 
to obtain agreement for any 7* spin less than 3. We 
thus conclude that +* mesons are bosons if the r* spin 
is less than 3. The validity of this conclusion is of course 
governed by the validity of the Dalitz-Fabri assump- 
tions about the nature of the interaction which is 
responsible for the decay.’ In this analysis we have 
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Fic. 1. Negative-pion energy distributions plotted against 
energy for various assignments of spin and parity of the final 
state. Except for the curve labeled 0O— (Bose), which is included 
for comparison, these curves are obtained by assuming that the 
like pions are in antisymmetric states. The “experimental points 
are from I. 


5 Baldo-Ceolin, Bonetti, Greening, Limentani, 
Vanderhaeghe, Nuovo cimento 6, 84 (1957). 

6 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

7 The assumptions (a) and (b) ‘of I are the same as those of 
Dalitz and Fabri. 
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considered only the 481 events collected in I. The 
distributions of the other sample’ do not appear to 
differ from those of I enough to change our conclusion. 


Il. DISTRIBUTION FUNCTIONS 


In this section we calculate the energy and angular 
distributions of the w~ for each choice of spin J and 
parity P of the final state wave function. Table I gives 
the angular momentum pairs (L,L’) and the absolute 
squares of the matrix elements corresponding to the 
minimum value of L+L’ possible for each choice of 
spin and parity. In this table Z and L’ are the angular 
momentum quantum numbers of k=rXp_ and 
k’=r' Xp’, where p is the momentum of one of the two 
like pions relative to their center of mass, and p’ is the 
momentum of the odd pion relative to the two-pion 
center of mass. The angle @ is defined by cos#=p- p’/pp’. 
The coefficients a,1, are arbitrary and ¢ is the phase 
difference between the two terms of least L+L’. To 
first order approximation, ¢ is limited to the values 0 
and x if invariance under time reversal is assumed. We 
have not made this assumption, so we leave ¢ arbitrary. 


(a) Energy Distributions 


The energy distributions Fy, p(e) of the odd pion are 
obtained by multiplying the absolute squares of the 
matrix elements by the density of final states S(«,0) 
and integrating ever cosé. The energy « is in units of the 
maximum energy of the m~. The unnormalized rela- 
tivistic energy distributions are 

Ds A*?-C 3C-AB C 
Fo. (=-(—— -~+- y° =" -), 
(A—B)? 3B(A—B) AB 
: 2D (BP —C 4AB?+C(A+B) 
rani (eae ecm) 
15B A—B A? 
Fi,(e€) = (1/B)[Fo_()+Fi_() ], 


Fx_(€)=4F o_(€.)+3F1_(0, 


F 2, (e) = BF ,_( (e), 
; A’D(1—.)* 
Fy; (e)= 13 |?>—— —aeer + 
18B 
2AB+C 
x( ——-+2A BG(A+8B)+CG(. 1+28) ) 
(B—A)3 


AD(i-—e) — 
+ | as: |? BPP _(€)+ |ais| |as1| —— te 
112 


(A—B)? 
~6A BH(5A2+8A B+8B?) 


es (15A+4B)+C(75A —64B) 
x 


—CH(75A2+36A B+ 8B?) ), 
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TABLE II. x? and P(x?) versus J,P. Energy distributions. The last column was calculated by assuming that pions obey Bose statistics. 


(Bose) 
JF 0- 1 - 1+ - 2+ 3- 3+ 0- 
x? 83.7 90.2 352 87.0 343 27.8 35.9 9.28 
P(x?) K0.1% K0.1% «0.1% K0.1% K0.1% <0.1% 


F34(€)= |are|?A[3Fo_(€)+2F 1_(€) ]+ |aso!? 
A*D(1—«)? / AB—C 
x— 


—— +G(8A B+C)) 
27B 


(A—B)* 
AD(1—€) cos¢ 
+ @j2| | @30 
28B 
4A B(3A—B)+C(9A —17B) 
7 
(A—B)* 
—12ABH(A+2B)—CH(QA +48). 
In these expressions 
A=(M-—-m-—e)*, B= 


e(e+2m), 


A*(e+m)(B— Be)! 


C=AB+2MB(1—.6), D= 
B(A—B) 
1 6 24 48 
G=- + + +— , 
7A(A—B)® 35A7(A—B)*? 105A4*(A—B) 105A‘ 
1 4 8 
H 


=— 1 aeengne pices 
5A(A—B)? 15A?(A—B) 15A? 
where M is the 7-meson mass and m is the pion mass. 
Figure 1 shows these functions, divided by 
1 
S(e)= f S(€0)d(cos6), 


“8 


plotted against energy. F;. and F. are not shown 


because they are so nearly like Fo. 
(b) Angular Distributions 
The angular distributions are given by 


1 
F ; p(cos@) -f fae (p,p' 9)S(€8)d(e). 


We give only the results for 1+, 2—, and 3+ because 
the others are proportional to sin*@ or cos*@ and the 


TABLE ITI. x? and P(x?) versus J,P. Angular distributions. 


JF 1+ 2- 3+ 
oo" 0.918 6.16 1.08 
P(x?) 0% 20% 90% 


«K0.1% 10% 


agreement with the data will be very poor. The nor- 
malized relativistic functions are 


F ,(cos@) =0.944(1+-0.178 cos’6), 
F»_(cosé) =0.854(1+0.511 cos’6), 
F 3, (cos@) = 1.030(1—0.088 cos*6). 


In obtaining F;, we have set |a3o/ai2| =0.629, cos¢ 
=—1 because these values give the best fit for energy 
distribution. F;,(cos@) is a good fit to the data. Figure 
2 shows the angular distributions plotted against cos. 


(c) x? Results 


We have used the statistic x? to test the data with 
respect to each choice of spin and parity of the final- 
state wave function. The results are given in Tables II 
and ITI. For the cases 3+ and 3—, the values of x? are 
the minimum ones obtainable by varying the free 
parameters a,;’| and cosy. For 3+, these optimum 
values are | a30/a12, =0.629, cose=—1. For 3— they 
are | a33/a3;, =0.878, cosg=—1. It is seen from these 
results that there is no choice of J,P which will produce 
agreement with the experimental energy distribution. 
The most reasonable choice, 3—, is discriminated 
against by the angular distribution, for the theory 
predicts a sin*@ dependence, while the data are nearly 
isotropic in cosé. 


III. PARITY MIXTURES 


In this section we try to fit the data by relaxing the 
requirement that the final state have a definite parity, 
which may occur if parity is not conserved in the decay. 
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Fic. 2. Negative pion angular distributions as functions of cosé. 
The experimental points are from /. The mixed-parity curve 
labeled F, is a linear combination of 1+ and 1—. 
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Fic. 3. Mixed-parity negative-pion energy distributions for 
spins 1 and 2 plotted against energy. The ratios of coefficients 
chosen are those which give the best agreement with the data. 


No calculation is necessary for spin zero because one 
cannot construct a 0+ state for three odd-parity, 
spin-zero + mesons. Also the calculation is not made 
for the “degenerate” 3+ and 3— states because of the 
large number of free parameters involved. It appears 
likely that a good fit to the energy data could be made 
by combining 3+ and 3—. 

The absolute squares of the matrix elements for the 
remaining two cases, spins 1 and 2, are 


fi(p,P' 0) = \ar0|*p? +3 |ai|*p*p” sin’, 

fo(p,p' 8) =5\ar2|*p?p’* sin’6+ | ar |?p’p?(3+cos*#) 
(the interference terms are identically zero), and the 
corresponding energy distributions are 


F4.(€)+ (9/4) | ers/err0|*F (6) 


Fy(e) _ 


11.51+42.18 | a11/ay0|? 
Fo, (€)+(2/15) | ar1/ar2|?F 2_(€) 
— 62.36412.88lan/arz|? 





F, € 
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The ratios of coefficients which give the best agreement 
are lay a@0/ =2, lay, ‘a2 | ax 5, F, and F, are plotted 
in Fig. 3 for these values of the ratios. The x? test yields 
x°=87.7, P(x*)«K0.1% for F, and x?=83.0, P(x’) 
«0.1% for Fs. From these results it is clear that for 
spins less than 3 it is not possible to match the energy 
data by relaxing the requirement that parity be 
conserved. 

The hypothesis spin one, mixed parity can be further 
discriminated against by considering the angular dis- 
tribution. If we choose |a1:/a10| equal to one (this only 
raises the energy distribution x? to 95, and will give 
better agreement with the angular data) we obtain 
x°=87.4, P(x*)}«K0.1% for the angular data. Any 
further decrease in the ratio will cause x’ for the energy 
to increase rapidly. The parity-mixed angular distri- 
bution F;(cos@) is plotted in Fig. 2 for |ai:/aio| =1. 
The angular distribution for spin 2 is in good agreement 
with the data for any value of |aj:/ai2| from 4 to 
infinity. This distribution is not plotted because it 


turns out to be nearly identical with 1+. 


IV. SUMMARY AND CONCLUSIONS 


The assumption that 7+ mesons have antisymmetric 
wave functions leads to disagreement with 7*-meson 
decay data if the 7* spin is less than 3, in which case 
we conclude that #* mesons are bosons. This conclusion 
is independent of parity conservation and time re- 
versibility, although it is dependent on the Dalitz- 
Fabri assumptions concerning the interaction respon- 
sible for the decay. 

If the r* spin turns out to be zero when it is measured 
by a process independent of any assumption about pion 
statistics, both the energy and angular distributions 
obtained here will indicate very strongly that pions are 
bosons. 
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New Method in the Theory of 
Superconductivity 


P. W. ANDERSON 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 24, 1958) 


REVIOUS work! has shown that plasmon effects 
play an important, if hidden, role in the Bardeen- 
Cooper-Schrieffer theory’ of superconductivity: they 
are essential for understanding the zero-momentum 
pairing condition. For this reason, at least, a deeper 
justification of the B.C.S. theory must be good enough 
to treat plasmon (long-range Coulomb) effects correctly. 
Our method obtains the ground state and elementary 
excitations of the B.C.S. superconductor while including 
the Coulomb forces and the higher-order corrections 
from the phonon forces by a method equivalent to the 
Sawada-Brout theory of correlation erergy® (which is 
exact in the high-density limit). 
One way of expressing the Sawada-Brout theory is to 
write down the full equation of motion of the quantity‘ 


Pr, 0? =Cu4Q, 0*Ck, 6, (1) 
which is, with only Coulomb interactions, 
CH px, 6? |= (€xrq— €x) px, + 4re ho 
KY 0 7? Die’, o' (pur, 09) * (px, oe 9 — payee %). (2) 


In the sum almost all of the terms are products of two 
px®; terms which are not involve products Cx, o*Cx,« 
=MNy,¢, and are of two types: the terms q=Q, and 
exchange terms. Sawada shows the exchange and non- 
linear terms to be negligible in the high-density limit 
(this is the random-phase approximation) by comparing 
with the Gell-Mann—Brueckner theory,® so that the 
equation of motion simplifies to 


CH px, oc? |= (€x4Qq— €x) px, o% 


+4reh’?O-°'pe (ny, o—NxQ,0), (3) 


where p° =) x, « px, 0°. 

This leads to the plasma oscillations as well as giving 
the Coulomb corrections to the energies of the individual 
particle modes. An observation which is trivial here 
but will not be in our generalization is the presence of 
nonphysical modes, for example |k|, |k+Q|>kp, for 
which (3) gives the correct energy but which, when 
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applied to the Fermi sea or to anything derived via (3) 
from it, are zero identically. The absence of these modes 
is a subsidiary condition on the theory. 

Our method generalizes this by observing that in the 
B.C.S. ground state of the superconductor not only the 


Ny, have finite averages, but also the quantities 
(4) 
When the equations of motion (3) are generalized to 


include terms which are linear when the 8’s as well as 
n’s are finite, they involve the quantities 


by? = cay cut be = cut *c_ny*. 


(5) 


and including the extended form of the attractive 
phonon interaction used by B.C.S.,!? the equations of 
motion are 


[ Hpxt? |= (€x1Q— €x)pxt® 
+4reh’?O-°O" p2 (nyt — nkQt) 
— You (FV — 2h? | k—k’ |-*) 
X [bx(bx2— (b_x-g®)*) 
+by°(b_¢ q ?)*— dy. Q% x2], (6) 


(where we neglect Q relative to k—k’ wherever per- 
missible) and 
[Hx] = — (€xsqt€x)b,2— 2ee*h°Q10-2 
X (bx°,2+b:40"9,2)— Div (FV — 2920 | k—k’ |-2) 
X [bu (put ?+ p_n_q4?) +02 (me+n_1-Q) J. (7) 


There are additional equations for the deviations 
6b,° and 6ny,, of the b°’s and n’s from their ground state 
values. These contain constant terms unless a certain 
condition for equilibrium is satisfied, which for V=0 
leads trivially to the Fermi sea but in the supercon- 
ducting case is the B.C.S. integral equation determining 
the ground state. The linear terms then give equations 
similar to (6) and (7) with Q~*p® terms absent. 

Equations (6) and (7) become manageable only when 
the auxiliary conditions which eliminate nonphysical 
modes (single-particle excitations which do not jump 
the energy gap) are used. In this step it was necessary 
to use Bogoliubov’s description of the ground state in 
terms of a transformed set of fermions.* We find the 
following types of excitations: 


b, oF = Cusqr*c_ny*, by, ?= C_-x-QUCut ; 


I. A set of individual particle modes displaced by an 
amount of order 2~' from the continuous spectrum with 
energy gap of the Bardeen theory. 

II. A set of plasma modes with a dispersion relation, 
very like that of Bohm and Pines.‘ In the absence of 
the plasma (Q-*) terms, these occupy the energy gap 
and obey some of the relationships given in reference 1, 
but have a phonon-like dispersion law.’ 

III. A single Q=0 mode at w=0 which corresponds 
to a coordinate conjugate to the total number of elec- 
trons NV. The zero-point motion of this mode auto- 
matically fixes NV ; this feature is what allows us to work 
with the d operators, which do not conserve this number. 
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From this the following conclusions may be drawn: 


(1) By calculating the zero-point energies and 
motions of these modes as in reference 3, the next 
higher-order corrections to the B.C.S. theory could be 
obtained. We justify this theory in that we show that 
these reasonably large corrections do not change the 
excitation spectrum in essentials. 

(2) Collective and plasma effects indeed reinforce 
the B.C.S. theory in the way predicted in reference 1, 
even though the exact matrix elements in B.C.S. are 
incorrect because of the neglect of collective effects. 

I am indebted to H. Suhl for help with some of the 
calculations and for many conversations. A more 
complete description of the method will be published 
later. 


1P. W. Anderson, Phys. Rev. 110, 985 (1958), this issue. 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
This is called B.C.S. hereafter. 

3K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, Brueckner, 
Fukuda, and Brout, Phys. Rev. 108, 507 (1957); R. Brout, Phys. 
Rev. 108, 515 (1957). 

4 This is related to a method used by D. Bohm and D. Pines, 
Phys. Rev. 92, 609 (1953), Appendix IT. 

5M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957). 

6N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. (to be 
published). Similar relations were also derived by J. G. Valatin 
(private communication via J. Bardeen). 

7 By Feynman’s argument [see reference 1; also Phys. Rev. 94, 
262 (1954) ], this implies that zero-point motions greatly reduce 
the long-range correlation in the Bardeen theory. 





Sign of the Cubic Field Splitting 
for Mn** in ZnS 


G. D. WartKINs 


General Electric Research Laboratory, Schenectady, New Y ork 
(Received April 1, 1958) 


HE electron spin resonance of Mn** in cubic 
ZnS has been studied by Matarrese and Kikuchi.! 
They report that in the spin Hamiltonian 


H=g6H-S+2a(S/4+S,!+S4)+ALS, 


one has a= —8.350.06 gauss and A=+68.40.1 
gauss. Actually, since the measurements were made at 
room temperature, a change of sign for both the cubic 
field splitting constant a and the hyperfine interaction 
constant A would also produce the same spectrum. In 
order to distinguish between the two possibilities, it is 
necessary to measure the relative intensities of the 
transitions at low temperature.? We have made such a 
measurement? at 4°K and at a frequency of 20 kMc/sec, 
and find that the signs reported were in error. They 
should be a= +8.35+0.06 gauss, A= —68.40.1 gauss. 

This is of interest because of a recent theoretical 
treatment of Mn** in cubic fields by Watanabe.* He 
concludes that a should be positive regardless of the sign 
of D in the cubic potential —eV = D(x*+ y'+-2'— 3). 





THE EDITOR 
Most measurements for manganese have been in solids 
where the ion is surrounded by six negative ions in 
approximate octahedral symmetry. In these solids D is 
positive, and the sign of a has been found to be positive 
also.’ In ZnS, the ion is presumed to be surrounded by 
a tetrahedron of four negative sulfur ions and the sign 
of D would therefore be negative. As a result, this 
system provides an important test for the theory, and 
the positive sign for a appears to confirm Watanabe’s 
result. Similar agreement has been found for manganese 
in germanium, where the sign of a has also been deter- 
mined to be positive.® 

However, the crystalline model does not predict the 
correct sign of the g shift in these substantially covalent 
solids. Watanabe’s result states that the g value should 
always be less than the free electron value (2.0023). 
The measured values are 2.0025-0.0002 in ZnS' and 
2.0061==0.0002 in germanium.® Positive g shifts are 
also indicated in powders of CdS, ZnSe, and CdTe.? 
As a result, the agreement in the sign of a does not 
necessarily indicate that the crystalline field model can 
be successfully applied to such highly covalent solids. 
aie M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids 1, 117 
See, for instance, W. Low, Phys Rev. 105, 793 (1957). 

’ The crystal used for this measurement was kindly supplied by 
Professor Kikuchi. 

*H. Watanabe, Progr. Theoret. Phys. Japan 18, 405 (1957). 

°K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 342. 


°G. D. Watkins, Bull. Am. Phys. Soc. Ser. II, 2, 345 (1957). 
7J. S. VanWieringen, Discussians Faraday Soc. 19, 118 (1955). 





Rate Processes and Low-Temperature 
Electrical Conduction in 
n-Type Germanium 
Seymour H. KoeEnic 
International Business Machines Watson Laboratory at 
Columbia University, New York, New York 
(Received March 17, 1958) 


HE low-temperature electrical conduction of 

n-type germanium as a function of applied 
electric field is characterized by an ohmic region for 
fields less than ~0.2 v/cm, a region of steadily in- 
creasing conductivity, and finally a critical “break- 
down” field at which the current rises “vertically” 
with the applied electrical field.! The large variation of 
conductivity is due mainly to an increase in carrier 
density as, with increasing electric field, the mean 
carrier energy increases from its equilibrium value. The 
breakdown is associated, in a general way, with ioni- 
zation of neutral donors by the impact of “hot” 
electrons.' In Fig. 1, data obtained by pulse techniques 
are presented to illustrate the behavior at high current 
densities.? The essential feature to be noted is that after 
a significant “vertical” rise the j-E curve becomes 
concave downwards. 











LETTERS TO 

In addition to the above data, the time constant + 
for response to a small change in applied voltage has 
been measured at various points along the j-E curve 
for a range of lattice temperatures. The data are shown 
in Fig. 2. 

An understanding of the details of the data in Figs. 
1 and 2 may be had by considering the balance of the 
kinetic processes that determine the carrier density, m, 
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Fic. 1. Variation of current density with applied electric field 


for various temperatures. The points represent data obtained by 
using short pulses to avoid heating, whereas the solid lines indicate 
data obtained by dc methods. 
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Fic. 2. Variation 
of 7, the time con- 
stant for response to 
a small step voltage, 
vs the de bias cur- 
rent, shown for vari- 
ous temperatures. 
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at a particular electric field and lattice temperature. 
Thus 
,Ar(T)(Np—Na—n) 
+n{A1(f)(Np—Na—n)—Br(f,T)(Natn)} 
—n*Br(/,T)(Nat+n)=dn/dt. (1) 


Here Np is the donor density, V4 the acceptor density. 
The terms in Ar and A; represent the rates of carrier 
production by thermal generation and impact ioni- 
zation, respectively, and those in Br and B, the re- 
spective inverse processes, single-electron capture and 
Auger recombination. The dependence of the coefficients 
on the lattice temperature T and the electron distri- 
bution function / is indicated. For the steady state, 
n is given by the solution of Eq. (1) with the right-hand 
side equated to zero. In practice we have n<Na, 
Np—WNa. If in addition the last term on the left of 
Eq. (1) may be neglected, the result simplifies to 


n=Ar(Np—Na)/{BrNa—A1(No—Na)}. (2) 


Until an appreciable number of electrons have 
energies sufficient to ionize neutral donors by impact, 
A, should be small, so that at low electric fields » will 
vary inversely as Br. It is known that Br decreases 
with increasing electron energy,’ and therefore we 
conclude that m will increase with electron temperature. 
For larger electric fields, A; will increase and the 
denominator in Eq. (2) will approach zero.‘ In this 
region, even a fairly slow dependence of f, and therefore 
of Br and Az, on electric field will cause m to rise 
“vertically” as a function of the applied field; hence, 
the “breakdown.” The rapid increase of will continue 
until terms in n’ in Eq. (1) become important, at which 
point behavior as shown in the upper part of Fig. 1 
would be expected. 

An expression for r may be obtained from Eq. (1). 
On the assumptions stated below, the result is 


T 1=n(Br+B,;N4)+Ar(Np—Na) n. (3) 
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Here the term *B; in Eq. (1) has been neglected, and 
A; has been eliminated by using Eq. (1). Implicit in 
the derivation of Eq. (3) is the assumption that the 
distribution function follows any change in applied 
voltage with a time lag small compared to r. This is 
expected to be a valid assumption since the distribution 
should change in a time on the order of several collision 
times, or ~10~-" sec, while + from Fig. 2 is much 
greater. The first term on the right-hand side of Eq. 
(3) arises from the coefficient of n? in (1). Unfortunately, 
from the measurements made so far, one cannot deter- 
mine Br and B;N 4 separately, and thus it is not known 
as yet whether the term in »’ is determined by Auger 
recombination or simply a bimolecular recombination 
process. If the coefficients in Eq. (3) vary slowly along 
the steep part of the current-voltage characteristic, 7 
reaches a maximum when 


n?(Br+BiN4)=Ar(No—Na). 
For this condition 


Tmax — [A 7(Br+ ByNa) (Np- Na)] (4) 


The only term on the right-hand side of Eq. (4) that 
varies rapidly with lattice temperature, and hence 
would explain the large temperature variation of Tmax 
shown in Fig. 2, is the term Ar, which should vary 
approximately as exp(—«¢/kT), where ¢ is the activation 
energy for donors. In Fig. 3 the temperature dependence 
of Tmax is plotted. The agreement with the slope ex- 
pected from the value of ¢« for Sb donors in Ge, 0.0097 
ev, is quite good. The agreement can be improved (the 
dashed line in Fig. 3) by taking into account, roughly, 
the dependence of the coefficients in Eq. (4) on low 
powers of the lattice temperature. On incorporating a 
correction for this in Fig. 3, one finds the value of « 
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Fic. 3. The variation of tmax (solid curve and experimental 
points) and tmax/\/7 (dashed curve) with temperature. The 
considerations pertaining to Eq. (4) show that the slope of the 
dashed curve should correspond to an energy equal to } the 
activation energy for Sb donors in Ge. 
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obtained from these data to be in excellent agreement 
with the value 0.0097 ev. 

The significance of these results is that they demon- 
strate that the phenomenological interpretation of the 
low-temperature static and dynamic electrical charac- 
teristics of n-type germanium, as given essentially by 
Eq. (1), is correct. Breakdown must be considered in 
the light of the earlier discussion pertaining to Eq. (2) 
rather than® as occurring at the electrical field for which 
the mean electron energy becomes equal to e¢. For 
example, from Eq. (2) the breakdown field should 
decrease upon adding more donor impurities at constant 
Na, as long as the donor density is low eroagh 
(<5X10"/cm* in a typical case) so that neutral im- 
purity scattering is not significant in determining the 
mobility. 

I should like to acknowledge the able assistance of 
Mr. Walter Schillinger in designing equipment and 
obtaining the experimental data. In addition, I wish 
to thank P. J. Price for many helpful discussions and 
stimulating arguments. 

1S. H. Koenig and G. R. Gunther-Mohr, J. Phys. Chem. Solids 
2, 268, (1957). 

2See also Ryder, Ross, and Kleinman, Phys. Rev. 95, 1342 
(1954). 

3 Reference 1, p. 280; also S. H. Koenig, Phys. Rev. 110, 988 
(1958), following Letter. 

4The denominator does not become zero until the value of 
current appropriate to tmax (to be discussed) is reached, as may 
be seen by combining Eqs. (1) and (4). This corresponds roughly 
to the end of the vertical part of the current-voltage characteristic, 
when terms in ? are important and the approximations of Eq. (2) 
are no longer valid. 

5 Burstein, Picus, and Sclar, in Proceedings of the Conference on 
Photoconductivity, Atlantic City, 1954 (John Wiley and Sons, New 
York, 1956), p. 393; E. Burstein and P. Egli, in Advances in 
Electronics and Electron Physics, edited by L. Marton (Academic 
Press, Inc., New York, 1955), Vol. 7, p. 43. 





Recombination of Thermal Electrons in 
n-Type Germanium below 10°K 


Seymour H. KOENIG 
International Business Machines Watson Laboratory at 
Columbia University, New York, New York 
(Received March 17, 1958) 


HE magnitude of the termal recombination 
coefficient! By has been determined for thermal 
electrons in n-type germanium as a function of lattice 
temperature in the range 4-10°K. Preliminary results 
are shown in Fig. 1. Also shown are the smoothed data 
expressed in terms of a cross section obtained by 
dividing Br by a velocity v= (3m*kT)!, with m*, the 
effective mass, taken as } of the free electron mass. 
The magnitude, ~10~" cm? at 4.2°K, of the effective 
cross section so obtained is several times the geometrical 
cross section for a donor ground state in germanium. 
The experimental details are discussed below to 
indicate the manner in which measurements of Br for 
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Fic. 1. Thermal recombination time 7, recombination coefficient 
Br, and cross section ¢, vs 1/T for a high-purity n-type germanium 
sample. 


thermal electrons have been made, and to show how 
these techniques can be extended to obtain the de- 
pendence of By on electron “temperature.” Measure- 
ments designed to separate the dependence of Br on 
lattice temperature from that on ‘he electron distri- 
bution are in progress. 

In the present work, the sample is biased well into 
“breakdown” at some fixed point A, and a fast-falling 
voltage step (~10~* sec fall time) is applied to reduce 
the electric field to a value Ex, which is varied from 
one measurement to another. If in a time $10~° sec 
the distribution equilibrates to that appropriate to 
point B, and if m, the carrier density, decays subse- 
quently to its steady-state value for point B, one would 
expect to see an initial sharp drop in current determined 
by the relative voltages and mobilities at points A and 
B, followed by a slower decay as the carriers recom- 
bined. This behavior is shown in Fig. 2(a), which is an 
oscilloscope photograph of the applied step and the 
subsequent current variation. 

An expression for uz, the mobility, as a function of 
Eg, may be readily obtained from the initial current 
drop on the above assumptions : 


bp=jJapbaks/Epja, (1) 


where jaz is the current just after the initial drop, and 
the other subscripts indicate steady-state values. Thus 
the variation of drift mobility with Eg, (though not the 
absolute values) may be obtained. In addition, from 
the same considerations that led to Eq. (2) of the 
preceding letter, one can write for the time dependence 
of n 


dn dt= A r(Np—Na)- n{ BrN hes A1r(Np- N 4 )}. (2) 
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(a) 





(b) 


Fic. 2. (a) Time dependence of the applied voltage and the 
resulting current variation. (b) Comparison of the current decay 
with an exponential decay obtained by integrating the applied 
voltage step and superimposing the two traces. 


According to Eq. (2), the decay in Fig. 2(a) should be 
exponential with a time constant 


T= [BrNa—A1r(Npo—N 4 )} 1 


if the assumptions to this point are valid. Figure 2(b) is 
a photograph of the applied voltage pulse of Fig. 2(a) 
integrated by an RC network and superimposed on the 
current decay, to demonstrate the exponential form of 
the current decay. The experimental values of 7 are in 
fact measured by this technique, using a calibrated 
variable capacitor in the integrating circuit. 

It is apparent from Eq. (2) that the steady-state 
concentration of carriers at point B is given by 
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reconstructed from pulse measurements. In addition the measured 
Hall mobility and the drift mobility determined from pulse 
measurements are shown on a scale of arbitrary units. No attempt 
has been made either to normalize one mobility curve to the other 
or to have the same relative scale for both. 
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From Eqs. (1) and (3) it is seen that by using measure- 
ments of both the initial drop and the decay constant 
of Fig. 2(a), it should be possible to reconstruct the 
variation of conductivity, and hence current density, 
with electric field. In Fig. 3 the variation of current 
density (obtained as just described) and drift mobility 
determined by pulse measurements is compared with 
the Hall mobility and current density determined as a 
function of E by dc measurements. The j-E curve 
obtained from the pulse data was normalized to the dc 
data at one point. It is this excellent agreement of the 
pulse measurements with the dc data that justifies the 
fundamental assumption that, even for the large pulses 
involved in these experiments, the distribution function 
follows changes in applied electric field in a time short 
compared to the time constant, r, for change in carrier 
density. It is the value of 7 obtained from pulsing to a 
value of Ex in the linear conductivity range that was used, 
with Eq. (2), to obtain the values of Br plotted in Fig. 
1. The additional assumption that 


Ar&BrNa/(Nvo—Na) 


in the linear range was made. A nominal value for 
Na of ~5X10"/cm* was obtained from comparison 
of the measured Hall mobility and conductivity with 
results from similar data on other samples.’ This value 
should be correct to within 30%. The experimental 
values of 7, and their rms spread, are also shown in 
Fig. 1. 

To compare Hall and drift mobilities requires a 
knowledge of the absolute value of drift mobility for at 
least one value of electric field. This can be obtained in 
the linear conduction range from a measurement of the 
Hall constant at large (effectively infinite) magnetic 
fields. Such measurements are currently in progress. 
It should then be possible to determine the ratio of 
Hall to drift mobility as a function of electric field for 
a wide range of lattice temperature. 

It is felt, partly because of the relatively large value 
of the cross section 7, and partly because of additional 
(as yet unpublished) data on the dependence of Br on 
the “electron temperature,” that the mechanism of 
capture is similar to that discussed by Lax*® in con- 
nection with “giant traps.’* Recombination on this 
model involves capture in an excited state as the result 
of an appropriate, but improbable, energy-losing col- 
lision followed either by a cascade of transitions to the 
ground state, or by an immediate ejection of the 
electron (by absorption of a phonon) into the con- 
duction band with no net contribution to the recom- 
bination rate. Because the event which brings the 
electron into orbit is unlikely, the calculated cross 
section is much smaller than the “geometrical” area 
of the orbits that make the major contribution to the 
total cross section but large compared with that of the 
ground state. 

The experimental cross section is in qualitative 
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agreement with the theory of Lax for the temperature 
range of Fig. 1.4 The “saturation” of r at the lower 
temperatures is to be associated with a cutoff for orbits 
larger than the spacing between recombination sites. 

I should like to thank Melvin Lax for the several 
enlightening discussions of his theory, P. J. Price for 
his critical comments throughout, and Walter Schil- 
linger for his invaluable aid in obtaining the results. 

1S. H. Koenig, Phys. Rev. 110, 986 (1958), preceding Letter. 

2S. H. Koenig and G. R. Gunther-Mohr, J. Phys. Chem. Solids 
2, 268 (1957). 


3M. Lax, Bull. Am. Phys. Soc. Ser. II, 1, 128 (1956). 
*M. Lax (private communication). 





Luminescence from X-Ray Colored KBr 
Crystals during Plastic 
Deformation* 


H. R. Lemer 
University of California Radiation Laboratory, Livermore, California 
(Received February 26, 1958) 


N a previous report! the effect of strain, strain rate, 

and irradiation time on the luminescence induced 
by plastic deformation of various alkali halides con- 
taing F centers was discussed. However, it was not 
possible at that time to determine the spectral dis- 
tribution accurately. 

The spectral distribution of this luminescence from 
2000 to 9000 A has now been determined in the case of 
potassium bromide. The emission spectrum, shown in 
Fig. 1, is a broad, bell-shaped curve with its maximum 
at 4000 A and showing a long-wavelength tail. 

The experimental details are as follows: single 
crystals, about 5X5X10 mm, were cleaved from large 
pieces supplied by the Harshaw Chemical Company. 
The crystals were heated overnight at 100°C below 
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Fic. 1. Luminescence spectrum from x-ray colored KBr 
(50 crystals). Kodak 103-F Plate. 
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the melting point, quenched quickly in air to room 
temperature, and then irradiated for one hour at 40 kv 
and 20 ma with a Machlett AEGSO x-ray tube with a 
tungsten target and beryllium window. The crystals 
were then uniaxially compressed in the dark at 8.1 
mm/min. The resulting light emission was analyzed 
by using a Hilger E517 quartz spectrograph. Fifty 
crystals were used in obtaining the spectrum in Fig. 1. 
Although no sensitivity vs wavelength calibration was 
made on the plates, the position of the maximum was 
found to be the same on three quite different emulsions, 
namely Kodak 103-F, 103-O, and 1-N Plates. 

Since the application of stress to x-ray colored 
crystals can result in bleaching,?>~* a reasonable ex- 
planation for the observed luminescence may be that 
trapped electrons are freed by the motion of dislocations 
during compression®* and then are annihilated by 
recombining with holes present in the crystal, resulting 
in the emission of light. If such is the case, then the 
nature of the luminescence would be primarily de- 
pendent on the halogen involved, in that the recom- 
bination is analogous to the electron affinity process. 
It is hoped that an investigation of a series of alkali 
halides now in progress will elucidate the mechanism. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1F. I, Metz et al., J. Phys. Chem. 61, 86 (1957). 

2A. Smekal, Z. Ver. deut. Ing. 72, 667 (1928). 

*H. J. Schréder, Z. Physik 76, 608 (1932). 

41. S. Jacobs, Phys. Rev. 93, 993 (1954). 

5 F, Seitz, Phys. Rev. 80, 239 (1950). 

®W. W. Tyler, Phys. Rev. 86, 80 (1952). 





Evidence for Interstitials in Low- 
Temperature X-Ray 
Irradiated LiFt 


D. A. WreGAND AND R. SMOLUCHOWSKI 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received April 2, 1958) 


Y a modification of the photoelastic technique of 

Primak, Delbecq, and Yuster,' the volume ex- 
pansion and annealing of x-ray irradiated LiF has been 
studied at low temperatures. One half of a thin rec- 
tangular plate is irradiated in a direction normal to the 
plane of the plate in such a manner as to produce 
electronic ionization throughout it, while the other half 
is shielded from the radiation. The constraint placed 
upon the irradiated portion of the crystal by the 
unirradiated portion at the boundary hampers the 
expansion of the irradiated part and so introduces 
strain into both halves of the crystal. The crystal then 
becomes birefringent and the strain pattern can be 
analyzed by the use of polarized light. In the elastic 
range the volume expansion is directly proportional to 
the angular rotation of the plane of polarization, and 
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Fic. 1. Rotation of the plane of polarization and volume expan- 
sion as functions of time of x-ray irradiation at 94°K. (Crystal 
LiF No. 18.) 


can be calculated if the elastic and photoelastic con- 
stants are also known.!” 

In Fig. 1 the volume expansion is given as a function 
of time of x-ray irradiation at 94°K. The crystal is seen 
to expand linearly in the range of AV/V from roughly 
10-* to 10-*. The F band was also found to increase 
linearly over a shorter range of exposure, i.e., up to 5.5 
hours of irradiation. The optical absorption of the F 
band cannot be easily measured by conventional ap- 
paratus at higher exposures. However, the time rate 
of expansion obtained from the F-center growth curve 
by assuming a volume expansion equal to the volume 
of one negative-ion vacancy per F center is roughly 
that obtained from the volume expansion curve of Fig. 
1, thus indicating that F centers are produced at a 
constant rate throughout the whole irradiation period. 
In contrast to this behavior, a band at 3400 A saturates 
after only a short irradiation. In Fig. 2 the annealing 
of the volume expansion (as given by the rotation per 
cm of the plane of polarization), the F band, and the 
3400-A band are given as the crystal is warmed from 
94°K. All three quantities are seen to anneal appreciably 
in roughly the same temperature interval. 

The annealing of the volume expansion between 110° 
and 160°K cannot be due to diffusion of single positive- 
or negative-ion vacancies since the activation energies 
are much too high. The probability for single jumps of 
vacancies or interstitials may be high enough, however, 
to account for this annealing, for instance in terms of 
close pair vacancy-interstitial recombination. Diffusion 
of vacancy pairs, interstitials, or crowdions are other 
possibilities to be considered. The data of Fig. 2 indicate 
that while AV/V anneals by roughly a factor of #, the 
F band anneals by only 4. In addition, measurements 
of the growth of the F band at 94°K after the crystal 
has been irradiated at 94°K,.warmed to 160°K, and 
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Fic. 2. Annealing of volume expansion of LiF No. 17 and optical 
absorption bands of LiF No. 25 with rise in temperature after 
irradiation at 94°K. 


recooled to 94°K indicate that the density of negative- 
ion vacancies is not decreased but that the F band 
anneals due to loss of electrons, probably to holes from 
the 3400-A band which has recently been associated 
with the molecule-ion center by the Argonne group.’ 
It therefore seems that the annealing cannot be due to 
any processes involving negative-ion vacancies such 
as halide vacancy-interstitial recombination or diffusion 
of vacancy pairs. Since positive-ion vacancies do not 
diffuse, the annealing must be of necessity involve 
interstitials if it is assumed that only vacancies and 
interstitials can be generated by the x-ray irradiation. 
It is then reasonable to suppose that the interstitials 
are generated by a mechanism such as that suggested 
by Varley.‘ This conclusion applies to proton irradi- 
ation, since in this case also the ionization causes most 
of the lattice defects. The annealing of AV/V may then 
be due to alkali vacancy-interstitial recombination or 
to processes involving only interstitials such as 
clustering. 

A number of holes equal to the number of electrons 
trapped in negative-ion vacancies must be trapped 
elsewhere in the crystal. In addition to impurities, 
positive-ion vacancies and interstitial halides are 
possible hole traps. However, while the magnetic 
resonance spectrum to be expected from a hole trapped 
at a positive-ion vacancy has yet to be observed, 
Kanzig and Woodruff*.* have observed a paramagnetic 
center, the H center, which could be associated with 
an interstitial halide in a crowdion configuration. This 
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center has been found to anneal somewhere between 
80° and 130°K, or roughly in the same temperature 
range as the volume expansion.’ It is therefore possible 
that the annealing of AV/V occurs because the inter- 
stitial halide in a crowdion configuration moves to a 
body-centered interstitial position. Measurements are 
now being made to determine if in KCl, as in LiF, the 
volume expansion anneals out appreciably at the same 
temperature as the H center. 

t Research supported by a U. S. Atomic Energy Commission 
contract. 

! Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 

2 A more complete discussion of the methods and results will be 
published shortly. 

3 W. Kinzig (private communication). 

4 J. H. O. Varley, Nature 174, 886 (1954). 

5 W. Kinzig and T. O. Woodruff, Phys. Rev. 109, 220 (1958). 

® W. Kanzig and T. O. Woodruff, Bull. Am. Phys. Soc. Ser. I, 
3, 61 (1958). 





Possible Explanation for Mosaic-Like 
Bragg Reflection in Quartz 
under Strain* 


Dwicut W. BERREMAN 


Department of Physics, University of Oregon, Eugene, Oregon 
(Received March 31, 1958) 


T is a well-known fact that a quartz crystal under 
strain tends to reflect x-rays, especially hard x-rays, 
as if the crystal were of mosaic structure, while it 
becomes very nearly ideally perfect when the strain is 
small.'-* This effect may be due to some sort of re- 
versible dislocations in the crystal. The reversibility of 
any such dislocations would have to be such as to allow 
for the extremely perfect elasticity of quartz in all 
types of strain from static flexure to ultrahigh-frequency 
oscillations. 

The available evidence does not seem to preclude an 
alternative explanation based on very small accidental 
curvatures in Bragg planes, which avoids the necessity 
of postulating any dislocations within the crystal. 
Suppose the reflecting Bragg planes in a crystal have, 
locally, a radius of curvature R in the plane of the 
incident and reflected x-ray propagation vectors. Then 
a characteristic length S can be defined as that distance, 
parallel to the Bragg planes, such that the sagitta of an 
arc of length S in the curved Bragg planes is half the 
Bragg spacing, d. The relation between S, R, and d is 
S?=4Rd (Fig. 1). 

The length S so chosen is approximately the length 
over which coherent interference can occur from parallel 
curved crystal planes. Thus, if S is somewhat less than 
the primary extinction distance,’ the crystal will 
reflect as if it consisted of many independent “thin” 
layers, that is, like a mosaic crystal. In that case, 
reflectivity is independent of S. On the other hand, if 
S is somewhat larger than the primary extinction 
distance, and if the total crystal thickness is also larger, 
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Fic. 1. Relation between S, R, and d. 


reflection should be approximately that to be expected 
from a number of independent, thick, ideally perfect 
layers, the number being equal to the ratio of the total 
thickness of the slab to S in the Laue (transmission) 
case. A calculation of the secondary extinction to be 
expected shows that it is negligible regardless of S so 
long as curvature is all in one direction through the 
thickness of the lamina. 

Setting S equal to the primary extinction distance, 
as determined from Ewald’s theory of x-ray diffraction 
in ideal crystals, one obtains a length So and a corre- 
sponding radius of curvature Ro, given by the ex- 
pressions : 

(2C)'V 
So=- —; Ro: 


La) Fir 


die 
rtd 


Here C is a term that is very close to unity when the 
Bragg angle is small (say, less than 20 degrees) and if 
consistent units are used; V is the volume of a unit cell 
in the crystal; F is the structure factor of the planes in 
question ; ro is the classical electron radius, 2.818 10~° 
A; and ) is the wavelength of the x-rays. 

If R is less than Ro, the crystal should reflect as a 
mosaic. If R is greater than Ro, it should reflect as a 
few thick perfect crystal layers. The reflection in the 
latter case is always smaller than in the former except 
that the two reflection formulas give the same answer 
when R= Rp. 

If one uses data for quartz® in the preceding formulas, 
one obtains the values of So and Ro given in Table I for 
Bragg planes with various Miller indexes using 100-kev 
x-rays (A=0,124 A). The Bragg planes chosen are those 


TABLE I. Primary extinction distance, So, and corresponding 
radius, Ro, for Bragg planes of quartz with various Miller indexes, 
together with the Bragg spacings, d, and structure factors, F. 


Ro (m) 


Miller indexes d (A) F So (mm) 
101 3.29 37.8 0.120 10 
203 1.37 31.2 0.145 38 
301 1.34 31.4 0.144 39 
310 1.16 20.9 0.216 101 
502 0.795 21.7 0.209 137 
533 0.563 15.1 0.300 400 
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Fic. 2. a, b, and ¢ illustrate 3 possible causes of curvature of 
Bragg planes in a DuMond gamma-ray spectrometer. 
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now used or likely to be used in gamma-ray and 
neutron spectroscopy because they have large structure 
factors and, especially in the case of (502) and (533) 
planes, small Bragg spacings, d. 

For 1-Mev gamma rays, the values of Ro are even 
larger, by a factor of one hundred, than those shown in 
Table I. 

From the large values of Ro it seems not unlikely that 
the mosaic-like reflection of quartz under strain is due 
in large part to extremely slight curvatures in the planes 
that run through the whole crystal laminae from surface 
to surface and do not necessarily originate at interior 
dislocations. If the crystal is curved as a whole, as it is 
in the DuMond gamma-ray spectrometer, even the 
Bragg planes normal to the surfaces might be expected 
to have curvatures locally of the order of 100 meters 
radius or smailer originating from slight departure from 
perpendicularity between the surfaces and the Bragg 
planes, from slight scratches polished into the surfaces, 
or from strains transmitted inward from the clamped 
edges of the crystal (a, b, and c in Fig. 2). 

In very thick crystal laminae with large radii of 
curvature, such as those used in the Argonne 7.7-meter 
spectrograph, it might be the case that near the center 
of the lamina, the Bragg planes are curved less than the 
critical amount for low-energy gamma rays. This would. 
result in a lessened efficiency of gamma-ray reflection 
from that part of the crystal. If that is the case, the 
efficiency could be increased by purposely making the 
Bragg planes used not quite perpendicular to the 
crystal surfaces, so that a component of the general 
curvature of the lamina would be projected onto those 
Bragg planes. Such an asymmetry need not significantly 
reduce the resolution of the instrument. 


* This investigation was supported in part by the U. S. Atomic 
Energy Commission. 

1Y. Sakisaka and I. Sumoto, Proc. Phys.-Math. Soc. Japan 13, 
211 (1931). 

? E. Fukusima, J. Sci. Hiroshima Univ. 3, 177 (1933). 

3 Lind, West, and DuMond, Phys. Rev. 77, 475 (1950). 

‘ The primary extinction length is the distance from the first 
surface of an ideally perfect crystal, in the Laue or transmission 
geometry, at which the whole beam is traveling in the reflected 
direction and none is traveling in the incident direction provided 
the incident beam strikes the Bragg planes at exactly the Bragg 
angle. The variation of intensity of primary and reflected beams 
is well illustrated in reference 3. 

5R. W. James, The Optical Principles of Diffraction of X-rays 
(G. Bell and Sons, Ltd., London, 1950), Chaps. 2 and 6. 

6 P’ei-Hsiu Wei, Z. Krist. 92, 355 (1935). 
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p-p Elastic and Charge Exchange 
Scattering at About 120 Mev 


L. Acnew, T. Exiorr, W. B. Fow er, L. Gritty, R. LANDER, 
L. OswaLp, W. Powe Lt, E. Secré, H. Sterver, H. Wuite, 
C. WIEGAND, AND T. YPSILANTIS 
Radiation Laboratory, University of California, Berkeley, California 
(Received March 31, 1958) 


BSERVATION of antiprotons in a propane or 

hydrogen bubble chamber offers the possibility 
of studying several phenomena which are less suitable 
to counter or photographic emulsion techniques. 

The high ratio of pions, muons, and electrons to 
antiprotons in the available momentum-analyzed 
beams prevents the use of the bubble chamber without 
an initial purification, which increases the ratio of 
antiprotons to other particles in the beam. Such a 
purification has been achieved by utilizing the differ- 
ential rate of momentum loss in absorbers between 
antiprotons and other particles. The principle of the 
method is to pass a momentum-analyzed beam through 
an absorber. Since particles of unequal mass will not 
have the same specific ionization, they will lose different 
amounts of momentum and a further magnetic de- 
flection suffices to separate the particles physically 
according to mass. In this experiment, a desirable 
momentum for antiprotons entering the bubble chamber 





Fic. 1. p-p scattering. The antiproton (denser track) enters 
from the top to the left of center. At an energy of 117 Mev, the 
antiproton scatters 41° to its left from a proton. The recoil proton 
has a range of 4.4 cm (49 Mev). The scattered antiproton comes 
to rest in 8.3 cm (68 Mev) and annihilates on a carbon nucleus, 
showing 5 visible prongs. 
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was 684 Mev/c; however, at this momentum the ratio 
of undesirable particles to antiprotons at the target 
where they are produced is about 610°. By starting 
with 970-Mev/c particles at the target and using the 
method of differential absorption, the ratio of unde- 
sirable particles (87% uw, 10% mw, 3% e~) to anti- 
protons entering the bubble chamber at 684 Mev/c was 
decreased to 1.5X10*. A system of counters indicated 
when an antiproton entered the bubble chamber and 
although the chamber was expanded every bevatron 
pulse, the lights were flashed and the chamber photo- 
graphed only when an antiproton entered. 

The chamber has dimensions of 30 inches along the 
beam direction, 20 inches transverse to the beam, and 
6.5 inches deep. It was filled with liquid propane of 
density 0.42 g cm*. Antiprotons entering the chamber 
with a momentum of 684 Mev/c had an average range 
of 21 inches in propane; however, approximately 40% 
of the antiprotons never came to rest but rather 
annihilated in flight. 

We have observed 478 antiprotons entering the 
chamber. One such event is shown in Fig. 1. The com- 
plete analysis of these events is in progress; however, 
a preliminary report on the p-p elastic scattering is 
now available. A total of 33 j-p elastic collisions have 
been observed over a path length of 179 meters.’ The 
scatterings occur between 30 and 215 Mev with an 
average energy of 120 Mev. Only j-p scatterings with 
angles >7.5° (lab) were identifiable because otherwise 
the energy of the recoil proton was too small to make 
a visible track, so that these scatterings are indis- 
tinguishable from j-C. A histogram showing the angular 
distribution of the scattering is given in Fig. 2 and has 
as a comparison a curve showing the result of a calcu- 
lation by Fulco® based on the Ball-Chew® model. The 
angular distributions are similar with an important 
preponderance of forward scattering, which is rea- 
sonably interpreted as the diffraction scattering con- 
nected with the annihilation. These angular distri- 
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Fic. 2. p-p elastic scattering at 120 Mev. The histogram shows 
the angular distribution of 33 observed p-p scattering events 
between 15° and 165° center of mass. The dashed curve is the 
angular distribution calculated by Fulco. The n-p angular dis- 
tribution is also shown for about the same energy [W. N. Hess, 
University of California Radiation Laboratory Report UCRL- 


4639 (unpublished) J. 
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Fic. 3. An antiproton charge exchange. The antiproton is 
incident from the top and to the left of center, and the antiproton 
ending is indicated by an arrow. The antineutron from the charge- 
exchange process annihilates in the lower center of the picture. 
Five pions are produced in the annihilation with an energy release 
>1500 Mev. 


butions differ markedly from the n-p which is also 
plotted for comparison. The total j-p elastic cross 
section for scattering between 15° and 165° (center of 
mass) is 41_;*"° mb. This should be compared to Fulco’s 
value of 68 mb for the same angular interval. 

The charge-exchange process j+p—fi+n can be 
observed in the bubble chamber. One event has been 
identified and it is shown in Fig. 3 because of its in- 
herent interest. The angle between the antiproton 
direction and the line connecting the antiproton ending 
with the vertex of the star is 30° in the lab system. The 
visible energy release in the star is > 1500 Mev with the 
tentative identification of the annihilation products as 
3n+ and 2x-. Thus the star is consistent with the 
process i+p—3a++2n-. The energy of the anti- 
proton at the point of disappearance is estimated as 
50+30 Mev. 

Other results such as the carbon annihilation and 
scattering cross sections and details of the annihilation 
process must await completion of the analysis. 

1 Five additional p-p scattering events have been observed 
in nuclear emulsions by Chamberlain, Goldhaber, Jauneau, 
Kalogeropoulos, Segré, and Silberberg. These are reported in the 
Proceedings of the Padua-Venice Conference on Fundamental 
Particles, 1957 (Suppl. Nuovo cimento, to be published). 

2 Jose Fulco, Phys. Rev. 110, 784 (1958) and University of 
a Radiation Laboratory Report UCRL-8183 (unpub- 
we 3 S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958). 
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9.51-Mev Level in N“ 
D. M. Zrreoy 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New Y ork 
(Received March 10, 1958) 


T was pointed out recently! that the radiative decay 

angular distributions from the 9.51-Mev state in 
N"™ were inconsistent with the spin assignment of J=3 
reported in a paper on a C"(p,p)C™ experiment done 
previously,” but were consistent with a J =2 assignment. 
Because of this discrepancy, the analysis of the elastic 
scattering data was redone with the result that the 
assignment of /*=2~ does give a better fit than J*=3- 
The resonance is fit well with a mixture of forty percent 
S=1 and sixty percent S=0 states and a level width 
of 40 kev. It is interesting to note that this mixture 
corresponds to j=% with essentially no contribution 
from j=4$, where j is the sum of the orbital angular 
momentum and one of the spins; j is then combined 
with the other spin to give J. An assignment of J*=1- 
for the level gives a very poor fit, as do any other 
assignments with the possible exception of J*=3- 
mentioned previously. 

Because of the interference between the 9.39- and 
9.51-Mev levels, the width of the 9.39-Mev level 
changed to about 20 kev; the assignment is still 1-. 


1 E. Warburton (private communication). 
? Zipoy, Freier, and Famularo, Phys. Rev. 106, 93 (1957). 





Hyperfine Structure of Deuterium and 
Nucleon-Nucleon Spin-Orbit 
Potentials* 


A. M. Sessier, The Ohio State University, Columbus, Ohio 
AND 
H. M. Forey, Columbia University, New York, New York 
(Received March 24, 1958) 


HE original suggestion' that nucleon-nucleon 

forces include a spin-orbit term has recently been 
reconsidered by a number of authors.’ The inclusion of 
such forces leads to a modification of the magnetic 
properties of the deuteron’ and in particular modifies 
the magnetic moment, as has been emphasized in a 
recent paper by Feshbach.‘ It is the purpose of this 
note to point out that the hyperfine structure (hfs) of 
deuterium is a very sensitive indicator of the amount 
of spin-orbit forces in the deuteron; and that even with 
the present theoretical uncertainty in the interpre- 
tation of the hfs, it affords a limitation on the amount 
of magnetic moment arising from spin-orbit forces 
which proves to be more severe than that afforded by 
mere examination of the magnetic moment of the 
deuteron.‘ 
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The magnetic moment ysz arising from spin-orbit 
forces will contribute to the hfs anomaly,’ namely that 
part of the hyperfine separation beyond the amount 
calculated on the basis of a point nucleus, using the 
experimental magnetic moment of the deuteron. Since 
Msx arises from proton motion in the presence of a 
magnetic field, the moment is “orbital” in nature®®; 
that is, the electron moving rapidly inside a radius R 
will be able to follow the proton motion with a conse- 
quent relative change in the hfs, 


ust {2R 
Asi= - =(— 9 
Ma do 


where ua is the magnetic moment of the deuteron, and 
ao is the Bohr radius of hydrogen. An approximate 
formula for R is’ 


(1) 


° 
mc 
—ado, 


|Wo| 





R=k (2) 


where mc’ is the rest energy of the electron, Wo is the 
binding energy of the deuteron, and a is the fine 
structure constant. For magnetic moments which are 
distributed over a distance of the size of the deuteron, 
k=1.9,7 but for the short-range spin-orbit force, 
explicit evaluation indicates that k is close to unity. 
Thus one obtains with k=1, for the deuteron, 


(3) 


The comparison between theory and experiment for 
the hfs of the deuteron has recently been reviewed.** 
When nucleon size effects are included,’ one finds 


Asi Ms_>= —().0039 (nm)-. 


Avp 3 Mp ua 
eke thi, 
Avy 4Muyu, 


(4) 


where Acxp=170.3+0.5 ppm, and Atheor= 210+50 ppm. 
The theoretical value for A [Eq. (4) ] does not include 
relativistic and mesonic effects; these have been studied 
most recently by Sugawara,"° who estimates on the 
basis of field theory that the effects are of the order of 
one to two percent of the deuteron magnetic moment. 
The uncertainty in A does not include this possibility, 
but simply refers to computational uncertainties in the 
terms included.’ The noncovariant result of Greifinger*® 
may also not contain all the important terms of a fully 
covariant treatment. 

As a typical example, the Gammel-Thaler potential?‘ 
yields ns,= —0.036 nm and As,=140 ppm. While one 
cannot exclude the possibility of interaction moments 
which would compensate this large term, this appears 
unlikely. It should be noted that even if the interaction 
moments and/or the percentage of D state are adjusted 
to compensate ys, and give the correct deuteron mag- 
netic moment, it is still unlikely that Ag, will also be 
compensated. This is because the spin-orbit moment 
makes its contribution as an “orbital’”’ term and hence 
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contributes more than the usual “Bohr” term.* The 
latter, which comes from distributed magnetism of 
moment 4 and average radius d, contributes a relative 
correction to the hfs, 


Ap=—(u/ua)(2d/ao). (5) 


For most interaction moments one would expect a 
“Bohr” term with d rather less than the deuteron 
radius, so that for the same magnetic moment As; will 
be approximately 20 times as large as Ag. The con- 
tribution of the D state of the deuteron, although an 
“orbital” effect, gives an anomalously small contri- 
bution’ so that for the same magnetic moment, As, 
will be approximately 7 times as large as the D-state 
contribution. 

It is of course possible that there are no spin-orbit 
forces present in the ground state of the deuteron.” In 
any case it is clear that the hfs of deuterium is an 
experimental datum distinct from the magnetic moment 
of the deuteron, and the requirement that both of these 
numbers be predicted correctly will be useful in deter- 
mining the nature of the spin-orbit force in the deuteron. 


* Supported in part by the National Science Foundation. 

'K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 

2 P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957); 
R. G. Newton and T. Fulton, Phys. Rev. 107, 1103 (1957); S. M. 
Vaidya, Nuclear Phys. 5, 179 (1958). 

3 Blanchard, Avery, and Sachs, Phys. Rev. 78, 292 (1950); 
C. H. Blanchard and R. Avery, Phys. Rev. 81, 35 (1951); N. 
Austern and R. G. Sachs, Phys. Rev. 81, 710 (1951). 

4H. Feshbach, Phys. Rev. 107, 1626 (1957). 

5 A. Bohr, Phys. Rev. 73, 1109 (1948); F. Low, Phys. Rev. 77, 
361 (1950). 

* E. N. Adams, Phys. Rev. 81, 1 (1951). 

7A. M. Sessler and H. M. Foley, Phys. Rev. 98, 6 (1955); 94, 
761 (1954). 

8H. Bethe and E. E. Salpeter, Handbuch der Physik (Springer- 
Verlag, Berlin, 1956), Vol. 35, p. 200. 

9 A. M. Sessler and R. L. Mills, Phys. Rev. (to be published). 

1M. Sugawara, Arkiv Fysik 10, 113 (1955). 

11. R. E. Marshak has recently fit scattering data without spin- 
orbit forces present in the deuteron (private communication). 





Consequences of a Pseudovector Pion- 
Nucleon Coupling and the 
Universal 3 Decay 


R. E. Norton anp W. K. R. Watson 


California Institute of Technology, Pasadena, California 
(Received March 31, 1958) 


N the assumption of the usual'? (V-A) weak 
coupling it is well known that the r — w+ v decay 
proceeds only through the axial vector current 
V Gy 7sT.¥. Apart from the coupling constant factors, 
the divergence of this current is identical to the nucleon 
source current of a PV-coupled pion field; i.e., 


(4) fo, (Wrvsr a) = (DO? —p*) git bu? yi. 
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This observation allows the matrix element for the 
x —utv decay,’ 


(u,v | H1| 3) = (/G)F (—p*) tyke 
XL(itys)/2]us*(p,t+pr—ks), (1) 


to be related to the pion mass correction du? by the 
expression 


t ju? \/G 
F(— 4) =—__—_—_ ( =) (0| ¢4.(0)| x). 
(16rE,E,)'\ 7 f 


The quantity F(—y’) can be obtained directly from the 
experimental w lifetime and the matrix element 
(0| ¢,(0)\ 3) is (167°E,)~'Z;', where Z; is the pion 
wave function renormalization coefficient. If the 
equality Z;(0)=p’Ar(0)=y"?/ue? is now employed to 
rewrite Eq. (2) in terms of the measured, renormalized 
coupling constants, 


(2) 


fr=bel Zs 
and 


JG= ZZ (0)/G=1.15/G, 


there results 
1 by? Z:Z2\(0)\ VG, 
F(-’)=— : ( \(C ) , (3) 
167 (E,E,E,)'\ pe Z;(0)Z,/7 f, 


which relates the bare pion mass to experimentally 
measured quantities and the finile ratio of renormali- 
zation coefficients [Z;Z,(0)/Z;(0)Z, |. This ratio is of 
the order of one and differs from this value by an 
amount which represents the variation in the pion- 
nucleon form factor over the range of nucleon four- 
momentum transfer, k, for which —p?<k?<0. An 
explicit calculation of this ratio is now being undertaken 
by means of dispersion theory so that a value for po 
may be obtained. Preliminary estimates based upon 
perturbation theory indicate a bare pion mass in the 
neighborhood of 200m,. 
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It should be emphasized that the validity of these 
remarks depend entirely upon the pseudovector nature 
of the pion-nucleon coupling. In addition, the exactness 
of our conclusions would be marred if it is found that 
the above analogy [Eq. (1)] between the nucleon- 
lepton axial vector coupling and the nucleon-pion 
interaction cannot be extended to include the hyperons. 
If this requirement on the weak decay of the hyperons 
is not borne out by experiment, our determination of 
uo would then be in error to the extent that the pion 
mass arises from virtual hyperons and to the extent 
that our required analogy is not fulfilled. At present, 
no positive statement can be made concerning the form 
of the axial-vector hyperon current, but in the case that 
the vector current is found not to be renormalized by 
virtual pions! we can conclude that this current is 
essentially the same as the isotopic-spin current. In 
this case, assuming the axial-vector hyperon current 
to be identical to the isotopic-spin current except for a 
factor of ys, there would be no contribution from the 
A field. Our required analogy would then break down 
if we assume that a direct z-A-nucleon interaction is 
needed to explain the large binding energies of hyper- 
fragments in nuclei. 

To avoid confusion it should perhaps be added that 
although the renormalization procedure applied to a 
theory with gradient coupling does not eliminate all the 
divergences, it is nevertheless meaningful to discuss the 
renormalization constants Z,, Z2, and Z; in the conven- 
tional manner. It is felt that this obvious need for a 
cutoff in the pseudovector theory does not eliminate it 
from interest, since in the eventual theory containing 
a fundamental length such a cutoff must appear. 

mh, F. 
(1958). 

*R. E. Marshak and E. C. G. Sudarshan, Nuovo cimento (to 
be published). 


3 The normalization of the fermion spinors are chosen so that 
the projection operator takes the form m—y- p. 


Feynman and M. Gell-Mann, Phys. Rev. 109, 193 



































